York University

Faculty of Arts, Faculty of Science. Atkinson College
Math 2090

Class Test 1

SOLUTIONS

Instructions:

1. Time allowed : 75 minutes.

2. There are 4 questions on 6 pages. Page 2 is

blank. H Question | Points | Marks H
3. Answer all questions. 1 9
2 9
4. Prove, means prove using the proof methods 3 13
and proof format of the text. 4 9

If your reason is not a theorem on the list H Total 10 H

provided, or another question on this test,
you must provide its proof.

5. Your reasons must indicate that you have
verified any conditions concerning free oc-
currences of variables.
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1. (a) (3 points) Prove that,
Fwe{ry = w=zxVw=y.
Answer:

w e {z,y}
= ( Abbreviation )
we{w|lw=zVw=y}
= ( (11.7) )

w=zVw=y.

(b) (6 points) Prove that,

F vyt ={y,2} = ==

Answer: Take w to be a fresh variable.

{z,y} ={y,2}
= ( (114), w dnof. {z,y}, {y,2} )
Vw| :we{zx,y} = we{y, z})
= ( Part (a) )
Vw| :w=zxzVw=y = w=yVw=2)
= ( (9.13). (3.60) )
Vw| :w=zxzVw=y = w=yVw=2)
/\(x—x\/x—yzx:y\/a::z)/\(z:sz:yEz:y\/z:z)

= ((12), (329), (3.3) )

(Vw| w—x\/w—yEw:y\/w:z)/\(a::y\/x:z)/\(z:a:\/z:y)
= ( (345) )

NVw| :w=zVw=y = w=yVw=z) AN (z=zV(x=yAz=1y))
= ( (1.4), (3.60) )

Vw|:w=zVw=y =w=yVw=z2) AN (t=zV(@=yAz=yAz=2))
— (343)b) )

Vw| :w=zVw=y = w=yVw=2z) N z==2

= ( (384)(a) )
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true \ x =z

= ((339))

r=2z.
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2. (a) (6 points) Prove that, provided x does not occur free in S, T,
F (3z|lzeS:xgT) = S#T.
Answer: By Contrapositive, it suffices to prove,

S=T = —(Jr|lzeS:xz¢T).

S=T = —(Jr|lzeS:x¢gT)
= ( (918)(a) )
S=T = (Vzr|lzeS:xzeT)
- (02)
S=T = (Vz|:2e€S8 = zeT).
Now,
S=T
= <(11.4),a:d.nof. S,T>
Ve|:zeS =a2el)
= ( (3.80) )
Ve|:(zeS = a2eTl) AN (zeT = xz€¥))
= ((815))

Ve|:zeS = xze€T) N Ve|:zeT = z€59)

Ve | :zeS = zeT).

(b) (3 points) For = not occurring free in S, T, is
(Fz|lzeS:a¢gT) = S#T

a theorem? FExplain carefully.
Answer: It is not a theorem. The following gives a state in which it is f. Take S = ()
and T' = {y} with y not z. Then 3z |z € S:ax ¢ T)is fand S # T is t.
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3. (a) (3 points) Prove the “Useful Lemma”,

Frze{y = z=y.

Answer:

z € {y}

= < Abbreviation >
re{r|r =y}

= ( (11.7) )

r=1y

(b) (5 points) Prove that,
FwelS = #(SU{w})=#S.

Answer: Assume w € S. Take = to be a fresh variable.

#(SU{w})
= ( (11.12), z dn.of. SU{w} )
(+z ]z e SU{w}: 1)
= ( Lemma: F we S = S =5U{w}, Modus Ponens )
(+z|zeS:1)
= ( (11.12), z dnof. S )
#S

Now, to prove - w € S = S =S U {w}.
Assume w € S. Take z to be a fresh variable.

S =SU{w}
= ( (114), z dnof. S, SU{w} )
Ve| :zeS = zeSU{w})
= ( (11.20) )
V| :ze€eS = zeSveei{w})
= ( Useful Lemma )
Ve|:zelS = zeSVr=w)
= ( (1157) )
Vx| iz =w=z€S8)

= ( (3.84)(b) )
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Ve | iz =w=weSH)
= < Assumption >

(Vx| 1z =w = true)
_ (3

(Vx| : true)

= ((98))

true

(¢) (5 points) Prove that,
FwgsS = #SU{w}) =#S+1.
Answer: Assume w ¢ S. Take x to be a fresh variable.
#(S U{wy)
= ( (11.12), z dn.of. SU{w} )
(+z|z € SU{w} 1)
(11.20) )
rlxeSVaee{w}:1)

(+
Lemma, F w¢g S = (xe SAzxze{w} = false),
Modus Ponens, Strong (9.16), (8.16), Modus Ponens
(+

rlxeS: 1)+ (+x|z e {w}:1)
(11.12), z d.n.o.f. S, Useful Lemma )
#S+HwM—w.U
= ((8.14))
#S+1.

Now, to prove - w ¢ S = (x € SAx e {w} = false).
Assume w ¢ S.

r € SNz e {w}
= < Useful Lemma >
reSNr=w
( (380)(a) )
weSANr=w
= ( Assumption )

false Nx =w

= ( (3.40) )
false .
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4. (a) (3 points) Prove that,
FrzeS = {2} CS.

Answer: Take w to be a fresh variable.

{z} 8

= ( (11.13), w dn.of. {z}, S )
(Vw|w € {z}:weSf)

= < Useful Lemma )
Vw|w=xz:weS)

= ((8.14) )

res.

(b) (6 points) Prove that,
FPSCPT = SCT.

Answer: Assume PS C PT. Take z to be a fresh variable.

SCT
= ( (11.13), z dn.of. S, T )
(Ve|zeS:zeT)
= ( Part (a) )
(V2| {z} C S {a} C T)
~ (02
(Vx| : {2z} CS={«} CT)
= ( Assumption, (11.14), (11.23), (9.13), Modus Ponens )

(Va | : true)
= ((98))
true .

The end



