Chapter 14 Exercise List
SOLUTIONS
1. (a) 1i. Prove,
F@ylyeT:z=(s,y)) = (+ylz=(s,y):1)=1.

Answer: By (9.19) and (9.30) it suffices to prove
weT Nz=(s,w) = (+ylz=(s,y):1)=1.
Assume w € T and assume z = (s, w). We are using = for type N in the left margin.

(+ylz=(s,y): 1)
= ( Assumption, Leibniz (8.12)(i), y dn.ofw € T, z = (s,w) )
(+y | (s, w) = (s,9) : 1)
- (L))
(tyls=s ANw=y:1)
= ( (1.2), Metatheorem (3.7) )
(+y|true N w=1y:1)

= ( (3.39), (1.3) )

(+yly=w:1)
= ( (8.14),y dnof w)
1.

ii. Fill in reasons and complete the following proof that

F#({s} xT) = #T .

Answer: Let z, z, y, w be fresh variables. We are using = for type N in the left
margin.

#({s} x T)
( (11.12), z dnof. {s} x T )
(+2]z€{s} xT:1)

( (14.3), (11.7), x, y dnof. {s} xT, 1)

(+2| Pz, ylze{s} ANyeT: 2= (z,y)): 1)
= <Lemmal—x€{s} _x—s>

(2| Fz,ylz=sANyeT:z=(x,y)):1)

<(820 ydnof:n—s>

(+2|Fzlz=s:(FylyeT:z2=(z,y))): 1)

<(814 :Udnofs>

(+2]CylyeT: 2= (s,y)): 1)



<Part1>
(+2|FylyeT:2=(s,9)): (+y|z = (s,9) : 1))
<(821 wdnof yeT, z—<s,y>>
(+2[CulweT: z=(s,w)): (+y|z = (s,9) : 1))
( (8.20), y dn.of. (Guwlw e T :z=(s,w)) )
(+z,y| (Fw|weT:z=(s,w)) N z=(s,y): 1)

= ((9.21), wdmn.of z=(s,y) )
(—I—zy|(5|w|w€T z=(s,w) N z=(s,y)): 1)
( (3.84)(a) )
(+2,y] Gwlw e T+ (5,9) = (5,0) A 2= (5,5)) : 1)
( (11.4) )
(+zy[(§|w|w€T s=sANy=wAz={(s,y)):1)
( (1.2), Metatheorem (3.7) )
(—i—zy](EIw\weT true Ny=w A z=(s,y)): 1)
( (3.39), (9.19), (1.3) )
(+2y|@wlw=y:weTA 2= (5y):1)

= ( (814), wdnof y )
(+Zy|y€T/\Z—< y): 1)
( F (*z,y|R: P)= (xy,2|R: P) )
(+y,z|lye TN z=(s,y) : 1)

= < (8.20), zdnofy€T>
(tyly eT: (+z]z=(s,y): 1))

= ( (8.14), zd.n.of. (s,y) )
(+ylyeT:1)

(11.12), y dn.o.f. T )

{(
#T

(b) Prove,
F(s#5) = (#({s s} xT) = #T+#T) .

Answer: The proof follows easily from (8.16) and Part (a) once we prove two preliminary
results,
F{s,s'} xT = ({s}xT)U ({s} xT)
and
Fs#s = ({s}xT)n{s}xT) =10.

Choose x, y to be fresh variables. By (9.16) and 14RE to prove the first result it suffices to
prove

Fr,y) € {s,s'} xT = (x,y) e ({s} xT)U{s'} xT).



(z,y) € {s,8'} xT

= ((144) )
re{s,st NyeT

= <N0tation>
ref{zlr=sVar=s} ANyeT

= ((11.7))
(x=sVa=s)ANyeT

= ( Lemma,Fz€e{s} = z=5s)
(xe{sfvael{s}) AnyeT

= ( (3.46) )

(xe{s} ANyeT)V (xe{s} nyeT)
= ((144) )

(@, y) € ({s} xT) v (z,y) € ({s'} x T)
= ( (11.20) )

(@,y) e ({s}xT) U ({s} xT) .

Similarly, for the second, assume s # s’ and choose z, y to be fresh variables. By 14RP it
suffices to prove

Flz,y) e ({s} xT) N ({'} xT) = false .

(@ y) € ({s} xT) N ({s'} xT)
( (
(@,y) € ({s} xT) A (z,y) € ({s'} x T)
( (14.4) )
re{s} ANyeT N ze{s}AyeT
= ( Lemma, - z € {s} = z =s, (3.36), (3.38) )
r=s ANz=s ANyeT
= ((384)(a) )
r=sANs=s ANyeT
= < Assumption >
r=s N false N yeT
= ( (3.40) )
false .

Now assume s # s’. Choose z to be fresh. We are using = for type N in the left margin.

#({s,s'} x T)
= ( (11.12) )



(+2]z€ ({s,8'} xT):1)

( First preliminary result, (11.20) )

(+z]z€ ({s}xT) VvV ze ({} xT):1)

= < (8.16), using second preliminary result >
(—i—z\ze({s}xT) 1) + (+z]ze ({s'} xT):1)
< Part ( >

4T + #T .

The solution can be extended to provide a proof of (14.15) by Mathematical Induction. This
avoids the need to introduce Axiom (15.51).

2 Prove,
F Dom.(po o) C Dom.p .

Answer: Take z,y, z, w to be fresh variables.
Dom.(po o) C Dom.p

( (11.13) )
(Vz|z € Dom.(poo) : z € Dom.p
((

(

(

14.16), (11.7) )
vz I(Hy! (z,9) € poo): (3z[(z1) € p))
2) )

(Vz | (31/! (z,y) €poo) = (Fz|(z,2) € p))
y (9.16) it suffices to prove
Byl :(zy) €poo) = (Fz|(zz) €p)
and by (9.30) it suffices to prove
(z,w) € poo = (x| (z,z) € p).
(z,w) € rthooo
= ( (14.20) )

(Fx| : (z,z) €p A (z,w) € 0)
= ( (9.26) )

3 Prove, provided z,y do not have free occurrences in S or T,

FSEOANT#0= Fz,y |: (z,y) € SXT).

Answer: Take z,y to be fresh variables.

SEDANT#0
<Deﬁnition of 0 >
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x| :xelS) AN Jy| :yel)
= ((921))

(Fz|:zeS AN Fy|:yel))
= ((9.21))

(Fz| :Fy| xS ANyeTl))
= ((8:20) )

(Fz,y| :xeS ANyel)
= ((144))

(Fz,y| : (z,y) € SxT)

4 Prove,
FSxT NTxS)=0 = TnNnS=0.

Answer: Take z,w,x,y to be fresh variables.
By Contrapositive it suffices to prove - SNT #0 = (SxT NT x S) # (. Now,

SNT#0 = (SxTNTxS)#D
= ( Definition of § )
(3z] :2€SNT) = (SxTNTxS)#0

so that by (9.30) it suffices to prove - w e SNT = (SxT NT xS)#0.

wesSNT

= ((144))
weSANweT
= ((3.38))
weSANweT N weTlT NweS
= ((14.4) )
(w,w) e ST N (w,w) €T xS
( (11.21) )
(wyaw)y e SxT NTxS
< (9.28) for multiple quantifications >
Bz, y|(z,y) e UxU:(z,y) € SxT N T xS)

B (9.17) for multiple quantifications, 14RP, (9.17)
- a:ydnofo[UzESxTﬂTxS zdnof UxU

(Fz]z€eUxU:2eSxT NTxS)
= ( Lemma: - (3z|R: P) = (3z| : P) )
(Fz| :2€eSxT NTxS)



5 Prove,

FS#£DOANT#0) = SxXT#0.

Answer: Take x, y, z to be fresh variables.

SO NT#D
= ( Property of 0 )
(Fz|lzeU:zeS) AN (FylyeU:yeT)
= ((921)mzdnof in (FylzecU:yeT) )
(FzxlzeU:z2eS A (FylyeU:yel))
= ((9221),ydnof inzeS )
(Fzx|lzeU:(JylyeU:zeS ANyel))
= ((820),ydmnof inzeU )
(Fz,ylz e UANyeU:zeS ANyel)
= ( (14/2) )
Bz, y|(z,y) e UxU:(z,y) € SxT)
= ((917) )
—(Vo,y | (z,y) e UxU:(x,y) €S xT)
= < 14 RP, z, ydn.of. inUxU, 2&€ 5 xT, zdn.of. in UxU >
—(Vz|zeUxU:2¢SxT)
= ((917) )
(3z]z2€UxU:2zeSxT)
= ((9.19) )
(z|:2€eUxU A z€ SxT)
= ( Lemma, - z2€ SxT = 2e€ UxU, (3.60) )
(Fz] :2€5xT)
= ( Property of 0 )
SxT#1.

6 Prove that
F SxT C SxU = TCUV S=0.

Answer: There are simpler proofs than the one I have chosen to give below.

SxT C SxU = TCUV S=0
= <Lemma:|—P:>Q = P/\—|Q:>false>
SxT C SxUANTZU ANS#0 = false,

it suffices to prove

FSxT C SxUANTZU ANS#0 = false.



Choose z,y, z to be fresh variables.

SxT C SxUANTZUANS#0D
= ( (11.13), Definition of 0. )
(Vz|lzeSxT:2zeSxU) N ~(MylyeT:yeU) N =(Vz |z &)

= (14RP)

(Vz,y|(z,y) € SXT : (x,y) € SxU) AN ~(Vy|lyeT:y&U) N Fz|xz&S)
= ((144))

Ve,ylreS NyeT:zeSANyelU) AN QylyeT:ygU) N ~(Vx |z & S)
= ( (8.20) )

(V:L‘|:U€S MylyeT:zeS ANyelU)) N QylyeT:y¢U) N =(Vx|x & S)
= ((97), (3.62) )

(Vx |:U€S FylyeT:y¢U) N VylyeT:ze€S NyelU)) N ~(Vx|x &gS)
= ((921) )

Ve|lzeS:(FylyeT:y¢gU N VylyeT: xS ANyel)) N =(Vz|z &S)
= ((919))

(Va |x€S Tyl :yeT NygU AN VylyeT:zeS ANyel))) AN (Vz|zgS)
= (92))

(Vo ]:UES Fy|:yeT ANygU AN Vy| :yeT=2€S ANyel))) N =(Vz|z gS)
= < (9.27), Modus Ponens>

(Va |x€S (3y| yeT Ny¢gU N (yeT=ze€S ANyel))) AN (Vx|z &)
= ( (3.66) )

VelzeS:Fy|:yeT NygU ANxeS NyelU)) AN -(NVe|zg9)
= ((342) )

(Ve |z e S:(Jy| : false)) N =(Vx |z & S)
= ((924) )

(Va |x€S false) N =(Vz|x & S5)
= (92))

(Vz ] zeS = false) N =(VYx|x & 5)
= ((374))

Ve | :x g S) N =(Va|xgDS)
= ((342))

false

7 (a) Prove,
F{x,y)€wp = zE€B ANz=y.
Answer:

<£E,y> € B

7



< Definition of 15 >

(z,y) €{z|z € B: (z,2)}
= ( (11.3) )

(Fz]z € B: (z,y) = (2,2))

{ (

(32

= ((144))
|zeB:x=2 N y=2)

= ((9.19) )
(3zlz=z:2€B AN y=2z2)

= ((814) )

reEB ANy=z

(b) Prove,
F Zél =1B .

Answer: By 14 RE and (9.16) for multiples, it suffices to prove

(z,y) €15' = (z,y) €1 .

(x,y) € zEgl

= ( (14.18) )
(y,x) €1

= ( Part (a) )
yeEB ANx=y

= ( (3.84)(b) )

reEB ANzxz=y

= ((13))

reEB ANy==z
= <part(a)>
(x,y) €1

(c) Let p be a relation. Prove,
FpCBxB = wgop=p.
Answer: Take z,y, z to be fresh variables.

pCBxB = gop=p

— (14RE)
pCBxB = (Vx,y|:(z,y) €wpop = (z,y) € p)

= ( Lemma: - P = (Vz,y| : Q) = (Vz| :P=Q) )
(Vz,y| :pCBxB = ((z,y) €wpop = (,9) € p))



By (9.16) for multiples it suffices to prove
pCBxB = ((v,y)€wop = (x,y) €p)
and by (3.62) this is syntactically equivalent to

pCBxB A (x,y)€wipop = pCBXxB A (z,y)€p.

pCBxB A (x,y) €wgop
= ( (14.20) )
pCBxB A (3z| : (z,2) €1 N (2,y) €p)
= ( Part (a) )
pCBXBA(3z|:x€B A z=1z A (2,y) €p)
= ((919) )
pCBxB A (3zlz=z:x€ B A (2,y) € p)
= ((814))
pCBxB ANzeB A (r,y) €p
= ( Lemma: - pCBxB A (z,y)€p = z€ B, (3.60))
pCBxB A (x,y)€p

8 (a) Prove that provided z dn.o.f. @, F (Vz|P:Q) = ((3z] : P) = Q.
Answer:

(b) Prove,F pC BxC = Dom.pCB.
Answer: Take z,z,y to be fresh.
pCBxC

= ((11.13) )
(Vz|z€ep:ze BxC



= < 14RP, z,y d.n.of. p,z € B x C, z d.n.of. p >
(Vz,y|(z,y) € p: (z,y) € BxC
= ((aay)
Ve, y|(z,y) €p:x e B ANyeC))eBxC
= ( (9.11) for multiple quantifications )
(Vz,y|(z,y) € p:x € B)
= ( (8.20), y d.n.o.f true )
(V| (Vy[(z,y) € p:a € B))
= ( Part (a), ydnof z€B )
(vz| : Gyl (e.y) € p) =z € B)
= ((92))
(vz| Gy | (zy) € p) : 2 € B
= ((1L7))
(Vo |z e {z|(Fy|{z,y) € p)} 2z € B)
= < Definition of Dom.p >
(Vz |z € Dom.p:x € B)

= ( (11.13) )
Dom.p C B .

9 Let p be a relation, and suppose that n does not occur freely in p .

Use Mathematical Induction to prove that + (Vn:N|1 < n: Dom.p" C Dom.p) .
Answer:
The Base Case is n = 1.

Dom.p! € Dom.p

= ( (14.25) )
Dom.p C Dom.p

For the induction step, assume Dom.p™ C Dom.p. Recall that in Problem 2 we proved,
F Dom.(po o) C Dom.p so the first line of the following is a theorem
Dom.(p" o p) C Dom.p"
= ( Assumption, (3.39) )
Dom.(p" 0 p) C Dom.p"” A Dom.p" C Dom.p
= ( (11.59) )
Dom.(p" o p) C Dom.p
= ( (14.25) )

n+1

Dom.p C Dom.p

By Modus Ponens, we have that Dom.p" ™! C Dom.p is a temporary theorem.
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10 Let p be a relation on S which is reflexive on S and transitive. Prove that p = p?.
Answer: Assume
pC S xS A preflexivie on S A p transitive.

We will prove p = p? by Mutual Implication.

For p C p?, take x, v, z to be fresh variables.

pCp°
= ( (11.13) )
(Vz|z € p:z€p?)
= ( 14RP)
(Vz,y|(z,y) € p: (z,y) € p°)
= ((92))
Vz,y| : (z,y) €p = (z,y) € p*)

By (9.16) for multiples it is enough to prove (z,y) € p = (x,y) € p°.

(r,y) €p
= <Assumption gives p C S ><S>
pCSxS A (r,y)€p
= ( Lemma: - pCSxS A (z,y)ep = z€S8,(3.60))
pPCSXS AN (zyyep NzeS
= ( Temporary Theorem: z € S = (z,z) € p, (3.60) )
pCSxS AN(z,yyep NxeS AN (z,x)€p
= ( (3.76)(b) )
(m,2)€p A (z,y) €Ep
= ( (14.25) >
(z,y) €

For p? C p, take z,v, 2, w.
The identical argument as above shows that it suffices to prove (z,y) € p> = (x,y) € p.

(w.y)ep® = (z,y)€p
= ( (14.20) )
Fz|(z,2) €p A (zy)€p) = (wy)Ep
We may apply Strong (9.30) as z does not occur free in the Assumption. It suffices to prove
(,w)y€p A (w,y) Ep = (z,y)Ep.

This follows from the temporary theorem, p is transitive, by (9.13) for multiples and (Strong)
Modus Ponens.

11 Assume that p is a binary relation on a non-empty set S. Decide which of the following are
theorems. Prove or justify your answers.
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(a) r(p) is symmetric.
Answer: 7(p) is not necessarily symmetric. Take S to be {0, 1}.
If p is {(0,1)}, then r(p) is {(0,0), (1,1), (0,1)} which is not symmetric.

(b) p? is transitive.
Answer: p? is not necessarily transitive. Take S to be {0,1,2,3,4}.

pr is {<07 1>7 (172>7 <273>7 <374>} then p2 is {<072>7 <173>7 <274>}
p? is not transitive as (0,2) and (2,4) are in p? but (0,4) is not.

(c) s(r(p)) =r(s(p)).
Answer: We have = s(r(p)) = r(s(p))-
s(r(p)) = r(s(p))
= ( (14.32)(b), (14.32)(a) )
r(p) U (r(p) ™" = s(p) Uus
= ( (14.32)(a), (14 )()>
(pUs) U (pUz ) P=puptuas
_ < Lemma, - (pu7r)™t = p~tus-! >
Lemma, F 15 = Zs
(pU1s) U (p~'Uss) = pUp ' Uag
= ( (11.27), (11.26), (11.28) )
pUp Uzs = pUp_lLst.

Choose z, y fresh variables. To prove - (pU7T)™! = p~tuU7~! it suffices by (9.16)
and 14RE to prove

ey epurn)™ = (@myepturt.

(@y)e(pumn)™
= ( (14.18) )

(y,z) € (p U )"
= ( (11.20) )

(y,x) € p U {y,x) €7
= ( (14.18) >

(w.y) €p7 U (z,y) €77
= (( 1120 >

(wyyep U

Choose x, y, z fresh variables. To prove - 1g = zgl, it suffices by (9.16) and 14RE to
prove
Fz,y) €15 = (z,y) €15’

12



(z,y) €1s
= < Definition of 1g >
(,y) € {2]2€ 85 :(2,2)}
= ( (11.3), z dn.of. (z,y) )
(3z|z€ S :(z,y) = (z,2))
= ( (144) )
(3z]z€S:x=2 A y=2)
= ((3.36) )
(FzlzeS:y=2 N z=2)
= ((144))
(Fz|z€8: (y,2) = (2,2))
= ( (11.3), z dn.o.f. (y,z) )
(y,x) € {z]z€ 8S:(z,2)}
= < Definition of 7g >
(y,x) €1
= ( (14.18) )
<x,y)€z§1.

(d) (s(p))T is reflexive on S.
Answer: It is not necessarily the case that (s(p))" is reflexive on S.
Take S to be {0,1,2}. If pis {(0,1)} then s(p) is {(0,1), {(1,0)} and
(s(p))™ is {(0,0), (1,1), (0,1), (1,0)}. (s(p))™ is not reflexive on S as (2,2) € S.

12 Recall that for z not occurring free in S, 15 = {z|x € S: (z,z)}.

(a) Prove,
Fr,y)€w = 2€S Ny=u.
Answer: This is identical to Part (a) of Problem 7.

(b) Prove,
F 125 is an equivalence relation on S .

Answer: We must show that 1g is reflexive on S, symmetric, and transitive.

For reflexivity, take x fresh. By (9.16) it suffices to prove z € S = (z,z) € 15.

resS

= ( (1.2), (3.39) )

rE€ES Nz==zx

= ( Part (a) )
(z,2) €15
= ((371))
(z,2) €15
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For symmetry, take x, y to be fresh. By (9.16) it suffices to prove (z,y) €15 = (y,z) €
15
<.%',y> SIS
= ( Part (a) )

reS Ny==x
( (3.84)(a) )
yeS Ny==x
= ((1.2))

yeES Nzx=y

( Part (a) )

<y7 £L’> S

For transitivity, take z,y, z to be fresh. By (9.16) it suffices to prove

(z,y) €15 N (y,2) €15 = (2,2) €15 .

<1"7y> €is N <y,Z> €13
= ( Part (a) )
reSANy=x ANyeS ANz=y
= ( (389)(a) )
rESNy=x ANyeS AN z=x
= ( BT6)0) )
TESNz==x
= ( Part (a) )

(x,2) €15

13 Let p be a relation on B. Prove
F pis symmetric = (VYn|n >1:p" is symmetric ) .

Hint: Assume the antecedent and use Mathematical Induction to prove the consequent.
Answer:

Since p' = p is given to be symmetric, p' is symmetric.

Assume p" is symmetric.

The proof that p"*! is symmetric reduces to proving (z,y) € p"t! = (y,z) € p"+L.

< > n+1

{ 1426>

(z,y) € p"op

( (14.20) )

(Fz (@, 2) € p" A (2,9) € p)
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Assumption, p is symmetric >

(

(Fz[(z,x) € p" A (y,2) € p)

{ (3.36) )

(Fz[(y,2) €p A (z,3) € p")
= ( (14.20) )

(y,x) € pop”

( (14.26) )

(

Y, 1:> n+1 )

14 Let p be a relation on B. For x, ¥, z not free in p,
“p is circular” means (Vz,y,z| : (z,y) € p A (y,2) €Ep = (z,z)E€p).
Prove,
F piscircular A pisreflexive on B = p is transitive .

Answer: Assume p C Bx B A pis circular A p is reflexive on B . Take x,y, z to be fresh.
By (9.16) it suffices to prove

(my)ep N{y,z)ep = (z,2)€p.

(m,y)ep N {y.2)€p

<Temporary Theorem: p C B x B>

(z,2) €ep AN pC BxB

( Lemma: - (z,z) €p A pC Bx B =z € B, (3.60), (3.76)(b) )
(z,z) €ep N z€B

( pis reflexive on B, (4.3) )

(z,z) €p A (z,x) EPp

< p is circular >

(

z,2) €

15 If the expression below is a theorem, write “This is a theorem.”, and prove it. If it is not
a theorem, write “This is not a theorem.”, and explain in detail how you know it is not a
theorem.

(p is transitive) = pop=op

Answer: Note that if po p = p, then for n > 1 it follows that p"™ = p from which transitivity
follows. To show that the expression is not a theorem we need to exhibit a transitive
relation p for which p? # p.

Consider the transitive relation p given by p = {(0,1), (1,2),(0,2)}. We have p? = {(0,2)} #
p-
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16 Using
Axiom 1 (z,fx) e f = xz € Dom.f

prove that
F (x € Dom.f N\ f.axr € Dom.g) = (9.(f.x) = (ge f).x) .

Use the Deduction Theorem (assume the antecedent) and be careful in your treatment of
expressions of the form f.z, i.e., don’t just copy the proof that the test has on p.281 and
assume that it is sufficient.

Answer:

Assume z € Dom.f so that (z, f.x) € f is a temporary theorem.

Similarly, assume f.x € Dom.g so that (f.x,g.(f.z)) € g is a temporary theorem.

We will prove g.(f.x) = (g e f).z by proving y = g.(f.x) = y=(ge f).x.

Observe that by (9.28) and (14.20), (z, f.z) € f A (fx,9.(f2)) €9 = (z,9.(fx)) € fogy,
hence by Modus Ponens, (x,g.(f.x)) € f o g is a temporary theorem.

As fog=ge f, this gives (x,g.(f.x)) € geo f from which x € Dom.(g e f) is a temporary
theorem.

We gave the following Lemma in class.

F fis a function = ((z,y) € f = (z € Dom.f AN y= fx)).

A proof was given using Mutual Implication. Assume f is a function.

x € Dom.f N y=fx

= ( Axiom 1)
(x,faxye f Ny=fx

= ((3.84)(a))
<$,y> Ef A yzfx

= ( (3.76)(D) )
(z,y) € f

Now,

)ES
= ( (9.28),(3.60) )

(@.y)ef A (Fyl:(z,y) € f)
= ((14.16),(3.60), Axiom 1)

(x,y) € f N (z,fxy e f N x € Dom.f
= ( f is definite, (4.3) )
y=fax N x € Dom.f

((3.36) )

x € Dom.f N y=fx

The proof of the exercise now proceeds,

(z,

<
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y=(gef)a
= ( Lemma: g e f is a function, x € Dom.(ge f) = true)
(z,y)cgef
= ( Notation )
(z,y) € foyg
= ( (14.20) )
(Fe|: (. c) € f A (e y) €9)
= ( Lemma: f is a function, x € Dom.f = true)
(Fel:e=fax A {ey) €9)
- ((917)
(3ele= fa:{c,y) €g)
- ((314))
(fx,y)€g
= ( Lemma: g is a function, f.x € Dom.g = true )

y=g.(fx)

17 The identity relation 15 on S is defined as
{z|lzeS:(z,x)}.

Carefully prove that 15 is a total function. Answer: We need to prove that g is determinate
and that it is a total function on S.
To prove that g is determinate, choose x, y to be fresh variables. By (9.16) it suffices to
prove

F(r,y) €15 A (z,2) €15 = y==z.

(x,y) €15 N (z,2) €18
= ( Part (a) )

reESNy=xz ANxeSNz=x
= ( (3.76)(b) )

y=x N z==zx

= ( (384)(a) )

=z N z=x
= (376)(b) )
Yy==z

To prove that 15 is total on S we need to prove Dom.ig = S. Choose x, y to be a fresh
variables. By (9.16) it suffices to prove

FxeS=x¢e Domag .

x € Domag

= ( (14.16) )
ze{z|(Fyl: () €9}
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= ((117) )
(Fy| : (z,y) €5)
= ( Part (a) )
(Fy| :xeS N y=ux)
= ((919) )
Fyly=z:2¢€59)
= ( (814),ydnof inz )
res.

18 You are given, with u not occurring free in S, that p = {u|u € S : (u,v)}.

(a) Prove,
F pis a function .

Answer: Take x,y, z to be fresh variables. We need to show that p is definite, i.e.,
(Ve y, 2| c(zyy €p AN (z2)€Ep = y==z.
By (9.16) for multiples it suffices to prove
Flz,y)ep N (z,2)€p = y==2.
For u not ocurring free in S, consider the following

Lemma: F (z,y) e{u|jueS:(u,v)} = z€S5 ANy=v.
<fvy>€{u\ues< )}

(3 | S (x,y) = (u,v))

= ((9.19), (1.3) )
(Elu]x—u. ue SN y=v)

= ((8.14))

TESANy=w

Now,
(z,y) €p N (@,2) €p
= <Lemma>
reSNy=vAzxzeS ANz=v
= { (3.76)(b) )

y=v N 2=

18



= ( (3.84)(a) )

y=2z N z=v
= ( (3.76)(b) )
Y=z
(b) Prove,
F Dom.p=3S.

Answer: Take y, z to be fresh variables. By (11.4) and (9.16) it suffices to prove

FzeDomp = 2€ 8.
z € Dom.p

= ( (14.16) )
Tyl : (zy) €p)

= ( Lemma from Part (a) )
(Fy|:z€8 AN y=v)

( (9.19) )

(Fyly=v:2€5)

( (8.14) )

zeS

19 Let o and p be relations. Prove

F o is definite A p is definite = o o p is definite .
Answer: Assume o is definite A p is definite . Take x,y, z, u, v, w to be fresh variables.

o o p is definite

= ( (14.37), (9.2) )

(Vz,y,z| : (x,y) Ecop A (z,2) Ecop = y=2z).
As z,y, z do not occur free in the Assumption, we can apply Strong(9.16). It suffices to prove
(x,y) €oop A (z,2) Ecop = y==2.
(x,y)€oop N (z,2) Ecop = y==2

= ( (14.20), (3.65) )
(Fw| : (x,w) € A (w,y) €p) = ((x,2) €cop = y=2).

As w does not occur free in the Assumption, by Strong (9.30) it suffices to prove

(x,uy eo N (u,y) €p = ((z,2) €Ecop = y=2).
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(uyeo N (uy)ep = ((z,2)€00p = y=2)
= ( (14.20), (3.65) )
(Fw| : (x,w) € A (w,z) €p) = ((zu)€o A (uy)€p = y=2).

As w does not occur free in the Assumption, by Strong (9.30) it suffices to prove

(x,v)€ea A (v,z)ep = ((zyu)€o AN {u,y)€Ep = y=2).

x,v)ea/\ (v,2) €p = ((r,u)eo AN (u,y) €Ep = y=2)
3.65) )

z,oyeo A (v,2) €p A (zyu)eo AN (u,y)€p = y==z2
(3.36), (3.37) )

x, >€O’/\<.’IJU>EO’ (w,y) ep N (v,z) €p = y==z

(
(
(

= < Temporary Theorem: o is definite >
(x,v)€og A (zyu) €Ea Nv=u N (u,y) €Ep AN (v,2) Ep = y==z
( (3.84)(a) )
(x, >€o AN(zuyeo Nv=u A (uy) €Ep N (u,2)€p = y==2
< Temporary Theorem: p is definite >
(

z,v) €0 AN (zuy€oc ANv=u AN (u,y) €Ep N (u,2) Ep Ny=2 = y==z

which is (3.86)(b).

20 Let B be a nonempty set and p be an equivalence relation on B.

(a)

Prove that there exists a total function f satisfying
Dom.f = B.
f is onto.
(b,c) € pif and only if f.b = f.c.
Note: To answer the question, make an appropriate choice for Ran.f.
Answer: Let C = {b: B |: [b],}, the set of equivalence classes of p. Define f : B — C
by f.b= [b],.
fbo=fc
= ( defintion of f )
[b], = [cl,
= ((14.35))
bpc
= ( definition of bpc)
(b,c) € p
With f as in (a), prove if g is any total function with Dom.g = B satisfying g.b = g.c
whenever (b, c) € p, there exists a unique total function h with Dom.h = Ran.f such
that he f = g.
Answer: Let h = {b: B| : ([b,,9.b)}. Once h is proved to be determinate, we know h
is a function, and since h.[b], = g.b, we have h e f = g.
But by (14.35), [b], = [¢], = bpec, from which , [b], =[c], = ¢.b=g.c.
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