SOLUTIONS TO FINAL EXAM

1. [10 Marks] Evaluate each of the following limits.

2 Inz
li 1+ —
(2) v ( T lnx)

Solution Let u =Inxz. As x approaches oo, u also approaches co. Therefore

92 Inz 9 u
lim (1+—) = lim <1+—> =e%
200 Inz w—00 u
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(b) lim ———

r—0 r — arctanz
Solution Substitute the Taylor series at = 0 for sinz, cosz and arctanz. Then divide the numerator

and denominator of the resulting fraction by x2.
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2. [25 Marks] Evaluate each of the following integrals.

l e

Solutlon

(b) / 2x 4+ 3
:L“2+2x+5

Solution Note 22 + 22 +5 = (z + 1)? 4+ 22, Hence make the trigonometric substiution z +1 = 2tan§.
Then z = 2tanf — 1, dz = 2sec® § df and

/% dr = /2(2tanf—1)—|—23 2sec’ df = “LT; 2sec? 0 do
(z2 + 22+ 5) (4tan® 6 + 4) (4sec?0)

4tand + 1 1 f tand cos® @ 1 1
n / 8scc? § 9 = 5/ sce2 6 cos? 0 o+ g/ sce? 6 a4

%/Sin@c059 d9+81/cosge9 df
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1 1
= -3 (2cos?6 — 1) + E(G—!—sin@cos@) +C

1,1 1
= ——cos 9+1—69+1—681n9C089+C

4
: x+1 . x+1 . 2 o x4+1
Since tand = ZFL it follows that § = arctan 31, From the triangle below, sinf = ﬁ and
cosl = W Thus
/ 2043 1< 2 >2+1 . x+1+1< z+1 )( 2 )+c
—Vdr = | e — arctan ——— + —
(2 + 22 +5)° A\Va2 12245 16 2 16\Va2 122 +5/) \VaZ+ 22 +5
= T T +1arctan?: 1+C
 8(x2 42z +5) 16 2
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(c) /ZI sinx dz

Solution Use integration by parts twice.

/2”” sinz do = /ZC”D(— cosz) do = 2%(— cosx) —/D('Zx)(— cosx) dx

I

—2%cosx +1n2 /2"” cosx dr = —2% cosw + In 2 /ZID(Sinw) dx

I

—2%cosz + (In2)2"sinz — In 2 /D(?I) sinx dz

= —2%cosx + (In2)2%sinx — (In2)? /21’ sinx dz

[1+ (In2)?] /2’3 sine dv = —2%cosz + (In2)2”sinx + ¢
o 1 2 .
/2 Sz dx = —WQ cosz + mQ SlIl:C—!—C

(d) /sec6x dx

Solution Since the exponent of secz is even, let u = tanz with du = sec? z da:

/sec6a: dr = /(Seczw)Qseczw dr = /(1+ta112w)25662w dr = /(1+'u2)2 du
2 4 25, 15
= 14+ 2u +u du:u+§u +gu +C

2 . 1
= tanx+§tan3x+gtan5x+0

723 + 622+ —2
dx
()/ (x+1)2(22+1)



Solution We write the integrand as:

Ta3 +6x2 2z —2
CESVEERY

A B Cx+D
z+1 (x4+1)2  22+1
Alx + 1) (22 + 1)+ B(@? + 1)+ (Cz + D)(x + 1)*
(z+1)%(2? + 1)

Multiply this equation by (x + 1)%(z? + 1):
723+ 627 +2—2=Alx +1)(x® +1) + B(z® + 1)+ (Cz + D)(z + 1)?

Letz=-1: -74+6—-1—-2=B(2),s0 —4=2B and B = —2.
Substitute this value of B into the previous equation.

T2 + 627+ -2 = Alx+1)(*+1) -2 + 1)+ (Cz+ D)z + 1)?
Ted 462 4 — 242 4+1) = Alz+ D>+ 1)+ (Cx4 DYz +1)?
3482+ = Alx+ W2+ D)+ (Cx+ D)z 4+ 1)?
(x+1)(7T2* +2) = (2+1)[A@@* +1)+ (Cz + D)(z+ 1)]
it = A@?+ 1)+ (Cz+ D)z +1)

Letz=—-1:7—1= A(2),306 =2A and A = 3.
Substitute this value of A into the previous equation.

72+ = 3(x*+ 1)+ (Cx+ D)z +1)
P+ -3x*+1) = (Cx+D)z+1)
4z v -3 = (Czx+D)(z+1)
(z+1)(4x —3) = (Cx+D)xz+1)
dr — 3 Cex+D

Thus C =4 and D = —3. Now

/7m3+6m2+x—2 / 3 —2 4xr — 3
dr = + dx
(z+ D%z +1) z+1 (z+1)2 22+1
2 2z 1
= 31 W+ —+2 ) —— do — ——d
3lnlx + l+$+l+ /:v2+1 z 3/1+I2 z

[

2 .
3lnjz + 1{+ 1 +2In(2® 4 1) — 3arctanz + C

3. [4 Marks] Let R be the region in the first quadrant of the zy plane bounded by the graph of y = Inz,
the line ¥ = 1, the z—axis and the y—axis. Let S be the solid obtained by revolving the region R around
the y—axis. Find the volume V of S.

Solution Observe that the graph of y = Inx is also the graph of x = e¥. From the sketch of the region

R below,
1 1
vV = /7r(ey)2 dy:ﬂ/ e dy
0 0
T oyt 2_To_T 2
R A R G T TGt



>

/ y=Inx or

[/ L . X

4. [4 Marks] Find the distance D traveled by an object from ¢t = —% sec to t = 2 sec with velocity

v(t) = [e' — 1] {1 —In(1+¢)] meters/sec.

WRITE YOUR ANSWER AS AN INTEGRAL (OR SUM OF INTEGRALS]).
DO NOT INTEGRATE.

Solution Note the increasing function ¢! equals one when t = 0. Hence e —1 <0 fort <Oand e’ —1>0
for t > 0.

Also the increasing function In(1 + ¢) equals one when 1 4+t =e¢, i.e. t = e — 1. Hence
I—In(l+t)>0for -3 <t<e—1landl—In(l+¢) <0fore—1<t<2 Thesign of v(t) is given by
the following figure.

_____ 0+++0----- signvd)
-t

Therefore

D - /jz o (®)] dt—/ll () dt+/:_1v(t) dt+/:1 —o(t) dt

_ /0 et — 1] Mn(l+4#) — 1] dt+/e_l e —1] [1—In(1+4)] dt

2
+/ lef — 1] [In(1+1¢) — 1] dt meters
e—1

5. [4 Marks] Estimate In3 with error less than 0.1
JUSTIFY YOUR ANSWER.

Solution In3 = ff % dz. We approximate this integral by Simpson’s Rule using the regular partition

Py,, of [1,3] into 2m subintervals of length Az = 5= = % The error in this approximation is less than

2m
(b;{%)n:M where b = 3, a = 1, n = 2m and M is an upper bound of the absolute value of the fourth

derivative of f(z) = L for = € [1,3]. Now

) 1 2, 2 3 6 1 24
P == [0 =5 O = O =2
Hence M = 24. Thus the error in Simposon’s Rule using Py, is:
(b—a)’M (3-1)°24  25(2) 4

180nt  180(29)m*  15(29)m*  15md

Welwant oy < 0.1= %, ie 15m? > 40 or m* > 22 = &, Thus take m = 2, i.e 2m = 4. By Simpson’s
Rule

m3 & SLI(1) 4 473/2) + 27(2) + 47(5/2) + F(3)
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6. [10 Marks] Determine whether each improper intgeral converges or diverges.
JUSTIFY YOUR ANSWERS.

1
(a) /ln.’r, dzx.
0

Solution Note that ¥ = Inx has a vertical asymptote on the left at x = 0. By the definition of this
improper integral and integration by parts:

1 1 1
/ Inzde = lim / Inz dr = lim / D(x)Inz dz
0 a—0+ a a—0+ a
1 1
= lim (aclnac(}2 —/ zD(lnx) dm) = lim <In1 —alna—/ z— dm)
a—0Tt a a—0t a X
1
= lim (—alna—/ L dw) = lim (—alna— :1:[(11)
a—0t a a—0t

1
- (LIi}rél+ [_a Ina B <1 B a)] - —1 B (lli’llol+ %

The latter fraction when a = 07 becomes =>*. Hence apply L'Hopital’s Rule:

1
D(l 1
/lnazdmzl—hmﬂzl— imﬁ
0 a—0+ D(1/a) a—0t —1/a?
=1+ liron a=1

Thus this improper integral converges.

[a'e} 2
(b)/ cos2xdx.

xr

Solution Note the integrand has the y—axis as a vertical asymptote. Hence

® costx “lcos?z 0 cos?z Leos?z ® cos?x
5 dr = 5 dr + 5 dr + 5 dxr + — dzx
o T o T 4 T 0 T 1 z

For 0 <z <1 < 3, the decreasing function y = cos z satisfies

%:cosggcosmgl. Hence for 0 < x < 1:

2
cos”x 1/2

2 - x2

Since 2 > 1, we know fol 11—22 dz = % fol 25 dx diverges. By the Comparison Test, f01 Cojz Z dx also diverges.

Hence [77_ “’;# dx diverges.
7. [5 Marks] Find the general solution of the differential equation
y =2xy+ 2ty -+l

Write your answer as y equals a specific function of z.
JUSTIFY YOUR ANSWER.



Solution Observe that 2oy + 2z +y + 1= (2z + 1)(y + 1). Hence for y # —1:

d
ﬁ = Qz+D(y+1)
1 dy
R
y+1dx v
1 dy
_ = 20+1d
y+1dz / rhlar
1
——dy = 2*+tz+C
/y+1 Y
Inly+1] = 2°+z+0C
ly+1] = exp@®+az+C)=cexp(z®+ )
y+1 = Feexp(z®+1z) = Aexp(z? + )
y = Aexp(z®+z)—1
for all nonzero numbers A. Moreover, y = —1 is also a solution. This is the case A = 0. Thus the general

solution is:
y=Aexp(z® +2)—1 for ACR.

8. [8 Marks] Determine whether each sequence is increasing or decreasing; bounded below or bounded
above. JUSTIFY YOUR ANSWERS.

@ { & o,

(n})?

Solution Consider the (n 4 1)% term a,; divided by the n*® term a,,:

G st (@n+3) ( ! >2 (2 +3)(20+2)2n+ 1)) ( n! )2
an (2(7;_,+)le 2n+ 1) \(n+1)! (2n+1)! (n+1)n!
= (2n+3)(2n+2) (ﬁ)g =22+ 3)(n+ 1) j e = i”jf’
= 44 niﬂ > 4.
Hence the given sequence is increasing. Therefore it is bounded below by its first term a; = % = 6.

Since each term is at least four times as large as the preceding one, the limit of this sequence is oco.
Therefore, this sequence is not bounded above.

1
(b) {arcsin E} forn > 1.

Solution Let f(z) = arcsini for z > 1. By the chain rule:

f(z) = 1 d(l)_ 1 ( 1><0
V1 1/22 do \= V1-1/22\ 27
Hence f is a decreasing function, and the given sequence is decreasing. Therefore it is bounded above by

its first term arcsinl = 7. Since it is a sequence of positive numbers it is bounded below by 0.

9. [8 Marks] Determine whether each of the following sequences converges or diverges. If it converges,
find its limit. JUSTIFY YOUR ANSWERS.

(a) {(—1)" <1 + %)} for n > 1

n

Solution Recall lim
n—00

odd terms have limit —e. Therefore, the given sequence diverges.

1
(l + —) = e. Hence the even terms of the given sequence have limit e while the
n
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Solution Let L = lim (1 — —) . We compute In L by appplying L’Hopital’s Rule to the indeterminate
7
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By the Pinching Theorem, lim (—1)" (1 — —) =0.

N—00

10. [12 Marks] Determine whether each series is absolutely convergent, conditionally convergent or
divergent. JUSTIFY YOUR ANSWERS.

(@) Y (- 1)" ne .

n=|1

Solution We use the Integral Test to check for absolute convergence. Let f(z) = ze=" for z > 1. By
the product rule:

Fla)=Me ™ +ze ™ (—21) = ™ (1—222) <0

for x > 1. Thus f is a decreasing function, and f(xz) > 0 for z > 1. Thus the Integral Test applies to the
series 7% pe .

[e's] 5 b 5 ) 1 5 b
/ ze ¥ dr = lim ze ¥ dr= lilm —=e¢ %

1 b—oo 1 b—oo 2 1

1 1 1

— 1 - —p? Zeo1 0 = =

pn Tpf Tt o T e

Since this improper integral converges, the series > 7| ne " converges by the Integral Test. Hence the
series Y o~ (—1)" ne=" is absolutely convergent.

by S (=) cos? %

Solution Note . .
lim cos® = = cos® ( lim —) = cos? 0 =
n 2

n—o

1
Hence lim (—1)" cos® = does not exist, and the series S°°°
n ? n=1

(—=1)™ cos?  diverges by the n'® Term Test.
n—o0
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Solution Since cosmn = (—1)",

n=1\

> cosTn = 1
—1 n 7207 = P ——
nz::l( ) 1+vn ; 1+vn
Apply the Limit Comparison Test to the latter series and the p—series with p = 1/2:
lim T _ i YT
1
=00 73 o 00 l + \/—

Since 1/2 < 1, the p-series with p = 1/2 diverges, i.e Y 7, ﬁ diverges. By the Limit Comparison Test,

the series » > also diverges.

n= 11+\/_

’)’I

11. [5 Marks| Find the interval of convergence of the power series Z

lnn’
n=2
JUSTIFY YOUR ANSWER.
Solution Apply the Ratio Test:
I — lim .'1:""'1/ []n(’n, + 1)] — Jim Inn \.’1:\"‘*'1
n—oo z/(lnn) n—oo In(n+1) |z[?

. Inn
e In{n+ 1)

l

||

This limit is the indeterminate form 2, and we evaluate it by L’Hopital’s Rule:

D(lnn) - 1/n 2l = lim n+1
L=l e ™ = 2 G

x| = (1)]z] = |z

Thus this power series converges when L = |z] < 1 (—1 < x < 1) and diverges for L =|z| > 1 (x < —1 or
x > 1). When x = 1 the power series is:

— 1

2

3 T hm which diverges by the Integral Test. By the Comparison
— also diverges. When x = —1 the power series is:

> (-
n=2
1

Note that { -} is a decreasing sequence of positive numbers with limit zero. Hence the series >0 ,(—1)" -1
converges by the Alternating Series Test.
Thus the interval of convergence of this power series is [—1,1).

This series is greater than the series Y °

Test the series >, -

1
12. [5 Marks| Estimate exp(—=x ) dz with error less than 0.01 Write your answer as a fraction.

JUSTIFY YOUR ANSWER.
Solution Recall that e* = 370 ) % for u € R. Substitute u = —z?:

oG o 2n

exp(a?) = Y TP St

n=0 ) n=0



for z € R. Thus

1 9 1 w?n x w?n—f—l
xp(—x7) doe = " lo = B —
/0 exp(—a7) de /O NZ::O( V' da nz::o( i Gy .
oG " 1
B Z(_l) nl(2n + 1)

n=0

This is an alternating series. Therefore, the error in estimating this integral by the sum of the terms

n=20,...,%1s less than than the absolute value of the summand n =¢ + 1, i.e. m Note
1 1 1 - 1
21(5) 10’ 31(7) 42’ 419) 216 ~ 100"

Thus we take t = 3 to estimate this integral with error less than .01:

/lexp(—:rz)dx =y LI + r 1 :1_1+i_i
0 O (6 @E) eim 3T ®
/lexp(—xg) iy o 20-TOE21-5 156 26

o 210 210 35




