Three Variations on a Theme of Dow

In his Notes for January 17 Dow suggests the following exercise:
SCT=T#9.

Semantic Interlude: If S C T, T must contain an element which is not in S, so in particular, T’
contains an element.

We give a proof reflecting Dow’s approach followed by three variations.
Dow’s proof:

ScT
= ((11.14) )
SCTANS#T
= ((11.13), (11.4) )
Velze S:zeT)N-(Va|:xeS=zel)
- (018)0)
Vz|lzeS:zeT)N(Fz|:~(zeS=xeT))
= ((9.21))
x| : (Vx| :zeS=xzecT)AN-(xeS=xeT))
= ( (3.80), (3,47)(b) )
(Fz|:(Vz|:zeS=2eT)AN(~(zeS=2eT)Va(zeT =z €S9))
— ((316))
Fz|: (Velze S=zeT)AN~(zeS=xel)V(Ve|:zeS=cecT)N=(zeT =z €S9))
= ( Lemma: (Vz|: P) A —Px = false )
(3z|: falsev (Vx| :zeS=zeT)AN~(xeT =z b))
= ((330))
(Fz|:(Vz|:xeS=22eT)AN(zeT =xebf))
= ((21))
Ve|:zeS=zeT)AN(Fz|:~(xeT =ze€l))
= (3.76)(b))
(Fz|:~(x €T =2 €8))
= (Lemma: ~(p=q)=pA—q)
(Bx|:zeT ANz gbh))
= ((926) xeT=(xeTAhxgS)VaeeT by (3.43)(b))
(Fz|:xz€T))
= ( Lemma: (3z|:ze€T)=T#0 )
T#0



Variation 1: Using (8.15) instead of (9.21)

ScT

= ((11.14))

SCTANS#T

— (1113, (11.4))

Velze Sz eT)N-(Vz|:xeS=xeT)

= ((3.80))

Vx|lzeS:zeT)N-(Vz|: (zeS=axeT)N(zeT =z€d))
- (1))

(VzlzeS:z2eT)N(Vz|: (zeS=aeT)NVz|:2 €T =z€l))
= (B47)(a))
Ve|lzeS:zeT)N(—~(Vz|:zeS=axecT)Va(Vz|:x €T = x€5))
= ((3.46))

(Velze Sz eT)N-(Va|:xeS=zeT))V(VelzeS:zeT)N-(Va| :x €T =z €9))
= ((9.4), (3.42) )

falseV (Vz|lz e Sz e T)N-(Va|:x €T =z €9))

= ((3.30))

(Velze Sz eT)N—-(Va|:x2 €T =z €5)

S (BI6)0))

(Vx| :x €T =z €05)

= ((94))

(Vz|:xeT:zebf)

= ((9.18)(c) )

(Fx|:xzeT:xdbh)

= ((9.4) twice )

(Fxlz ¢ S:zel)

= ( (9.25) with @ being true, (3.29) )

(Fz|:zeT)

= (Lemma: (Jz|:zeT)=T#0)

T#0



Variation 2: Proof by Contrapositive with use of Deduction Theorem

We prove
T=0=-(5cCT).

Assume - T = () from which one infers -z € T' = false and -z € T = true.

-~(ScT)
= ((11.14))
~(SCTAS#T)
= ((11.13))
“((Vx|lzeS:zeT)NS#T)
— {(018)(0))
Fx|lzeS:xgT)VS=T
= ((9.19) twice, (11.4) )
FxlagT:xeS)V(Ve|:zeS=xeT)
= ( Assumption z € T = false )
(Fz|true : x € S)V (Vx| : x € S = false)
- ((315)
(Fz|:x e S)V (Vx| : z € 5)

= (@)
(Fz|:x e S)V-(Fz|:x€9)

which is (3.28).



Variation 3: Proof using Metatheorem Witness
As in Dow’s proof

SCcT=T%0
= ((11.14))
SCTANS#T =T
= ((11.13), (11.4) )
VelzeS:zeT)N-(Na|:xeS=zeT)=>T#0
—((918)())
VelzeS:2eT)NBx| :~(xeS=zeT)=T#0

= ((921))
(Fz|:(Vz|: (zeS=>axeT)A-(zeS=xeT)=>T#0

By Metatheorem Witness, the last line is a theorem, if and only if
F(Vz|:(zeS=zeTl)A-(weS=weT)=T#0.

V| :(zeS=zeT)A-(weS=weT)
= ((9.13), Lemma: If - P= Q then FPAR=QAR)
(weS=weT)A~(weS=weT)
S ((39)
(weS=wel)AN(wgS=weT)
= ( (3.80) )
(weS=wel)AN(wgS=weT)AN(weT =>w¢gS)
= (3.76)(b))
(weS=acT)AN(wgS=weTl)
- (37
acT
= ((9.28) )
(Fz|:zeT)
= ( Lemma: (Jz|:2€T)=T#0 )
T#0



