York University

Faculty of Arts, Faculty of Science. Atkinson College

Math 2090

Midterm Test

SOLUTIONS
Instructions:
1. Time allowed : 75 minutes.
2. There are 6 questions on 7 pages. Page 3 is H Question | Points | Marks H
blank. 1 B
3. Answer all questions. 2 25
3 15
4. Prove, means prove using the proof methods 4 20
and proof format of the text. 5 10
If your reason is not a theorem on the list pro- 6 15

vided, or another question on this test, you H

o Total 100 |
must provide its proof.

5. Your reasons must indicate that you have veri-
fied any conditions concerning free occurrences
of variables.
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1. (15 points) Prove that,
FTCS = (S—-T)uT =S

Answer: Take z to be a fresh variable.
(S-T)uT = S

— < (114), zdn.odf. in (S—=T)UT,S >
( z€(S-T)UT = z€S)
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2. (a) (10 points) Prove (11.57),
FS=T = SCT ANTCS.

Answer: Take z to be a fresh variable.
S=T
= ( (114), zdn.of in S, T )
(Vz| :2€8 = 2€T)

= ( (3.80) )
Vz|:(z€S =2€T)AN(z€T =z€D¥9))
= ( (815) )
(Vz| :2€S8 =zeT)AN(Vz|:2€T =2z€18)
= ((92))
(Vz|z€S:ze€T)N(Vz|ze€eT:z€8)
= ( (11.13), zdnof in S, T )
SCT ANTCS.

(b) (15 points) Prove that,
FPS=PT = S=T.

Answer: Take z to be a fresh variable.

PS =PT
< (11.4) zdnof1nP5PT>
| :2€ePS = 2ePT)

( (11.23) )

vz
{ (
Vz -
<Lemma I—SCS>

(Vz

(V2| :2C S

(

(V2 | 2C8 =2CT) A (true = SCT) A (TCS = true)
(

(

(

(1
| : =
(9.13), ) twice )
| : =

= ((33))
V| zCSEng)/\SQT/\TQS
= <Part >
Vz| : zCS—zCT)/\S*T
= < (3.84)(a), noting that for the contextual substitution, z d.n.o.f. in S, T >
|

Vz zCS’—zCS’)/\S—T

= (63))
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(Vz| :true) N S=T
= ((98))
true N S=T

= ((3.39) )
S=T.

Proof of Lemma:
Take z to be a fresh variable.

SCsS
= ( (11.13), zdmn.of. in S )
(Vz|ze S:z€8)
= (92 )
(Vz]| :z€e S=2€9)
- ()
(Vz| : true)

= ((98))

true .
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3. (15 points) Consider the following attempt to prove {y} = {z,y}.
If a proof step is correct, provide complete justification. If the justification uses a Lemma, state it,
then provide a proof.
If a proof step is incorrect, explain why it is incorrect.

{y} ={z,y}

This step is incorrect.
< Observe that y occurs free in {y} and in {z,y}. One cannot use (11.4) >

if the variable of quantification occurs free in either of {y} and {z,y}.
y |y e{y} = ye{ry})

_ < Lemma: - y € {y}. >

Lemma: + y € {z,y}.
(Vy| : true = true)
= ( (3.3) or alternatively, (1.2) )
My | : true)
= ((98))

true .

Proof of Lemma: F y € {y}. Take z to be a fresh variable.
y € {y}
= < Abbreviation, z d.n.o.f. in y >
yelslz=y: 2}
= ( (11.3), zdnof iny )
(Felz=y:y=2)
= ( (8.14), zdmn.of iny )
y=1v.
Proof of Lemma: F y € {z,y}. Take z to be a fresh variable.
y € {z,y}
= < Abbreviation, z d.n.o.f. in x,y >
ye{zlz=azVz=y:z}
= ( (11.3), zdnof iny )

(Fzlz=azVz=y:y=2)
= ( (818))
(Fzlz=z:y=2)V 3z|lz=y:y=2)
= ((814))
(Fzlz=z:y=2) Vy=y
= ((1.2))
(Fzlz=z:y=2) V true
= ((3.29) )
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4. (a) (10 points) Prove that,
FAu} ={v,w} = u=v Au=w.

Answer: Take z to be a fresh variable.

{u} = {v,w}

= ( (114), z dn.of. in {u}, {v,w} )
(Vz| :z € {u} =z € {v,w})

= < Abbreviation, z d.n.o.f. in u,v,w >
(Vz|:z€{z|z=u} =z€{2|z=vVz=w})

— ()
Vzl:z2=u = z=vVz=w)
= ( (9.13), (3.60) twice )
(Vz|:z=u=z=vVz=w) AN (v=u=v=vVov=w) AN(lw=u = w=vVw=w)
= ( (3.76)(b) )
(v=u=v=vVv=w) AN (w=u = w=vVw=uw)
= ((12))
(v=u = truevVv=w) A (w=u = w=1vVtrue)
= ((329))
(v=u = true) N (w=u = true)
~ (62)
v=u N w=u
= ( (1.3))

u=v N u=w

(b) (10 points) Prove that,

F{zh ={uh vzl = 2=y Any=2.

Answer:

{{a}} = {{y} v, 21}
= < Part (a) >
{z} ={y} A {z} ={y, 2}
= ( (3.76)(b) )
{z} ={y, 2}
= ( Part (a) )
rT=y Nr==z
— (380 )

rT=y Ny==z.
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5. (10 points) Is #{u,v} = #{x,y} a theorem? If it is a theorem, provide a proof. If it is not a theorem,
carefully explain why not.

Answer: It is not a theorem. Take {0,1,2} as Universe of Discourse. Assign 0 to the free oc-
currence of u, 0 to the free occurrence of v, 1 to the free occurrence of x, and 2 to the free occurrence
of y. Then #{u,v} evaluates to 1 while #{x,y} evaluates to 2 and 1 # 2.
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6. (15 points) Use Mathematical Induction to prove that,
F(Vn:N|:(+k:N[0<Ek<n:2k+1)=(n+1)?).

Clearly state the Mathematical Induction Inference Rule which you use.
Answer: To prove - (Vn| : P.n) it suffices to prove - P.0 and F Pn = Pn+1.

Proof of - P.0:

4+k|0<k<0:2k+1)
Arithmetic, F 0 < k<0 = k:0>
+k|kE=0:2k+1)
(8.14) )
2041
= <Arithmetic>
(0+1)2

(
=
(
((

Proof of - Pn= Pn+1:
Assume (+k|0<k<n:2k+1) = (n+1)>

(+k|0<k<n+1:2k+1)

<Ar1thmetlc FO<k<n+1 = 0<k‘§n\/k:n+1>
(+k|0<k<nVk=n+1:2k+1)

< (8.16), Arithmetic, FO<k<n Ak=n+1 = false>
(+k|0<EkE<n:2k+1)+ (+k|k=n+1:2k+1)

( Assumption, (8.14), k dn.o.f. inn+1 )
(n+1)2+2Mn+1)+1)

<Algebra>

(

(n+1)+1)2.

The end



