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MONOTONIC SEQUENCES RELATED TO ZEROS OF BESSEL
FUNCTIONS

LEE LORCH AND MARTIN E. MULDOON

To the memory of Luigi Gatteschi

ABSTRACT. In the course of their work on Salem numbers and uniform dis-
tribution modulo 1, A. Akiyama and Y. Tanigawa proved some inequalities
concerning the values of the Bessel function Jp at multiples of 7, i.e., at the
zeros of Jy /5. This raises the question of inequalities and monotonicity proper-
ties for the sequences of values of one cylinder function at the zeros of another
such function. Here we derive such results by differential equations methods.

1. INTRODUCTION

As far back as 1950 [8], Luigi Gatteschi was interested in the approximation of
Bessel functions and their zeros. Later, he contributed greatly to the use of Bessel
functions as approximants for other functions; see, e.g., [9, 10] and references. He
often used differential equations methods. Since the trigonometric functions are
related to the Bessel functions by

2 . 2
Jijo() = Uasmz, J_1/2(x) = \/Ecosx,

it is natural to investigate the question of whether various sequences which are

constant in the trigonometric case might be monotonic in the case of general order.

Such questions are studied here. They are more elementary than those dealt with by

Gatteschi. The element of commonality is the use of differential equations methods.
This study is motivated by the result

(1.1) |Jo(2kn)| < 1/(xV2k), k=1,2,....

of A. Akiyama and Y. Tanigawa [1, Lemma 2], used in the course of their work on
Salem numbers and uniform distribution modulo 1.

We are dealing here with the values of the Bessel function Jy at multiples of 7, i.e.,
at the zeros of J; 5. This raises the question of inequalities and monotonicity prop-
erties for the sequences of values of one cylinder function at the zeros of another such
function. For example, we show (Corollary 5.5) that for 0 < v < %, (=1)*V/kJ, (kn)
increases to its limiting value (v/2/7)sin((1 — 2v)7/4) as k (= 1,2,...) increases.
In particular, with v = 0 this gives

1
1.2 0< (=DkJy(kn) < —=, k=1,2,...,
(1.2) (=1)"Jo(km) E

generalizing (1.1).
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2. TRANSFORMATIONS OF DIFFERENTIAL EQUATIONS
We consider the differential equation
(2.1) v+ fx)y=0, a <z < o0,

where f is continuous on (a, o), and the equation is nonoscillatory [11, p. 351] at
a. Under these conditions, the equation has a principal solution at a [11, p. 355],
i.e., a solution y;(z) such that for every solution y(z) linearly independent of yi,
we have

(2.2) lim+ y1(x)/y(xz) =0.
r—a

Let y2 be a solution of (2.1) such that the Wronskian
(2.3) W(y1,y2) = y1(2)ys(x) — yi(x)ya(z) = 1,
and let
(2.4) p(z) = yi(2) +y3(z) — 1,
as r — oo. We suppose throughout that, for a fixed ¢, a < ¢ < 0,
(2.5) / Au = lim / u < 00.

a p(u) e—0F a+te p(u)

It is well known that equation (2.1) can be transformed to the trigonometric equa-
tion u”(t) + u(t) = 0. The changes of variables required are described, for example
in [13, Lemma 2.3], where the interest, like here, is in the application to zeros of
Bessel functions. Letting y(z) = [p(x)]"/?u(t), 2’(t) = p(x) (2.1) becomes

(2.6) u”(t) +u(t) =0,

where the prime now denotes differentiation with respect to t. Hence the general
solution of (2.1) may be written as

vodt
(27) vio) = Al 2sin ([ v a).
o D)
where A and « (0 < «a < 7) are arbitrary. The solutions y;, y2 are unique up to
their replacement by

cosay () — sinays(x), sinay(x) + cosaya(x)

in the sense that this leaves W (y1,y2) and p(x) unchanged. So, from here on, we
will take

28 wnlo) = s ([T o) = oo eos ([0,

We use y(z,a) and y*(z, o) = y(x, o + 7/2) for the solutions

(2.9) y(x,a) = cosays(z) —sinays(zr) = [p(I)]l/Q sin (/m pc(iz) + a) )

(2.10) y*(z, ) = —sinay; (z)—cos ayy(x) = [p(z)]/? sin (/w p((i; + +7r/2> .

The zeros of y(z,a) on (a,00) are the numbers x) for which

Tkt
(2.11) / = —kr—a, k=1,2,....
o D)
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For consistency in notation, we take ¢y = a, when a = 0.
At a zero xy of y(z, ) we have

(2.12) y(w B) = (—1)F/p(zr) sin(5 — a)

leading to

Remark 2.1. If p(x) is monotonic as a function of x, so is the sequence y(zk, 3).
Now we consider a second equation

(2.13) Y'+F(z)Y =0, a<z < o0,

with a similar notation. Yi(x) and Y2(x) denote linearly independent solutions of
(2.13) with Wronskian 1, such that

(2.14) P(x) = Y7 (x) + Yi(z) — 1,

as & — 400. The general solution of (2.13) may be written as

(2.15) Y (x) = A[P(x)]"/? sin </ — + a> ,

where A and « (0 < a < 7) are arbitrary. Without loss of generality, we may take
odt T dt

2.16) Yi(z) = [P(z)]"/?si /7 Ya(z) = —[P(x)]'/? /7 :

(2.16) Yi(z) = [P(z)] bln( Pw) 2(x) [P(x)]/ cos 0

We use Y (z, ) for the solution

(2.17) Y (x,3) = cos BY1(z) —sin B Ys(z) = [P(z)]"/? sin ( ’ jj(tt) + ﬁ) .
The zeros of Y (x, 8) (on (a,00)) are the numbers X}, for which

X qt
(2.18) i W:kw—ﬁ, k=1,2,....

Again, we take Xy = a, in case § = 0.

3. GENERAL RESULTS
Our main result deals with the values of y(z,a) at the zeros of Y (x, ().

Theorem 3.1. Consider the solutions y(z) = y(z,®), y*(z) = y(r,a — 7/2) of
(2.1) given by (2.9) and (2.10) and a solution Y (x) of (2.13) with successive simple
zeros at xy, xy and Xy (k=0,1,...), respectively on (a,0). Suppose that

(3.1) p(z) < P(x), a < x < 00,
and that
(3.2) mngk§x2+1,k:1,27....

Let y(X1) > 0. Then (—1)*"1y(Xy)//p(Xk) increases to a finite limit as k (=
1,2,...) increases. In case (3.2) is replaced by

(33) $2+1§Xk§xk+1,k:1,27...,

the conclusion is that (—1)*t1y(Xy)//p(Xy) decreases to its limit as k (= 1,2,...)
increases. The monotonicities are reversed if the inequality sign in (8.1) is reversed.
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Proof. Because of y(X;) > 0 and (3.2), we may use |y(X;)| = (=1)1y(Xy).
We have to show that |sin Agx| < |sin Ag41], £ =1,2,..., where

Ak:/ i k=1,2,....

p(u)
(3.2) gives
1
(3.4) kr < Ap < (k+ 5)7r,
so the Ay are in z-intervals where |sin z| is increasing. Also
X1 du Xkt du

(3.5) Ay I_Ak:/ 7>/ =,

i x.  plw) Jx,  Pu)
the inequality following from (3.1). From (3.4) and (3.5), we get

3

(3.6) k+Drn<Ap+7m<Ap1 < (k+ 5)%
Thus we have |sin Ag41| > |sin(Ag + 7)| = |sin Ag| and the assertion about the

increase of (—1)**1y(X4)//p(Xy) is proved.
In case (3.2) is replaced by (3.3), the argument is similar except that (3.4) is

replaced by

(37) (k+ 5)m < A < (k+ 1),

so the Ay are in z-intervals where |sinz| is decreasing and (3.6) is replaced by
(3.8) (k+ g)ﬂ' <Ap+7m < Appr < (k4 2)m,

so the result is |sin Ag| > |sin Ag41]-
The proof of the assertion in the last sentence follows on noting that when the
inequality in (3.1) is reversed, the same happens to the inequality in (3.5).

4. PRELIMINARY REMARKS ON ZEROS OF BESSEL FUNCTIONS

Here we consider the special case of equation (2.1) given by

1,2
(4.1) y”+[1+4x2 ]yzO,
satisfied by y1 () = \/mz/2J, () and yo(z) = \/72/2Y, (2), with
Wy, y2) = 1,
and
(4.2) p(a) = pu (@) = S [J2(2) + V(@) = 1,
as r — Q.

‘We use the usual notation
Cu(z,a) = cosad,(z) —sinaY, (z),

for cylinder functions, and we use ¢, () for the kth positive zero of C,(z, ). We
also use the usual notations j,, and y, for the kth positive zeros of J,(z) and
Y, (x).
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A. Elbert and A. Laforgia [5] (see also [3]) have shown how to define a zero j,,.
of continuous rank « of C,(z,a) by:

. o
Juk = Cyk, Where k=k——, 0<a<m.
T

So, for example, when v > —1, j,  and j%k_%, k=1,2,... give the positive zeros
of J,(z) and Y, (x), respectively. See also the discussion and Figure 1 in [14], which
confirms the results of Elbert and Laforgia [6, Theorem 2.2] that j,, is a convex
function of k for 0 < v < % and a concave function of s for v > % It follows from
the relation [2]

j—u,y—&-n = ju,rm v Z Oa K> Oa

that j,. is also a convex function of k on its domain of definition for —% <v<0.

Lemma 4.1. We have

(4.3) +2 L <jum< (r+Z ! > L
' Ty T )T s\ Tg) T ey
for —% <v< % The lower bound becomes exact for v = —% and both bounds

become exact for v = The inequalities are reversed for v > %

1
5
Proof. The lower bound in the case —% <v< % and upper bound in the case
v > % are well known and holds even for £ > 0. (See the work of A. Laforgia [12],
also reported in [3]. More precise results are given in [7].) Now j,, is a positive
increasing function of . Further it is convex in & for —% <v< % and concave for

v > % Thus it is sufficient to prove the remaining bounds for k = %, that is

v 3 1 1
4.4 24z —= -
(4.4) yu1<<4+8>7r, 2<z/<2,
and
v 3 1
4. , LA P -
(4.5) y1><4+8)7r V>3

Now if we write

we have ¢'(v) = dy.,/dv — 7/4 which, in view of results in [4] decreases to the
positive number 1—7/4, as v — co. Thus g(v) is increasing, g(—3) = —Z, g(3) =0
and g(v) — oo as v — oo. This gives the inequalities (4.4) and (4.5). O

Watson [15, pp. 490-491] has this result, but is not explicit about what would
be, in our terms, the lower bound on k.

5. MONOTONIC SEQUENCES RELATED TO BESSEL FUNCTIONS

It is known [15, p. 446] that p, (), as given by (4.2), is an increasing or decreasing
function of z, 0 < z < oo, according to whether 0 < v < % or % < v < 0o. Hence,
we have the following:

Remark 5.1. {jiézYl,(jl,k)} and {yiész(yuk)} are alternating sequences of num-

bers whose absolute values increase to \/2/m for 0 < v < 1 and decrease to \/2/
forv > %
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In addition, we know [15, p.446] that p,(z)/z is a decreasing function of = on
(0, 00) for each fixed v > 0. This shows that |.J, (y,)| and |Y, (jux)| form decreasing
sequences. More generally, if we have two cylinder functions of the same order,
C,(x,a) and C,(x, 3), we have

(5.1) Cy(z,B) = cos(a — B)C,(x, ) + sin(a — B)Cp(x, 0 — 7/2).
If we use {x)} for the zeros of C,(z, ), we see that

(5.2) Cu(zk, B) = sin(a — B)Cy (z, 0 — 7/2).

In particular, we have, with a = 7/2,

(5.3) Co(Yur, B) = cos(B)Ju (yur)

and with a = 0,

(5.4) Co(Jur, B) = sin(B)Y, (juk)-

Hence the monotonicity results for the special cases a = 0, 5 lead to similar results
in the case of general a:

Remark 5.2. Forv >0 and 0 < a <, the sequences |Cy (jui, @)| and |Cy(Yur, &)|
decrease to 0 except in the trivial cases (o = 0 for the first and o = w/2 for the
second) where they are identically 0.

Now we consider a second equation

(5.5) Y 4 {1 i ;2“2} Y =0,
with solutions Y7 (x) = y/7mx/2J,(x) and Ya(z) = /7x/2Y,(z), with
(5.6) P() = pu(a) = S [J3(2) + ¥2(2)]

To compare p,, and p, we use Nicholson’s integral representation [15, p. 444, (1)]
4 oo

(5.7) po(x) = f:c/ Ky (2z sinh t) cosh(2vt) dt.
™ Jo

This formula and related ones have been found useful in many investigations of
monotonicity properties of Bessel function and their zeros; see [3, §1] and references.
In view of (5.7), we have p,(x) > p,(z), when o > v > 0, so Theorem 3.1 gives:

Theorem 5.1. Define
(5.8) fulx) = 2'2C, (x,0) [/ (2).

Let ¢, (0) be the kth positive zero of C,(z, 3), where p > v > 0, and suppose that
for some positive integer ko,

(5.9) Cukrm () < cui(B) < cvppmer(a+7/2), k=ko,ko+1,...,

where m is the integer part of (o — B)/m + (v — v)/2. Then the sequence f,(c; k)
is alternating and |f,(cu k)| increases to its limiting value

(5.10) L\/zsin(ugywraﬂ)

as k increases from ko to co. If (5.9) is replaced by
(5.11) Coptrmii(a+7/2) <cur(B) < copemer(a), k=ko,ko+1,...,

)
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then the sequence f,(c, k) is alternating and | f,(c, k)| decreases to L as k increases
from kg to co. The monotonicities are reversed if v > p > 0.

The reason for the choice of m is that the asymptotic formula [15, p. 506]

1
(5.12) con(@) ~ <k+;—4>ﬂ'—a, k — 00,
shows that in order for (5.9) to hold for some m, it is necessary that
a—0 pu—v 1 a—0 pu—v
= 2 o "STn T

and in order (5.11) to hold for some m, it is necessary that

a—0 pu—v a—0 pu—v 1
— 1< < .
T T me Tty Ty
Here we look at some specific cases of Theorem 5.1, where kg can be chosen equal

to 1, and hence we get monotonicity from the start.

Theorem 5.2. Suppose that either

1
(5.13) O<v<p<sy,
or
1 3
.14 - < < Z
(5 ) 5 = v<pu< 5
Then
1 k .1/2JV . _
(5.15) =Y Juk - ) increases to gsin <W> =L,
V2w (Gun) m 2
_1)k+1 1/2JV 5 B
(5.16) CD™ Yo T (Gu) decreases to {/ = cos (W) = Lo,
VPu (Yur) m 2

_1)k+1 .1/2YV . _
(5.17) Y j#k_ Ul decreases to \/5005 <M> ,
\V pl/(juk) u 2

and

1/2
(_1)}C+1?JM{€ Yo (Yuk) 2 . ((p—v)r
(5.18) increases to | —sin [ ——— |,
pu(y,uk) ™ 2

as k(= 1,2,...) increases to infinity. The monotonicities are reversed if either
O§u<u§% 0r%§u<1/§%.

Corollary 5.3. Under the hypotheses of Theorem 5.2, J2(j,ur)/ Y2 (Gur) and Y2 (yur)/J2 (Yuk)
increase to the limiting value tan®((u — v)7/2), as k (= 1,2,...) increases.

Proofs. The representation (5.7) gives the condition corresponding to (3.1), so
to check the applicability of Theorem 3.1 we need to verify that

. . < _
v — )
(519) Jvk <],uk Yv,k+1, k 1727"'

the condition corresponding to (3.2). The first inequality here follows from the
increasing nature of j,; as a function of v, v > —1. The second inequality can
be expresses as j,x < Jvkt which follows from Lemma 4.1, provided p < 2v + %
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in case (5.13) holds, or 2 < v + 2 in case (5.14) holds. These are both easy
consequences of the hypotheses on p and v. To get the correct signs, we also need
to show that J,(j.1) < 0. This follows from the consequence j,1 < ju1 < Yoo of
(5.19). Hence (5.15) holds. The result (5.16) is proved similarly, the inequalities
(5.19) being replaced by

(520) Yv,k+1 < Yu,k+1 < jyyk+1, k= ]., 2, e

Similar remarks apply to (5.17) and (5.18). The limits of the sequences follow from
the asymptotic behaviour of the Bessel functions and their zeros [15, Chapter 7].
To see that the the monotonicities are reversed in case L > v > pu > 0, we

2
consider that in that case we have

(521) Yvk < .juk’ < Juk
and
(5.22) Juk—1 < Yuk < Yvk.

Corollary 5.3 follows from the Theorem on using formula (4.2) for p,(z).

5.1. Cylinder functions of order between —% and l.

Corollary 5.4. If 0 <v < pu < 1 then (= 1)*\/Ju Ty (Gur) and (=1)** g5V, (yur)
increase to the limiting value Ll, given by (5 15), as k (=1,2,...) increases.

Corollary 5.4 follows from the first part of Theorem (5.2) on noting that, for
0<rv< %, pu () increases [15, p. 446] to 1 as z increases.

Corollary 5.5. For 0 <v < %, (—=1)*VkJ, (k) and (—1)**1/k — 1Y, ((k— %

increase to the limiting value (v/2/m)sin((1 — 2v)7/4) as k (= 1,2,...) increases.
In particular, with v = 0, this gives

5.23 0< (=1)*Jy(km <— k=1,2,....
(5.23) (=1)"Jo(km) A
and
k+1 1 1
(5.24) 0 < (—D**YWo((k — 2)7) < ———, k=1,2,
2 s k—%

Corollary 5.5 follows from Corollary 5.4 on taking p = %

The consequence |Jo(kw)| < 1/(mVk) of the left-hand inequality in (5.23) was
proved (with <) for m even in [1, Lemma 2].

5.2. Cylinder Functions of order between % and %

Corollary 5.6. Suppose that 5 < v < pu < 3. Then (—1)* /g5 Jy (yur) and
(=) /5, Yy (Guk) decrease to the limiting value Lo, given by (5.16), as k (=

1,2,...) increases.

This follows from (5.16), (5.17), since p,(z) is decreasing.

Corollary 5.7. Suppose that + < v < 3. Then (—1)**'V/kJ, (kr) and (—=1)%\/k — 1Y, ((k—

1)) increase to the limiting value (v2/)cos((2v — 1)m/4) as k (= 1,2,...) in-
creases.
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Clearly the condition corresponding to (3.1) holds so to check the applicability
of Theorem 3.1 we need to verify that

(5.25) Yok < Juk < Juvk, k=1,2,....

the condition corresponding to (3.2). The second inequality here follows from the
increasing nature of j, as a function of v, v > —1. To show the left-hand inequality
in (5.25), it suffices, in view of Lemma 4.1, to verify that

k 3 + 1 <k L + L
_2 Zy _Z -
™= gt gy Skw - om+ 2pm,
or that u > 2v — g, an easy consequence of the hypotheses on p and v. The result

concerning Y, is proved similarly, the inequalities (5.25) being replaced by

(526) ju,k‘ < Yu,k+1 < Yv,k+1, k= ].7 2, e

The right-hand inequality is obvious and the left-hand one follows as before.
Now we expand a little on the situation where the “monotonicities are reversed”.
We suppose that either

1

(5.27) 0§u<1/§§,
or that,

1 3

2 - < < -

(5.28) 5 SH<VSg

Then the reversed form of 5.15) refers to a sequence of negative numbers decreasing
to a negative limit and it can be expressed as

)RRy -
(5.29) O™ Gy T ) increases to \/5sin ((V u)w)
T

Pv (j;tk) 2
In the particular case where v = 1 Corollary 5.7 gives:

Corollary 5.8. The positive quantities (—1)*T1kY/2.J, (kr) increase to 1/m as k (=
1,2,...) increases. Hence

1
5.30 0< (=D g (kn) < —, k=1,2,...,
(5.30) (=) Ty (k) Th

in analogy to (1.2).

5.3. Values of cylinder functions at multiples of 7. The above results deal
with situations where p and v differ by at most 1. Numerical evidence indicates that
we cannot expect monotonicity, though we might expect ultimate monotonicity,
when p and v are further apart. We confine ourselves here to examining further
the situations arising in Corollaries 5.5 and 5.7, which deal with the values of a
cylinder function at the points km, where k runs through a sequence of integers.
For such sequences, we will be interested in estimating the point at which they
become monotonic.

Theorem 5.9. Let ) )
n 5 vr<n-+ 2
for some positive integer n. In case n = 2s + 1 is odd, let

(531) Yvk < (S + If)’fr < jl,k, k> ]{ZQ,
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for some positive integer ky. Let

sk = k2T, (k) /\/pu(kT), ti = K'Y, (kn)/\/pu(km), k> Ko + s,
Then {sy} and {t}} are alternating sequences, |si| increases to (v/2/7)| cos((2v + 1)7/4)]

and |ty| decreases to (v/2/7)|sin((2v 4 1)7/4)| as k(> ko + s) increases.
In case n = 2s is even and (5.31) is replaced by

(5.32) Juk < (8 +E)T <yury1, k> ko,
the monotonicities of |sk| and |tg| are reversed.

Proof. This is a straightforward application of Theorem 3.1 to the equations

(4.1) and (5.5) with = 3. The inequality (3.1) is reversed and (3.2) is replaced

by (3.3) for the J case. In the Y case, we use the same Theorem with y(z,a) =
22Y,(z), y(z,a —7/2) = —x'/2J,(z).

Corollary 5.10. Let v =2m + 1 be an odd positive integer and suppose that

. v 1
(533) Jvky > (2 — 5 + ]ﬁ) T,

for some positive integer k1. Then
(=1)k=mH1E2 ], (kn)
py (k)
(—1)k=m+1E1/2Y, (k)
(k)

increases to 1/m,

decreases to 1/,
and hence also
(=1)k=m+ L2y, (kr) decreases to 1/,

as k (> k1 +m) increases.

Proof. We have to verify that the conditions (5.31) are satisfied. The left-hand
inequality is the consequence y,, < k + v/2 — 3/4 of Lemma 4.1. In view of the
concavity of j,. as a function of k, the inequality j,. > (m + k)7 for k = k;
(assumption (5.33), will show it to be true for all kK > k. O

For positive even integer values of v, we get:

Corollary 5.11. Let v = 2m be an even positive integer and suppose that

(5.34) Yo > (5 + ki)

for some positive integer k1. Then

(—1)k=mHLEL2Y (k)
py (k)
(=1)k=mpl/2], (kn)

(k)

increases to 1/,

decreases to 1/m,

and hence also
(—l)kfmkl/QJu(kﬂ') decreases to 1/,
as k (> ki + m) increases.

The proof is similar to that of Corollary 5.10.
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