Chapter 12 Exercise List
SOLUTIONS

1. Let P be an expression of type Boolean. Suppose n dnof in P . Let
L1y L2y T3y vy LTpy Typ41y - -

be an infinite sequence of variables that do not occur freely in P .
Define boolean expressions FE.j inductively (recursively) by defining

E.0 tobe P ,and
E(n+1) tobe (Vany1|: E.n).

(Examples: E.2 could be (Vz|: (Yy|: P));
E.3 could be (Vz|: (Vx|: (Vy|: P))), etc.)

(a) Prove by Mathematical Induction that + (Vn:N|: P = E.n).
Answer: Note that P.n is P = E.n and that in particular, P.0 is P = E.0.
For the base case, we have

P=FEOQ
= < Recursive Definition >
P=P

= ((371) )

true

For the Induction Step, assume P.n, i.e., P = E.n.

P=FE(n+1)
= < Recursive Definition >
P= (Vapy1]| : En)

= { (359) )

PV (Vept1]| : En)
~ (05)

(Vzpt1| : 2PV E.n)
= ((3.59) )

(V.I‘n+1 ‘ P = En)

which is a theorem by Strong (9.16).

(b) Give a complete, careful, syntactic proof that + P = FE.143.
(You may assume that 143 is a constant of type N .)
Answer:

By (9.13), we have - (VYn|P.n) = P.143.
By Part (a), F (VYn| : P.n).
By Modus Ponens, we have -, P.143, i.e., - P = FE.143.



n
2. For sets S, ¢ € N, define ﬂ S; recursively by

1=0

0 n+1 n

() Si=5S0 and () Si=([)S)NSns1 -
1=0 =0 1=0

Prove by Mathematical Induction that

(Vn| :ﬁ(TiﬂV):(ﬁ Ti)ﬁV> .

i=0 =0

Answer: Base Case:
- (vn| N (@nv) ﬂT ﬁV)
i=0

0 0

N@nv) = (T nv

i=0 i=0
= < Definition >
ToNV = TyNV.

Induction Step:

. (W|1gjgn:ﬁmmv>=<ﬁmer> = N@mav)=(Omnv.

=0 =0 i=0 i=0

Assume |Vj[1<j<n: m NV) ﬂT ﬁV) fromwhlchﬂ T;NV)

=0
We are using = for type set in the left margin.

=0

n+1
(TnV)
i=0
= < Recursive definition >

n

N@AV) 1 T V)
i=0
= < Assumption >

(ﬁTZ)ﬁV NTh+1NV
1=0
= ( (11.33), (11.34), (11.35) )

n
(ﬂ ;) N Thy1 NV
i=0
= ( Recursive definition )
n+1

(O TNV
1=0



3. This exercise is from Rosen, Discrete Mathematics and Its Applications. Its solution

is nontrivial. .
Prove, E — = n.
al a2 e

a
0c{ai,...,a}C{1,2,....,n} k

Take z,y, z to be fresh variables. For y C {1,...,n} and y # (), define

1
([Iz|lzey:z) "

frac.y =

Use Mathematical Induction to prove
F(Vnln>1:(+ylyC{Ll,...,n} AN y#0:fracy)=n).

Hint: Look at how one proceeds from Case n = 2 to Case n = 3. The nonempty subsets
of {1,2,3} are {1},{2},{1,2} which are the nonempty subsets of {1,2}, as well as {3}, and
{1,3},{2,3},{1,2,3} which are those subsets of {1,2,3} which are the union of nonempty
subsets of {1,2} with {3}. If we know 1 + % + -5 =2, then

! 1+ +1+ + + L
1 2 1-2 3 1-3 23 1-2-3
_ 1+1+ 1 N 1 N 1+1+ 1 1
o\l 2 2 3 1 2 1-2) 3
3 37 +

The central step in the general case uses this change of dummy Lemma,

F+ylyC{l,....n+1} An+1lecy A y#{n+1}:fracy)
1

= ci1,... A :
(+z|zC{l,....n}A 2#0 ——)

frac.z) .

Answer: Take z, y, z to be fresh variables.
The proof is by Mathematical Induction. The base case is n = 1. Recall from discussion in
class of P{E}, that

Fyc{l} Ay#D =y={1}.

Now
(tyly {1} Ay #0:fracy) =1
= (Fyc{iny#0 = y={1})
(+yly = {1} : fracy) = 1
= ((8.14) )
frac.{1} =
= < Definition of frac.y >
1

=1

(ITz|z e {1}:2)
= ( Lemma: Fze{l} =2=1)



=

rlr=1:2)
(8.14) )

=] =

For the induction step we prove
F+ylyC{l,....n}Ay#0:fracy) = n = (+ylyC{1,....,n+1} Ay #0:fracy) = n+l.

Assume (+yly C {1,...,n} A y # 0 : fracy) = n. Leibniz (8.12) may be used for
quantifications over y and z as neither of these variables appear free in the assumption.
Observe that under this assumption

(+ylyC{1l,...,n+ 1} AN y#0:fracy) = n+1
= (FP=(PA-QV(PAQ))
(+ylyC{l,....n+1} An+1&y A y#0)
V(yC{l,...,n+1} An+ley A y#0):fracy) = n+1
— ((s16))
(+yly C{1l,....n+1} An+1&€y A y#0:fracy)
+(+ylyC{l,....,n+1} An+ley AN y#0:fracy) = n+1
= (Lemma: F yC{l,....n+1} An+1€y Ay#0 = yC{l,....n} Ay#0)
(+yly C{1,....,n} A y#0:fracy)
+(HylyC{l,....n+1} An+ley AN y#0:fracy) = n+1
= <Assumption>
n+ (+ylyC{l,...,n+1} An+ley AN y#0:fracy) = n+1
= <Algebra>
(+yly C{l,....n+1} An+ley AN y#0:fracy) = 1.

We’ll be done once we prove
F+ylyC{l,....n+1} An+ley AN y#0:fracy) = 1.

A routine proof gives

FyC{l,...,n+t1} An+tleyny#0 y={n+1} v (y C{l,....,n+l} Antley Ay # {nt+l}).
Applying (8.16),

Fo(+ylyC{l,....n+1} An+ley A y#0:fracy)

= (+tyly={n+1}:fracy) + (+yly C{l,...,n+1} An+ley Ay#{n+1}:fracy).

1
Since by (8.14), F (+y|y = {n+ 1} : frac.y) = w1 Ve need only prove
n

- (+yly C{1,....,n} AN y#0:fracy)=n

n
= (tyly<C{l,....,n+1} An+lecy AN y#{n+1}:fracy) =

n+1"




The result follows easily from

F+ylyC{l,....,n+1} An+1lecy A y#{n+1}:fracy)

= (+z|2C{l,...,n} A z#@:nilfrac.z).

We have

(+z|zC{1,...,n} A Z#@:n_li_lfrac.z)
= ((814) )

1

(+z|zC{l,...,n} A z#@:(—i—y\y:zu{n—i-l}:n+1frac.z))
= ((8.20))

(+2z,y] 2 C{1,. n}/\z;é@/\y:zu{n—i—l}:nilfrac.z)

B Lemma: - 2 C{l,....,n} A 2z#£0 AN y=2zU{n+1}
N _yQ{l,...,n—Fl}/\n+1€y/\y7é{n—i—1}/\z:y—{n+1}

1
+z,ylyC{l,....n+1} An+ley ANy#{n+1} N z=y—{n+1}: +1frac.z)
n

(
= (F (xz,y|R:P) = (y,z|R:P) )
(

1
+y, 2|y C{1,. n+1}/\n—l—ley/\y;é{n—l—l}/\z:y—{n—l—l}:n

1 frac.z)

= ((8:20) )
(bylyC{loont 1) Antley Ay#{ntly:(tzlz=y—{n+1} ;nl

= ((814) )
(—i—y]yg{l,...,n—i—l}/\n+1€y/\y7é{n+1}:

1 frac.z))

frac.(y —{n+1}))

= (Lemma: Fn+ley Ay#{n+1} = n+1frac(y {n+1}) = fracy )
(+ylyC{l,....,n+1} An+1ley AN y#{n+1}:fracy)

Exercise 8, Section 1.2.1 of Donald Knuth’s The Art of Programming, Volume 1 reads
(a) Prove the following theorem of Nicomachus (C.E. ¢.100) by induction:

13=1,2=345 33 =7+9+11, 42 =13 +15+17 + 19, etc.
(b) Use this result to prove the remarkable formula
B2+ 4nd=1+2+-+n).
Recall from the 1090 Review Homework,
F(+k|1<k<n:2k—1)=n2

The following exercises provide a proof of (b) based on Knuth’s approach. As in the previous
problem, a change of dummy result lies at the core of the proof part (c).



4. (a) Use Mathematical Induction to prove that provided k£ d.n.o.f. in P,

Answer:

Case n = 0:

F(+k|1<k<n:P) = n-P.

(+k|1<k<0:P)=0-P

= <Arithmetic,|—1§k§0 = false>
(+k| false: P) =0

= < 8.13) >
0=0.

Assume (Vi|0<i<n:(+k|1<k<i:P)=1i-P)from which it follows that
= n-P.

(+k|1<k<n:P)

(b) Prove

(+k|1<k<n+1:P)
= ((823))
(+k|1<k<n:P)+ Plk:=n+1]
<Assumpt10n k dn.of. in P >
n-P+P
= <Algebra>
(n+1)-P

F(+i1<j<n:f®) = (+j|1<j<n:(+k|1<k<j:j*—j+(2k-1))).

Answer:

(
((
(
(
j-
<
7

+E|1<k<j:j2—j+(2k-1))

(8.15) )

+k|1<k<j: 2=+ Hk|1<k<j:2k-1)
Problem 5, 1090 Review )

(7* =) +4°

Algebra>

The result follows using Leibniz.



(c) Prove
Fn+1)2?—(n+1)=2-(+k|1<k<n:k)

and use Mathematical Induction to prove

F (4 1<i<n: (+k[1<k<j: 2 —j+2k=1))) = (+k|1<k<(+j|1<j<n:j):2k-1)

Answer:

(n+1)?—(n+1)
= < Quoted result from 1090 Review >
(+k|1<k<n+4+1:2k—1)—(n+1)
= ((823))
(+k|1<k<n:2k—1)+(2(n+1)—1)—(n+1)
= < (8.15) Algebra>
(+k|1<k<n:2k)+ (+k|1<Ek<n:—1)+n
= <Problem5>
(+k|1<k<n:2k)—n+n
= <A1gebra>
(+k[1<k<n:k+k)
= < (8.15), Algebra>
2-(+k|1<k<n:k).

To prove
F(+jl1<j<n:(+k|1<E<j:j2—j+(2k-1))) = (+k|1<k<(+j|1<j<n:j):2k-1),
consider the Base Case, n = 0.

(+711<j<0:(+k|1<k<j:j°—j+(2k—-1)))
= (+k|1<k<(+j]1<j<0:j):2k—1)

= <Arithmetic,}— 1< <0 = false >
(| false : (+k|1< K< i —j+(2k—1))
= (+k|1<E< (+j| false:j):2k—1)

= ((8.13))
0 = (+k|1<k<0:2k-1)

= < Arithmetic, F 1< k<0 = false>
0 = (+k|false:2k—1).

Now assume

(Vil0<i<n:(+j|1<j<i:(+k|1<k<j:j>—j+(2k—-1)))
= (Fh|1<k<(+jll<j<i:j):2k—-1)),



from which it follow that

(Hj11<ji<n:(+k|1 <k <j:j?—j+(2k-1))) = (+k|[1<Ek<(+j|1<j<n:j):2k-1).

(+i11<j<n+1:(+k[1<k<j:j°—j+(2k-1)))
= ((823))
(+711<j<n:(+k[1<k<j:j*—j+(2k-1)))
+ (+k[1<k<n+1:(n+1)*—(n+1)+(2k—1))
= <previous result>
(+h[1<E<(+jl1<j<n:j):2k—1)
+ (Fk|1<k<n+1:2-(+j[1<j<n:j)+(2k-1))
= <Algebra>
(+h|1<k<(Hjl1<j<n:j):2k—1)
+ (+k[1<k<n+1:2-(+j|1<j<n:j)+k)—1)
= < Change of Dummy, proof similar to Problem 4(a), 1090 Review >
(+E|1<k<(+jl1<j<n:j):2k-1)
+ (Fkl(+i1<j<n:j)+1<k<(+j|1<j<n:j)+(n+1):2k—1)
= ((8.23))
(+h[1<E<(+jl1<j<n:j):2k—1)
+ (k[ (H11<j<n:f)+1<k<(+j[1<j<n+1:j):2k—1)
= ( (8.16) )
(k|1 <k<(+j|1<j<n+1:5):2k—1)

(d) Prove
1< <n:?) = (Hil1<i<n:g)".
Answer: Problems 2. and 3. give
F(+j]1<j<n:j®) = (+k|1<k<(+j]1<j<n—+1:j):2k—1).
But by the result from Homework 2,
F(HE|1<E<(Hj[1<j<n+1:§):2k—1)=(+j]1<j<n+1:5)7.

By (1.4),
F(+i1<j<n:j®) = (+j|1<j<n:j)?.



