York University

Atkinson College, Faculty of Arts, Faculty of Science
Math 2090

Midterm Examination

SOLUTTIONS

Instructions:

1. Time allowed : 90 minutes.

2. There are 6 questions on 8 pages. H Question | Points | Marks H
1 3
3. Answer all questions. 5 5
4. Prove, means prove using the proof methods 3 4
and proof format of the text. 4 7
If your reason is not a theorem on the list 5 4
provided, or another question on this test, 6 7
you must provide its proof. | Total [ 30 | |

5. Your reasons must indicate that you have
verified any conditions concerning free oc-
currences of variables.
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1. (3 points) Is the following a correct proof of S C {z}?
If it is correct, provide complete reasons for each step.
If it is not correct, find and explain all errors in the proof.

Take x to be a fresh variable.
S C{x}
= (*k )
(Ve |z eS:xe{z})
(Vo |z € S : true)
(Vx| :xz €S = true)
(Vx| : true)

3

true .

Answer: The proof is not correct. It has two errors.
First, as « occurs in the expression S C {z}, it cannot be declared as a fresh variable.

In addition, the step with reasons marked %% is not correct. There is an apparent attempt
to use (11.13). This is incorrect as x occurs free in {x}.

In any case, consider any particular interpretation of the set S and variable z where S C {x}
interprets False. For example, one might take S to be the set consisting of the number 5 and
x to be the number 3. The first step, S C {z} = (Va|x € S:z € {x}), interprets False,
and therefore cannot be a theorem.
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2. (5 points) Prove,
FAz,yb={z} = z=2/ANy==2.

Answer: Take w to be a fresh variable.

{z,y} = {z}
= ((11.4))

Vw| rwe{x,y} = we{z})
= ( Abbreviation >

Vw| :we{wjlw=zVw=y} = we{w|w=z})
= ( (11.7) )
NVw| :w=xVw=y = w=2z2)
= ( (9.13), (3.60) )
Vw| :w=zxVw=y = w=2) A (z=xVr=y = z=2)

ANy=zVy=y = y=2)
1.2), (3.29), (3.3) )

Il
/S
~—~

Vw|:w=xVw=y = w=z) ANex=z N\Ny=z
= ( (3.84)(a) )

Vw|:w=zVw=y = w=z) Ae=2z ANy=z2
= ( (3.84)(a) )

Vw|:w=zVw=z = w=z2) ANe=2z ANy==z
= ( (3.26) )

(Vw| :true) N x=z N y==z
— (08)

true N =z N y==z
= ((339) )

r=z Ny==z
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3. (4 points) Prove,
FSCT = T=SU(T-5).

Answer: Take w to be a fresh variable.

T=SU(T-25)
= ((14))

Vw| :weT = weSU((T-29))
= ( (11.20), (11.22) )

Vw| :weT = weSV(weT ANwé¢gh))
= ( (3.44)(b) )

NVw| :weT = weSVweT)

= ( (3.57) )

Vw| :wesS = wel)
- (02)

Vw|we S:weT)
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4. (a) (3 points) Prove (11.57),
FSCTANTCS = S=T.
Answer: Take w to be a fresh variable.

SCTANTCS
= ( (11.13) )
NVw|lwe S:weT) N Vw|lweT:weS)
= ((92))
Vw|:weS = weT) N Vw|:weT = weS)

— (s1)

Vw|:(weS = weT) N(weT = weS))
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(b) (4 points) Prove,
FSc{z|R} = (Iz|:R).
Answer: This proof exploits Part (a).

A proof using Contrapositive and Deduction can be found in the homework solutions.
Take w to be a fresh variable.

S c {z| R}
= ((11.14) )
SC{z[R} A = (S ={z|R})
= ( Part (a) )
SC{xz|R} A =(SC{z|R} A {z|R} CS)
= ( (347)(a) )
SCiz|Ry AN (SEZA{x|R}Y V {x[R} £5)
= ( (344)(a) )
Sci{z|R} N{z|RYZS
= ( (3.76)(b) )
~({z|R} € 5)
= ( (11.13) )
“(Vw|w e {zx|R}:weS)
= ( (9.18)(c), (9.19) )
(FGw| :we{z|R} N w¢gbS)
= ( (3.76)(b), (9.16), (9.17), Modus Ponens )
(Fw| :w € {z| R})
= ((8.21))
(x| 1z € {z|R})
= ((11.7))
(3z| : R)
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5. (4 points) Prove,

Answer:

For H S U
weSUD

For H SN
weSNY

FT=0 = (SUT)—(SNT)=5".

) = S, take w fresh and observe that by (11.4) and (9.16) it suffices to prove

w e S.

take w fresh and

0 = 0,
= wed.

weSUD

( (11.20) )

weSVwel
< Definition of ) >
weS V false

( (3.30) )

we S

observe that by (11.4) and (9.16) it suffices to prove

weSNQ

( (11.21) )

weSANwEeED
< Definition of ( >
we S A false

{ (3.40) )
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false
= < Definition of () >
w e

For = S —( = S, take w fresh and observe that by (11.4) and (9.16) it suffices to prove
weS—-0 = wes.

wesS—0
= ( (11.22) )

weSA-(web)
= ( Definition of 0 )
we S N~ false

= ( (313) )

w e S A true

= ( (3.39) )

we S

6. (a) (2 points) Prove,
FzeSASCT = xeT.

Answer: Take w to be a fresh variable.

reSNSCT

= ((11.4) )
reSNNMv|jlweS:weT)
— ((92))
reSNANNMu|:weS = weT)
= ( (9.13), (3.60) )
reSANNMv|:weS = weT)AN(xzeS = xzel)
= ( (3.66) )
reSNzeT NVw| weS = weTl)
= ( (3.76)(b) )
xeT
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(b) (5 points) Prove,
F(3z|:5C{z}) = #S5=0V #S=1.

Note: You may use the “Useful Lemma”, - x € {y} = z =y, without giving its proof.
Answer: Take w to be a fresh variable. By (9.30) it suffices to prove

FSC{w} = #S=0V #S=1.
We prove
FSC{wtAhweS = #S=1and FSC{w}AwgsS = #S=0
from which by (3.76)(a) and Case Analysis the result follows.

Assume S C {w} A w € S.
SC{w} ANweS
= (Lemma: FweS = {w}CS)
SC{w} AN{w}CS
= ( Problem 4(a) )
S = {w}

gives that S = {w} is a temporary theorem.
To prove - w e S = {w} C S, assume = € S. Take v to be a fresh variable.

{w}Cs
= ( (11.13) )
(Vv|ve{w}:vels)
= < Useful Lemma >
(Mlv=w:veS)
= ( *14) )

weS

Now take z to be a fresh variable.

#S=1

= < Leibniz, S = {w} is a temporary theorem >
#Hwp =1

= ( (11.12) )
(+z|lze{w}:1)=1

= < Useful Lemma >
(+z]z=w:1)=1
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which is (8.14).

Assume S C {w} A w ¢ S. Take y to be a fresh variable.

yes

( Assumption, (3.39) )
yeSANSC{wt ANw¢gsS

( Part (a) )

yeSASC{wt hye{w} AhwegsS
<Useful Lemma>
yeSANSC{uwthy=wAw¢gs
{ (339)(a) )
weSANSC{why=wAwgs
( (3.42), (3.40) )

false

which using the Strong Version of (9.16) and (11.4) gives, S = () is a temporary theorem.
Take z to be a fresh variable.

which is (8.13).

#S =0
( Leibniz, S = 0 is a temporary theorem )
#0=0

(11.12) )
+z]z€0:1)=0

Defintion of §) )
+z| false : 1) =0

The end



