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1. (10 points) Prove or disprove, the sum of any four consecutive integers is even.
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2

2. (10 points) Let = be a real number. Prove or disprove, z = 2 if and only if 2% — 2% — 2 = 2.
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3. (10 points)

—>

1 2 3 -~ n (n+1) - (2n—-2) (2n—-1) (2n)
Consider the natural numbers from 1 to 2n. Pair off these numbers as above, 1 and (2n), 2 and
(2n — 1), 3 and (2n — 2), ..., n and (n + 1), and evaluate the products of the pairs, 1 x (2n),
2x(2n—1),3x(2n—2), ..., nx (n+1). Prove that for no value of n are two of these n products

equal.
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4. (20 points) Consider the statement, the sum of any three consecutive positive perfect cubes is divisible
by 9.

(a) Sum the cubes of 4, 5 and 6 and verify that the resulting number is divisible by 9.

(b) Prove the statement using mathematical induction.
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(c) Prove the statement by considering three cases, depending on the remainder when the smallest
number cubed is divided by 3.



Page 6
MATH 1200 C Final Examination April 19, 2010

B (a,b)

A(-r,0) 0(0,0) C (r,0)

5. (20 points)

(a) Given that a® + b? = r?, i.e., the point B lies on the circle with center O and radius r, use the
> <~
slopes of the lines AB and BC to prove that ZABC' is a right angle.
Note: This gives an alternate way of proving that an angle inscribed in a semi-circle is a right
angle.
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(b) Fix A and C as in the diagram. What can be said about the size of ZABC' if B lies inside the
circle? Justify your answer.

(c) Fix A and C as in the diagram. What can be said about the size of ZABC' if B lies outside the
circle? Justify your answer.
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6. (15 points) Read the following excerpt from Stillwell, Mathematics and its History, and use it as
required to answer the following questions. Note that p and ¢ represent positive integers.

As early as 2000 B.C., the Babylonians could solve pairs of simultaneous equations of
the form

rty = p
Ty = q
which are equivalent to the quadratic equations
z? + q=px
The original pair was solved by a method that gave the two roots of the quadratic:
2
O

when both [of these roots] were positive (the Babylonians did not admit negative numbers).
The steps in the method were:

(i) Form :E—;y

(i) Form <”C2ﬂ>2

2
(iii) Form <x—2ky> —zy

. z+y 2 r—y
(iv) Form \/<T> Y= —

(v) Find z,y by inspection of the values in (i), (iv)

Of course these steps were not expressed in symbols but only applied to specific numbers.
Nevertheless, a general method is implicit in the many specific cases solved.
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(a) Why is solving the system

Tty =
Ty = 4q

equivalent to solving the quadratic equation
2?4+ q=px?
q=pz’

Hint: Compare the solution of the system with the two roots of the quadratic.

(b) Solve 22 + 3 = 4z using the Babylonian method. Clearly indicate each step of the procedure.
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7. (15 points) Consider the following statement.

Let p and ¢ be integers. If both 22 + pz — ¢ = 0 and 22 + px + ¢ = 0 have integer solutions
then there exist integers a and b such that a® + b = p?.

The following leads to a proof.

(a) State the quadratic formula and use the quadratic formula to verify that both 2% + 52 — 6 =0
and 22 + 5z + 6 = 0 have integer solutions.

(b) Recall that two integers have the same parity if both are even or both are odd. Let m? = p?+4q
and k? = p? — 4q with p, ¢, m, k integers. Prove that m and k have the same parity.

(c) Verify the identity,

m+k 2+ m—k 2_m2+/<;2
2 2 a 2
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(d) Prove the statement. Give formulas for the values of a and b.

(e) Verify that in the case p = 13, ¢ = 30, the formula you obtain in (d) gives the values 12 and 5
for a and .

The end



