Chapter 11 Exercise List

1. Prove,

(a) Fxe{y} = xz=y.
Answer:

(b) F{u} ={z, 4} = z=y.

SOLUTIONS

z € {y}
= < Notation >

re{r|z =y}
~ (@)

rT=y.

Answer: Take v, w to be fresh variables.

(c), (11.3),
8.18), (8.14)

Vol tv=u =
= ( (9.13) and (3

(c) F{z,y} ={z,2} = y==z.

w d.n.of. inu >

twice >
(v=aVv=7p))
.60) twice )

Answer: Take w to be a fresh variable.

{z,y} = {=, 2}

4
Vol :iv=u = (Fw|lw=zVw=y:v=w))
(



2. (a) Prove,

< 11.4) Notat10n>

Vw| we{lw|lw=zVw=y} =we{w|jlw=zVw=z})

( (11.7) )

Vw| :w=zVw=y = w=zVw=2)

( (9.13), (3.60) )

VMw| :w=zVw=y =w=zVw=2)Ay=zxVy=y =y=zVy=2)
/\(z-a:\/z-y_Z—x\/Z—z)

{ (3.76)(b) )

(y=xzVy=2) A(z=zVy=2)

{ (3.45) )

(y = )V(nyAz=$)

{ (1), (3:60) )

(y = )\/(y—x/\z—x/\y—z)

( (3.43) )

Y=

provided x does not have free occurrences in S or T,

FS4AT = (Fz|lzeS:xdgT)V (Fx|lxeT:xgs).

Answer:

(b) Prove,

S#T
= <Notation>
~(§=T)
= < (11.4), z dm.o.f. S,T >
(Vx| :zeS =axel)
= ( (3.80) )
(Vx| :(zeS=x€T) N (zeT=2ecl))

= ( (8.15) )
“(Vz|:xeS=ze€T) N Vz|:2 €T =x€l))

= ((92))
“(Vz|lzeS:zeT) N Vz|lzeT:ze€bl))

= ((347)(a) )
-(Vz|lzeS:xeT)V -(Vx|zeT: :xe€S8)

= (9.18(c) )
Bx|lzeS:xgT)V Bx|lzeT :xgbh)

FS4T = SNTCSUT .
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3.

Answer: Take x to be a fresh variable.

SNTcSuT

( (11.14) )
SANTCSUT A SNT#SUT
<Lemma: FSNT QSUT>

true N SNT #SUT

( (339 )

SNT#SUT

( Part (a) )

(Fzx|lzeSNT: 2 ¢ SUT) vV (Fz|jzeSUT:2¢gSNT)
( Lemma: - =(Fz |z e SNT:2 ¢ SUT) )
false Vv x|z e SUT:x ¢ SNT)

( (3.30) )

Fx|lzeSUT: 2 ¢SNT)

( (11.20), (11.21), (3.47)(a) )
Fx|lzeSVeeT :x¢gSVagl)

( (9.19) )
Fz|:(zeSVaeT)N(xgSVagT))
{ (346) )
Fz|:(zeSANxgS)V(reSANxgT)V (xeTANxgS)V
( (3.42), (3.30) )

x| :(xeSNzgT)V (xeT Nz gbh))

( (8.15) )

x| :xeSANxgT) V(3| :zeT ANz gS)
{ (9.19) )

Fx|lzeS:xgT)V@E@Ex|zeT :xgh)

( Part (a) )

S#T

(a) Prove, - S=T = SCT ANTCS.
Answer: Take z to be a fresh variable.

S=T
= ( (114), z dnotf. ST )

(Vz|:z€ S = z€T)
= ( (3.80) )

(Vz| :(z€8 = 2z€T) N(z€T = z€09))
= ((815) )

(xeT Nz gT))

(Vz|:2€8 = 2€T) ANVz| :2z€T = z€18)
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= ((92))

(Vz|z€S:z€T) NVz|z€T:z€S)
= ( (11.13), z dn.of. S,T )

SCT ANTCS

(b) Prove,F SCT = T ¢S.
Hint: F P=@Q = PA-Q = false.
Answer: By the hint it suffices to prove

FSCT AN(TZS) = false.

ScT N-(T¢ZS)
- ((12)
ScT ANTCS
= ((11.14) )
SCT ANS#T NTCS
= ( Part (a) )
S=T NS#T
= ((342) )
false

4. (a) Prove, - {y} C{x|R} = R[z:=1y].

Answer: Choose z to be a fresh variable.

{y} S{z| R}

= ( (11.13), z d.n.of. {y},{z|R} )
(V2|2 € {y}: 2 € {z| RY)

= < Notation, Dummy renaming for set comprehensions, z d.n.o.f. =, R >
(Vz|ze{zlz=y}:z€{z| Rz :=2])

= ((117) )
(Vz|z=vy: R[z := z])

= ((s14))
Rlx := 2][z :== y]

= ( Recursive definition of contextual substitution, (3.5) )
Rz :==y]

(b) Prove, - S C{z|R} = (3z|:R).
Answer: By Contrapositive it suffices to prove - (Vz|: -R) = S ¢ {z|R}. Assume



(Vx| : =R). Note that the variable z does not occur free in the assumption. By (9.13)
and Strong Modus Ponens, =R is a temporary theorem.

S ¢ {=|R}

= < =R, x d.n.o.f. Assumption >
S ¢ {x|false}

= ( Definition of 0 )
S¢ 0

= ( (11.14) )
(SCOASH#0)

= <Lemma: FSCO = S:(Z)>
(S =0 AS#0)

= ((342) )
- false

= ((3.13) )

true

5. (a) Prove, - {z| false: E) = {xz|false:F) .
Answer: Take z to be a fresh variable.

{z| false: E} = {z|false: F}
= ( (11.4), z dn.of. {z| false: E},{z| false : F} )
(Vz| :ze{x| false: E} = z€{x|false: F})
= ( (11.3), z dn.of. z )

(Vz| : (3z| false: z=FE) = (3x| false:x =F))
= ( (8.13) )

(Vz| : false = false)
= ((3))

(Vz| : true)
= (098))

true

(b) Prove, F z € {z| false: E} = false .
Answer: Take y to be a fresh variable.

z € {x| false: E}

= < Dummy renaming for set comprehensions >

z € {y| false : E[x := yl}
= ( (11.3), y dn.of. in z )

(Jy|false: z = Elx :=y])



= ((8.13))
false .

(c) Prove that provided z d.n.o.f. in S or F,

FS={z|false: E) = (Vz| :2¢85).

Answer:

S ={xz| false: E}

( (11.4), z dn.of. S {z|false: E} )
(Vz| :2€ S = ze€{x]| false: E))
( (11.3), z dn.of. z )

(Vz| :z€ S = (Iz| false: z = F))
(

= ((813))
Vz| :z€ S = false)
= ( (3.15))
|

(Vz| :2 ¢ 5)

(d) Prove that F Sc{z} = S=0.
Answer: Take z to be a fresh variable. We have

Sci{z} = S=0

= (Lemma: -FS=0 = (Vz|: 2¢5) )
Sc{z} = (Vz| :2¢59)

= ( (3.61), (9.17) )
(Fz] :2€8) = s¢ {z}

Take w to be a fresh variable. By (9.30), it suffices to prove that - w € S = —(S C {z}.

wesS = (S C{x})
= ((3.59) )
—(wesS) Vv (S cC{z})
= ( (347)(a) )
“(weS A SC{x})
= ( (11.14) )
“(weS ANSC{x} AN SH#{x})
= ( Lemma: Fwe S A SC{z} = we {az}, (3.60) )
“(weS ANSC{x} ANwe{z} NS #{x})
= ( Problem 1(a) )



“(weS ANSC{zx} Nw=a AN S#{z})
= ((384)(a) )

“(weS ANSC{w} Nw=x AN S#{w})
= ( Lemma: - we S = {w} C S, (3.60) )

“(weS AN{w}CS ANSC{w} Nhw=az AN S#{w})
= ( (11.57) )

“(weS ANS={w} Nw=x AN S#{w})
= ((342) )

“(weS ANw=uz A false)
= ( (3.40) )

- false

= ((313))

true

6. (a) Prove that + (Jy|: (Fz|: S={z,y})) = #S<1+1.
(If you wish, in this problem you may use the following :
1. For any (“finite”) boolean expression R, F (3> z|R:1)>0.
9. - B>0AB+C=D = C<D)
Answer: Take z and w to be fresh variables. By (9.30) for multiple quantifications, it
suffices to prove - S = {z,w} = #S5 <1+ 1. Take u to be a fresh variable. Assume

S = {z,w}. We are using an extended proof form which exploits transitivity of = and
< for type N.

S

(11.12), u dn.of. S )
+tu|lueS:1)

Assumption, u d.n.o.f. Assumption >
+u|u € {z,w}:1)

Lemma: - v € {z,w} = u=zVu=w )
tulu=2zVu=w:1)

(8.17) )
tulu=z:1)+ (tujlu=w:1)— (+ujlu=v Au=w:1)
Arithmetic, Facts above >
tulu=z:1)+ (Fu|lu=w:1)
(8.14) )

=

IN

[ e N N N N

_l’_
—_

(b) Is (3y|: (3z|: S={z,y})) = #S=1+1 atheorem?
If so, prove it.



If not, explain in detail why it is not.
Answer: It is not a theorem. Consider S = {z} = {z,2z}. By (9.28) for multiple
quantifications, = S = {z,z} = (Jy|: (3z|: S ={x,y})) but #5 = 1.

7. Interpret the symbols 1,3, and + in the usual way. Is there an interpretation such that

8.

(+z|x € {z,y}: 1) =3

is satisfied (i.e., interprets as True)? If so, give a universe of discourse etc.

for such an interpretation. If not, explain in detail why not.

Answer: Yes. Take as universe of discourse {0, 1,2} or any other set with 3 elements. As
x € {x,y} is True, the expression (+z| z € {z,y} : 1) has value the number of elements in
the universe of discourse.

(a) Prove, H SCT = PSCPT.
Answer: Take y to be a fresh variable.

PS CPT
= ((11.13) )
Vyly e PS:yePT)
= ((11.23) )
(Vyly S S:yCT)
= ((92))
(Vy| :ySS=yCT)
= ( (9.13), (3.60) )
Myl :yCS=yCT) AN (SCS=85CT)
( (11.58), (3.73) )
(Vyl:yCS=yCT) A (SCT)
= ( (9.7), Lemma: - —(Vz| : =true), Modus Ponens )
(Vy| :SCT A (yCS=yCT))
= (Lemma: - SCT = (yCS = yCT), (3.60) )
(vy| - SCT>
= ( (3.39), , Lemma: F —(Vz | : —true), Modus Ponens )
My - true)/\SCT
= ((9.8),(3.39) )
SCcT

(b) Prove, - S#0 = PS#{0}.

Answer: Take x to be a fresh variable.
S#0) = PS# {0}

= < Definition of 0 >
(Fz| :xe€8) = PS#{0}



Take w and y to be fresh variables. By (9.30) it suffices to prove - w € S = PS # {0}.

weS
= ( Lemma: Fwe S ={w}CS )
{w}cs
= ((11.23) )
{w} e PS
= ( Lemma: {s} #0 )
{w} e PS AN{w} #0
= ((9.28) )
Jy| :yePSAy#0)
(9.19) )
ylyePS:y#10)
Lemma: - T = {0} = (Vy|lyeT:y=10), (3.61) )
PS # {0}

(
((
(
(

9. (a) Prove, - (Vz|:=R) = (+z|R:1)=0.
Answer: Assume (Vz|: —R), from which it follows that R = false.
(+z|R:1) =0
= ( Strong Leibniz, z d.n.o.f. in (Vz|: —R) )
(+z] false:1) = 0

(b) Prove, F #{z,y} =#{y} = xz=y.
Answer: Choose z to be a fresh variable.

#r,yr = #{y}
= ( (11.12), z dn.of. {z,y}, {y} )
(+z]z€{x,y}:1)=(+z]ze{y}:1)
<Notat10n>
(+zlzef{zlz=a V z=y}:1)=(+z]z€{2|z2=y}: 1)
( (11.7) )
(+zlz=2 V z=y:1)=(+z]z=y:1)
< (8.17), Algebra>
(+zlz=z: 1)+ (+zlz=y:1)—(+2z]z=2 AN z=y:1)=(+2z]z=y:1)
( Algebra, (8.14) )
(+zlz=2 AN z=y:1)=1
= ( F1#0, Part (a), (3.61) )
Fz|:z=a AN z=y)

= ( (3.84)(a) )



10.

(Fz| :z2=2 AN xz=y)
= ((9.21))

(Fz|iz=2) Nz=y
= ( (3.76)(b)

r=y

(a) Prove, F we S = S=(5—{w})u{w}.

Answer: Assume w € S.
Let 2 be a fresh variable.
We will prove z € (S — {w})U{w} =z € S.

ze(S—{whU{w} = z€8
( (11.20) )
ze(S—{w}) Vae{w} = z€8
( (11.22) )
(xeSNaxg{w}) Veaec{w} = xz€S
( (345))
(xeSVaeze{wh)AN(zg{w} Vee{w}) = z€S
( (3.28) Metatheorem: If - P then - P = true. )
(xeSVaxe{w})Atrue = z€8
( (3.39) )
(xeSVaee{w}) = ze8
( (3:57) )
re{w}=2eS
( Part (a) )
r=w = €S
( (384)(b) )
r=w = wes
( Assumption )
T=w = true

( (3.72) )

true

i. Prove, - #S=0 = S=0.

Answer: Proceed by Mutual Implication. First prove
S=0 = #5S=0

using the Deduction Theorem.
Assume S = (). Take z to be a fresh variable. Then
#5=0
= ((11.12))
(+zlz€S:1)=0
= ( Assumption )
(+z| false : 1) =0
- ((313))
0=0.
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We prove

#S=0=S=0
by contrapositive, i.e., by proving
S#0) = #S#0.

For x a fresh variable
S#0 = (Fz|:xel)

so that we can prove
(Fx|:xeS) = #S#0

or by Metatheorem Witness, where w is taken to be a fresh variable,
weS = #5#0.

Assume w € S.
#S #0
= ((11.12))
(+zlzeS:1)#0
= ( Assumption, Question 3(a), Strong Modus Ponens )
(z |z e (S —{w})U{w}:1)#0
= ( (11.20))
(+z|z e (S—{w}) Ve e{w}:1)#0
—  ((8.16))
(+z|lzeS—{w}: 1)+ (+x|ze{w}:1)#0
= ( Question 1(a) )
(+z|zeS—{w}: 1)+ (+z|lz=w:1)#0
= ((814))
(Hx|zeS—{w}:1)+1#0
Domain reasoning gives that the last line is a theorem. Cardinality is a non-negative
integer.

ii. Prove, - #S =1 = (3z| : S ={z}).

Answer: Proceed by Mutual Implication. To prove
Fz|:S={z})=#S5=1
it suffices by Metatheorem Witness to prove
S={w}=#S=1.

Assume S = {w}. Take z to be a fresh variable.

#S=1

= ((11.12))
(+2]2€8:1)=1

= ( Assumption )
(+2]ze{w}:1)=1

= { Question 1(a) )
(Hzlz=w:1)=1

- ((14))

1=1
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To prove

#S=1= (Fz|: S ={z})

observe that by (i), #5 =1 = S # 0, sothat #S=1 = (Fz]|: 2 € 9).
We will prove
#S=1AN3z|:2€8) = (Fz|:5={x}))

This follows if we prove
(Fz|:2€8) = (#S=1 = (Fz|:S={x})
or by Metatheorem Witness with w taken to be a fresh variable,
weS = (#S=1= (Fz|:5={z})).

Assume w € S. By Strong Modus Ponens S = (S — {s})U{s}, from which by (8.16)
#5 = #(S — {s}) + #{s}.
Assume #S = 1. Then
#5 = #(S — {w}) + #{w}
— ( Previous part of proof )
=#(S —{w})+1
= ( Arithmetic )
#(5 — {w}) =0
- ( Previous part )
S—{w}=10
Finally,
S
= { Question 3(a) )
(S —{w}) U{w}
= ( Previous part of proof )
DU {w}
= ( (11.30) )
{w} .
By (9.28) we have
FS={w} = (Ez|:5={x})

which by Strong Modus Ponens we gives (3z| : S = {x}) as required.
11. The following series of exercises identifies P{E, F} as {0,{E},{F}.{E, F}}.

(a) Prove
FEeSANFeS = {E,F}CS

Answer: Assume € S. Assume F € S. Let z be a fresh variable.

{E,F}CS
= ( (11.13) )
(Vz|z € {E,F}:z€S)
= ( Notation, (9.2) )
(Vz| :z€{z|z=FE V z=F} = z€Y5)
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(Vz| :z=FE V z2=F = z€15)
Lemmal—(P\/Q:>R)E(P:>R)/\(Q=>R)>
(Vz|:(z=FE = z€S) AN (z=F = z€185))
( (3:84)(b) )
(Vz|: (z=FE = E€S) AN (z=F = Fe8))
= <Assumption>
(Vz| : (z=FE = true) AN (z=F = true))
( (
(

= ((11.7))
(

v
(3.72) )
Vz| s true A true)
= ((338))

(Vz| : true)
= ((98))

true .

(b) Prove
- SC{E,F} NF¢S = SC{E}.

Answer: Let z be a fresh variable.

SC{E,F} N F¢S5
= ( (11.13) )
(Vz|z€S:z€{E,F}) N F¢85
( (11.3) )
Vz|zeS:ze{E,F}) N =(3z]|z€S: F=z)
( Notation, (1.2), (9.18)(c) )
VzlzeS:ze{z|z=E V z2=F}) AN (Vz|z€S:z2#F)
11.7), (9.2) twice )
(Vz|:2€S = 2=EV z=F) AN (Vz| :2€8 = z#F)
(8.15) )
(Vz]| : (€S = 2=EV z=F) AN (z€S = z#F))
= (Lemmat (P=R)A(P=Q) = (P=QAR))
(Vz|:2€8 = (z=E V z=F) AN (z#£F))
{ (3.46), (3.42), (3.40) )
(Vz] : ZGS:>z—E/\27éF)
= ( Lemmat (P=QAR) = (P=Q),(9.12), Modus Ponens )
(Vz| :2€ S = z2=E)

= (002))

(Vz|zES z=F)

(
(

((
vz
((
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= <Lemma|— z=F =
(Vz|z€ S:z€{E})

= ( (11.13) )
S C{FE}

z€{E} )

(c¢) Prove
FweSASCT = weT.

Answer:
Choose z to be a fresh variable.

weS NSCT

= ((11.13) )
weS AN VMxlzeS:xel)
= ((92))
weS AN Vx| :xeS=zeT)
= ( (9.13), (3.60) )
weSANweS=wel) N Vx| :ze€S=>2€T)
= ( (3.66) )
weSANweT N (V| :zeS=zxzeT)
= ((376)(b) )
weT .

(d) Prove
FSC{E,F} NweS = w=FEV w=F.
Answer:
SCH{E,F} NweS
= ( Part (c) )
we{E,F}
= <Notation>
we{w|lw=EVw=F}
= ((11.7))
w=FVuw=F.
(e) Prove

FSC{E,F} AN (3x|:2€S) = EeSV FeS.

Hint: Start by using Metatheorem Witness.
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Answer: Take w to be a fresh variable. By (3.65) and (9.30) it suffices to prove

FSC{E,F} NhweS = Ee€SV FeS.

SC{E’F}/\wES

( Part (d), (3.60) )

(SC{EF}/\U)GS) (w=EV w=F)

<346>

(SC{E,F} hweS ANw=FE) vV (SC{E,F} NweS N w=F)
<384 tw1ce>

(SC{E,F} NE€cS ANw=E) VvV (SC{E,F} NFeS Nw=F)
<376 tw1ce>

EeSvVv FeS.

(f) irove P{E,F} = {0,{E},{F},{E,F}}.
Hint: PI.‘OVG

FSC{E,F} N (Fz| :zes) = S={E} Vv S={F} Vv S={E,F}

using Case Analysis. The condition £ € S V F € S from Part (e) gives three cases.
Answer: As
FSC{E,F} N (Fz|zes) = Ee€SV FelS,

it follows that
FSC{E,F} N (Fz|lzes) = SC{E,F} N 3x|zes) N (FeSV Febl).

We consider three cases.

SC{E,F} N x| :ze€S) N(E€S ANFefS) = S={E}vS={F}vS={EF}.
SC{E,F} N x| :ze€S) N(E€cS ANF¢gS) = S={E}vS={F}vS={EF}.
SC{E,F} N x| :ze€S) N(EZ€S NFefS) = S={E}vS={F}vS={EF}.

SCH{E,F} N (Jz|:x€S) N (EeS N Feb)
= { (3.76)(b) )

SC{E,F} N E€eS N FeS
= ( Part (a) )

SC{E,F} N{E,F}CS
= ( (11.57) )

S={E,F}

= ( (3.76)(a) )
S={E} Vv S={F} Vv S={E,F}.
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SCH{E,F} N (x| :xe€S) N (EeS NFES)
= (376)(b) )
SC{E,F} NE€cS NF¢&S
= ((3:36) )
SC{E,F} NFgS AEecS
= ( Part (b), (4.3), Modus Ponens )
SC{E} NE€S
= (LemmaFEecS={E}CS)
SC{E} N {E}CS
= ( (11.57) )
S ={FE}
= ( (3.76)(a) )
S={E} Vv S={F} Vv S={E,F}.

The proof for Case 3 is identical.

16



