SOLUTIONS TO FINAL EXAM

1. Find the equation of the plane P through the point (2,—1,4) which is perpendicular to the line

z—3  y+2 7T—=z
4 5 6

Solution Rewrite the equation of the line as:

z—3  y+2  z-7

4 5 -6

—

Thus the vector (4,5, —6) is perpendicular to the plane P. The point (2, —1,4) lies on P. Hence P has
equation:
0 =4z—-2)+5y+1)—6(z—4) = dx+5y—62+21.

2. Determine whether the following two lines intersect, are parallel or are skew.

xr = 3t—5 r = 4—3u
y = 5-—05t and y = 10u-15
z = 8-9 z = 6—2u

Solution We solve the following linear system of three equations in two unknowns:

3t—5 = x = 4-3u
5—5t = y = 10u—15
8 -9 = 2z = 6—2u
Equivalently,
3t+3u = 9
5t+10u = 20
8 +2u = 15

From the first equation: 3t = 9 — 3u and ¢t = 3 — u. From the second equation: 5(3 —u) + 10u = 20. Thus
5u = b5 and u = 1. Then t = 3 —u = 2. However, 8t + 2u equals 15 not 18. Hence this linear system

=
of three equations has no solution and these two lines do not intersect. The vector (3, —5, 8) is parallel
—

to the first line while the vector (—3,10,—2) is parallel to the second line. Since these vectors are not
multiples of each other, they are not parallel and the two lines are not parallel. Hence these lines must
be skew.

3. Find parametric equations which parametrize the bottom arc of the hyperbola i—z — % = 1 from right
to left.

Solution We use the trigonometric identity sec? § — tan?# = 1 to parametrize this curve.
For -3 <0< 7, let
z = £3tané, y = +2sech .

Then

2 2 2 2
y*  z? _ (£2sec)? (£3tan6)® o o
) g = 1 9 = secfd —tan“0 = 1.



We take y to be negative so that we get the bottom arc of the hyperbola. Note that tan is negative for
—% < 6 <0 and positive for 0 < 8 < 7. Hence we take r = —tan 6 to move from right to left. Thus the
required parametric equations are

= —3tané, y = —2sech

for -5 <6< 3.

4. Find the cosine of the angle of intersection of the curves
r(t) = (coswt, sinnt, 4t) and s(u) = (1 —u,4 —u?,u® —4)
at the point (—1,0,4).

Solution Observe that at (—1,0,4),4t =4 and t = 1. Also 1 —u = —1 and u = 2. Hence we are asked
to find the cosine of the angle 6 between 7’(1) and s'(2). Note that

r'(t) = (—wsinnt, weosmt, 4) and s'(u) = (=1, —2u, 3u?) .
Hence
r'(1) = (—wsinm, wcosw, 4) = (0,—m,4) and s'(2) = (-1,-4,12) .
Then
— —
(0,-m,4)-(-1,-4,12) 0+ 4r + 48 4m 4 48

cosf = = =
| (0, _—7:.’4) I (_1’3’ 12) | V0 + 72 + 16+/1 + 16 + 144 \/161(71'24-16)

5. Plot the polar curve r? = sin 46.

Solution Note that this curve only exists for those 0 < # < 27 for which sin46 > 0, i.e for 0 <6 < 7,

T<0<3 7<60<2 and 2F <6< X During each of these intervals there are loops starting and

ending at the origin with maximum distance one from the origin at their midpoints.
Y

— :

6. Find the area between the inner and outerloops of the limacon » = 1 + 2cos¥.

Solution Consider the sketch of this limacon below. Note that it passes through the origin when

cosf = —%, i.e for § = %’r and 6 = %’r. We calculate the area A between the two loops as twice the area
inside the upper half of the outside loop minus twice the area inside the upper half of the inside loop.
2w 4m
k3 31

A 2/ %(1+2cos0)2 d0—2/ —(1+2cos)” db
0 ™

[\]

2 4w
D 5
= / 1+4cos0+4c0s20d0—/ 1+4cosf +4cos’6 df
0 ™
2

/3 1+4cosf + 2(1 + cos26) d0—/

0

’ 1+4cosf + 2(1 + cos26) df

2w

/3 3+ 4cosf + 2cos26 d0—/
0 T

4m
’ 3+ 4cosf +2cos26 db



Il

(3e+4sin0+sin20|?) _ (30+4sin0+sin2o|,%")
(27T+2\/_ \/_>—<7r—2\/§+?> = 7+3V3

Y

(e,
—

7. Find the length of the curve r(t) = (e?, e~t, t1/2) for 0 <t < 2.

Solution By the formula for arclength, the length s of this curve is:

s = /0\/[D(et)]2+[D(e—t)]2+[D(t\/ﬁ)] dt = /0 \/(et)2+(_e—t)2+(\/§) “

2 2
/ Vet +e 24 2dt = / \/ (et + e*t)2 dt
0 0

2
/ e+etdt = et—e_t|(2) = (e —-e?)=(1-1) = e —¢e?
0

Il

8. Set up a definite integral which gives the circumference of one petal of rose r = cos 26.
DO NOT INTEGRATE.

Solution One petal of this rose occurs for —
ence C of one petal is:

T <8 < 7. By the for formula for arclength, the circumfer-

c

/4
/ \/c05229+[ D(cos 260)]* df —/ \/c05220+( 2sin 260)° df
/4

w/4

/4
\/cos2 20 + 4sin” 20 df = \/ 1+ 3sin? 26 df

—7/4 —m/4

9. Identify each of the following surfaces in zyz—space.
(a) 22 -6z +2=9y>+4y

(b) z*+y? =sinz

(c) y=2°

Solution (a) Complete the square:

(x=32=-94+2 = (y+2)*-4
z—5 = (y+2)°—(z2-3)

Thus this surface is a hyperbolic paraboloid with center (3,—2,5).

2
(b) Write this surface as <\/ z? + yz) = sinz. Hence this surface is obtained by rotating the curve

2 = sin z in the xz—plane around the z—axis. Alternatively, this surface is obtained by rotating the curve
y = sin z in the yz—plane around the z—axis.



(c) Since the variable z is missing from this equation, this surface is the cylinder determined by the
parabola y = 22 in the yz—plane.

10. Evaluate
lim d
(@)= (1,00 22 =2z +y2+1°

Solution Factor the numerator and complete the square in the denominator:

. Ty —y . y(z —1)
1 = 1 AN
()10 — 20 +12 +1  (e)o(10) (@ — 1)2 + 12

Consider what happens when (z,y) approaches the point (1,0) along the line y = m(x — 1) for m fixed:

Ty —y m(z — 1)2 ) m m

li =1 = = .
(z,y)l—>m(1,0) 22 -2z +y?2+1 ] (x —=1)2+m2(z —1)2 ao1 1+ m2 1+ m?

x —
Since we obtain different limits along different lines, the limit  lim v~y does not exist.

(zy)—1,00 22 — 2z + 32 +1

11. Find the largest domain and the corresponding range of the function

1
1—a2—y2—22°

f(z,y,2) =

Solution f(z,y,z) is defined when its denominator is nonzero, i.e. when 1 — 22 — 42 — 22 # 0. Thus the
largest domain of f consists of all points which do not lie on the sphere 22 + 4% + 22 = 1. The values of
the denominator of f are all nonzero numbers less than or equal to one. Their reciprocals are all negative
numbers and all positive numbers greater than or equal to one. Thus the range of f is (—o0,0) U [1, 00).

12. Find the path of steepest descent on the surface 2 = z? — y? starting at the point (3,2, 5).

Solution The projection of this curve r(t) = (z(t),y(t), 2(t)), t > 0, into the zy—plane is in the opposite
direction of the gradient at each point:

—

—
7(t) =(2'(t),y'(t)= —KVz = —K (2z,-2y) .
We can take any positive value for K, say K = 1. Then
x'(t) = -2z and y'(t) =2y .

Hence z(t) = z(0)e™2 = 3e~% and y(t) = y(0)e?* = 2e2!. The corresponding curve on the surface has
2(t) = z(t)? — y(t)? = (3e2)% — (2¢*")? = 9¢=* — 4¢*. Thus

r(t) = (3e7%,2e*,9e™4 — 4et)

for t > 0.

13. Let f(z,y) = 2°y" — 2%y* with x = g(s,t) = s3* + s5* and y = h(s,t) = %5 — s5¢. Define
F(s,t) = f(g(s;1),h(s,1)) -

Find VF. You may leave your answer in terms of z, y, s and ¢.

Solution By the chain rule:

OF 0f 8g Of Oh

55 - 8—;:8—? + 6_;;% = (5zty" — 625y*) (3522 + 5s1t?) + (T2y8 — 425¢%)(65°t° — 857t")
OF 0f 8g  Of Oh

il 8—5;8—? + 6_;;5 = (5z'y" — 625y*) (23t + 455%) + (T25yS — 425y3)(55%t* — 75519)



14. Find the equation of the tangent plane to the surface

2y?2t 2%yt = 12

at the point (2,—-1,1).

Solution Let f(z,y,2) = z3y?2z* + 22y*23 — 12. Then V f(2,—1,1) is perpendicular to the tangent plane
Pat (2,-1,1).

—
Vi = (32222 + 22y123, 223y2* + 42?9323, 4232 2% + 32%y12?)
—
VF©2,-1,1) = (16,-32,44) .

Hence P has equation

0 = 16(z—2)—32(y+1)+44(2—1)
108 = 162 — 32y + 442

15. Find the minimum and maximum values of f(z,y) = 22 + 42y + y? + 12y on the region D bounded
by the lines z +y =2,y =z — 2 and z = —5.

Solution First, look for local extrema inside D which are stationary points.
fe=2x+4y=0 and f, =4x+2y+12=0.

From the first equation z = —2y. Substituting into the second equation: 0 = 4(—2y) + 2y + 12 = 12 — 6y.
Hence y = 2 and z = —4. Thus (—4,2) is the only stationary point. Consider the boundary of D in the
figure below. We parametrize each side of the triangle.

The segment from (—5,—7) to (—5,7) is parametrized by r(t) = (—5,¢) for —7 < ¢ < 7. Then

A(t) = f(r(t)) = 25 — 20t + t2 + 12t = 25 — 8t + 2.

A'(t) = -8 + 2t = 0 when ¢ = 4 at the point (—5,4).
The segment from (—5,—7) to (2,0) is parametrized by s(t) = (¢, — 2) for —5 < ¢ < 2. Then

B(t) = f(s(t)) =t* +4t(t —2) + (t —2)* + 12(t —2) = t* + 4t> — 8t +t* — 4t + 4 + 12t — 24 = 6t° — 20.

B'(t) =12t = 0 when ¢t = 0 at the point (0, —2).
The segment form (—5,7) to (2,0) is parametrized by u(t) = (¢,2 — t) for —5 <t < 2. Then

C(t) = fu®) =t* +4t(2—1) +(2—t)* +12(2—t) = t* + 8t —4t> + 4 — 4t +t* + 24 — 12t = —2¢> — 8t + 28.

C'(t) = —4t — 8 = 0 when t = —2 at the point (—2,4).
We compare the values at the above four points and at the three corners of the triangle:

f(~4,2) = 6 324+444+24=12  f(=5,4)=25—80+16+48 =9 F(0,-2) =0+0+4—-24=—-20
F(=2,4)=4-32+16+48 =36 f(=5—7)=25+140+49—84 =130 f(=5,7) = 25— 140 + 49 + 84 = 18
£(2,0) = 4+0+0+0 4

Thus f has its minimum value of —20 at (0, —2) and its maximum value of 130 at (—5,—7).



16. Let B be the region bounded by the line x + y = 3, the x—axis and the y-axis. Note that B
is contained in the square R = [0,3] x [0,3]. Let P = @ be the regular partition of [0,3] into three
subintervals. Let f(z,y) = z + y. Find the lower Riemann sum L(P X @, f) and the upper Riemann sum

UP xQ,f) for [[px+y drdy.

Solution This partition P x () subdivides the square R into nine squares of area one as in the figure
below. We compute for these squares as ordered in the figure:

LPxQ.f) = f0,00(1)+f0,1)(1)+ £(1,2)(2) + F(L,0)(1) + £(2,2)(1)
+£(2,3)(1) + £(3,1)(1) + £(3,2)(1) + £(3,3)(1)
= 04+14+404+140404+404+04+0=2
UPxQ.f) = FLDM)+FL2)QA)+ (L2 +F21)(1) + £ 1))
+F(L2)(1) + £, D)) + £, 1)) + F3,2)(1)
= 2434+34+34+3+3+3+34+0=23

Y

6 | 9

2\8

14\7\
x

17. Let B be the region bounded by y = —z and = = 6 — y*. Evaluate [[, 2y dz dy.
DO NOT SIMPLIFY THE ARITHMETIC IN YOUR ANSWER.

Solution Observe that y = —z and = = 6 — 32 intersect when —y = 6 — 2, i.e when 0 = ¢y2 —y — 6 =
z=(y—3)(y+2) and y = 3, y = —2. Apply Fubini’s Theorem integrating first with respect to y. See
the figure below.

3 6—y° 3[4 =
// zydedy = / l/ Ty dx] dy = / lixzy
B —2 —y —2 —

1 /3 1 [3
= 5/2(6—1/2)231—313 dy = 5/236y—13y3+y5 dy




_ ! > 134 1
- 2(18y 1V e
1 13 1 1 13 1
= 5 [18(9) — Z(Sl) + 6(729)] —5 [18(4) - 1(16) + 6(64)
Y
3

18. Evaluate [ [fﬂ siny dy] dz.

z Yy

Solution It is impossible to integral 2%, so we reverse the order of integration. From the figure below,
the region of integration starts from z = 0 on the left to £ = y on the right. It runs from y =0toy ==

on the y—axis. Therefore
™ Y o T o Yy T o
/ [/ sin y dx] dy = / siny dy = / smyy dy
0 o Y o Y o o Y

/[/ Sy dy]dm
0 x Yy

™
= / siny dy = —cosy|; = —coswm+cosO0 = —(—1)+1 = 2
0
Y
T
Yy=x
T xr

19. Set up a triple integral which gives the volume V of the solid G' bounded by the paraboloid z = y?+ 22
and the paraboloid 6 — 2 = y? + 22.
DO NOT INTEGRATE.

Solution These two paraboloids intersect when y? + 22 = x = 6 — y? — 22, i.e. when 2y% + 222 =6 or
y? + 22 = 3. Hence we integrate over this circle in the yz-plane with the first paraboloid at the back and
the second paraboloid at the front.

y=V3 z=4/3—y? z=6—y2—2>
V = / / / ldx|dz|dy
=—V3 z=—4/3—y? r=y2+22



20. Change the order of ingtegration to rewrite the following sum of iterated integrals as one interated

integral.
e=1 [ py=z-1[ po=y/(z- 1242
S = —/ / / 2?y?2? dx| dy| dz
2=0 y=1—z zzf\/(zfl)—2,y2

2ol [ = I=T [ pamy/1gP2?
+/ / / z2y?2* dx| dy| dz
z2=0 y=—v1—22 zzf\/lfyTzZ

Solution The first integral refers to the the surface 22 = (z—1)% —y? which is the cone (2 —1)? = 22 +y2.
The integral describes the entire bottom nappe of this cone from the xy—plane to its vertex at z = 1.
The second integral refers to the surface 22 = 1 — y? — 22 which is the sphere 22 + y? + 22 = 1. That
integral describes the entire upper hemisphere from z = 0 to z = 1. Thus the solid over which we are
integrating is the hemisphere with the cone removed. We can describe it as one integral by integrating
first in the z direction from the bottom nappe of the cone on the bottom to the hemisphere on top. These
surfaces intersect on the zy—plane z = 0 in the circle 2 +y? = 1. Thus our second integral will be in the
y direction from the lower semi—circle y = —v/1 — 22 to the upper semi—circle y = V1 — x2.

e=1 [ py=vi-a? 2=v/1—a2—3?
S = / / / 22y%2% dz| dy| dx
z=—1 |Jy=—v1—-22 |J2=1—/22+y2

DO NOT INTEGRATE.



