Chapter 14 Fixes

Definition 14 R: We say “a set expression p is a relation expression” if, with z, y having no free
occurrences in p,
Fzep = (Bx,y|l:z=(z,y)) .

By (3.60), an alternate formulation is

F(zep) = (z€p) A (Ba,y| 12=(2,9)) .

Theorem 14 RP: For p a relation expression and provided z, y, z d.n.o.f. in p, z, y d.n.o.f. in P,

F(Vzlzep:P) = (Ve,y|(z,y) €p: Plz :=(z,y)] ) .

This result can be understood as change of dummy. The proof is suggested by the textbook’s
treatment of (8.22).

(Yo, y[(z,y) € p: Plz = (z,y)] )
= < (9.2) for multiple quant1ﬁcat10n>
Va,y| : (@,y) €p= Plz = (z,y)] )
= < (8.14), z d.n.o.f. in (z,y) >
\my\ <vZ|z=<w,y>:ZEp:»P>>

= (049@) )

vz, y\ (Vz|z€p:z=(z,y)=P))

(
(
(
= < (8.19) for multiple quantification, z, y d.n.o.f. 1nz€p>
(Vzlze€p: (Vao,y| : 2= (z,y) = P))
= < (9.2) for multiple quant1ﬁcat10n>
(Vzlzep: (Vo,ylz=(z,y): P))
= < (9.6) for multiple quantification, x, y d.n.o.f. 1nP>
(Vzlzep: PV (Vo,y| : =(z = (z,9))) )
= < (9.18) for multiple quant1ﬁcat10n>
(Vzlze€p:=(Fr,y| :2=(z,9)) V P)
= ((3.59) )
(V \ZGp 3z, y| :z=(z,y)) = P)
(V \(zEp) A Bx,y| :z=(z,y)): P)
= (14R)
(Vz|ze€p: P)



Theorem 14 RE: For p, 7 relation expressions and provided z, y d.n.o.f. in p or 7,

Fp=71 = z,yl: (z,y)€p =(z,y)€T).

This is a straightforward proof by Mutual implication.
For necessity,

p=7 = (Vo,y|:(z,y)€p =(x,y) €T)
= ( (3.84)(b) )

p=7 = (Vo,y|:(z,y)€p =(z,9) €p)
= ((33))

p=1 = (Yx,y| :true)
= < (9.8) for multiple quantification >

p=T17 = true
= ((372))

true .

Sufficiency follows using the Deduction Theorem.
Assume
(Vo y|: (z,y) €p =(z,y) €7).
Let z be a fresh variable. We prove
zZET

ZEp

from which

(14R )
(z€p) A Guyl 2= (z,9))
< (9.21) for multiple quantification >
(Fz,y| - (z€p) A z2=(z,9))
( (3:84)(a) )
Gz, y| (zy) €p A 2= (2,9))

= < Assumption >
(Fz,y| :(zy) €T A 2= (z,y))
( (3.84)(a) )
(Fx,y| : (z€7) A 2= (x,9))
< (9.21) for multiple quantification >
(zeT) AN (Fz,y| i 2= (x,y))
(14R )



