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Nicholson's Formula

Bessel functions J,(z), Y, (z). J. W. Nicholson [20] (1910):
P2(2)+ Y3(z) = 82/ Ko(2z sinh t) cosh 2vtdt, Rez >0, (1)
™ Jo

where -
Ko(X) — / efxcosht dt.
0
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Nicholson's Formula

Bessel functions J,(z), Y, (z). J. W. Nicholson [20] (1910):

P2(2)+ Y3(z) = 7r82/ Ko(2z sinh t) cosh 2vtdt, Rez >0, (1)
0

where -
Ko(X) — / efxcosht dt.
0

G. N. Watson [23] (1922):

J (Z)ayl/(z) —Y (Z)% =
v ov Y ov
_4 /oo Ko(2zsinh t)e~ 2/t dt (2)
™ Jo
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Nicholson's Formula

Bessel functions J,(z), Y, (z). J. W. Nicholson [20] (1910):

P2(2)+ Y3(z) = 7r82 / Ko(2z sinh t) cosh 2vtdt, Rez >0, (1)
0

where -
Ko(X) — / efxcosht dt.
0

G. N. Watson [23] (1922):

J (Z)ayl/(z) —Y (Z)% =
v ov Y ov
_4 /oo Ko(2zsinh t)e~ 2/t dt (2)
™ Jo

Both formulas are important in the study of zeros of Bessel
functions.
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Zeros of Bessel functions

For v > —1, J,(2) has infinitely many positive zeros
0 <j1/1 <j1/2 <j1/3 < el
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Graphs of Jy(x), J1(x).
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Zeros of Bessel functions

For v > —1, J,(2) has infinitely many positive zeros
0 <j1/1 <j1/2 <j1/3 < el
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Graphs of Jy(x), J1(x).
How do the zeros of J,(x) vary with v?
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Zeros as functions of v

Watson (1922)
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Zeros of cylinder functions

Watson (1922).  If ¢ = ¢(v, @) is a zero of
cos aty(x) —sina’Y,(x), then

dc o , —out
— =2c Ko(2csinh t)e dt. (3)
dv 0
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Zeros of cylinder functions

Watson (1922).  If ¢ = ¢(v, @) is a zero of
cos aty(x) —sina’Y,(x), then

dc

o0

= 2c/ Ko(2csinh t)e™ 2"t dt. (3)
dv 0
A. Elbert [8](1977) used this formula to show that j, is a concave
increasing function of v on —k < v < cc.
A. Elbert and A. Laforgia use this formula very effectively during
the 1980s and 1990s to get inequalities and other properties for the
zeros of Bessel functions. See [9] for references. Compare with
Nicholson's formula:

8 o
L(2)+ Yi(2) = 7r2/ Ko(2zsinh t) cosh 2vtdt, Rez > 0.
0
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Deriving (3) from (2)

Let ¢ = c(v, ) be a zero of cosad,(x) —sinaY,(x). Then cis a
function of v such that arctan[Y,(c)/J,(c)] is constant.
Differentiation with respect to v, gives

2 dc aY,(2) 04(2)]  _
mc dv * [Jl,(z) o Yu(2) o |,_. 0
so, using (2),
dc e . —2uvt
— =2c Ko(2c sinht)e dt. (3)
dv 0
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Nicholson-type formulas

2(2)+Y3(z) = 7r82/ Ko(2zsinh t) cosh 2vtdt, Rez > 0. (1)
0

oY, (z 0J,(z
() ay( ') aIE =
; —4/ Ko(2zsinh t)e™ 2"t dt. (2)
™ Jo
de _ 2c/ Ko(2c sinht)e™2" dt. (3)
dv 0
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Methods of proof

Watson: “[formula (1)] is difficult to establish rigorously”.
J. E. Wilkins, Jr. (1948) [20] gave a differential equations proof of

(1). With z = €’ both sides satisfy

w” 4 4[e* — 2w + 4e®w =0

and the initial values can be checked.
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Methods of proof

Watson: “[formula (1)] is difficult to establish rigorously”.
J. E. Wilkins, Jr. (1948) [20] gave a differential equations proof of
(1). With z = €’ both sides satisfy

w” 4 4[e* — 2w + 4e®w =0

and the initial values can be checked. A differential equations
proof of (2) (and hence (3)) was given by MEM [17](1981). Both
sides of (2) satisfy the nonhomogeneous d.e.

w” + 4[e® — 2w + 4e¥w = —8v/7.
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Dixon and Ferrar [5, 1930]

Ju(2)4u(2) + Yu(2) Yo (2) =
% /0 Ky—(2zsinh £)[eW )t 4 o= (=)t cog(py — v)7]dt

- reduces to Nicholson's formula (1) when p = v.
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Dixon and Ferrar [5, 1930]

Ju(2)4u(2) + Yu(2) Yo (2) =
% /0 Ky—(2zsinh £)[eW )t 4 o= (=)t cog(py — v)7]dt

- reduces to Nicholson's formula (1) when p = v.
Ju(2)d(2) + Yu(2) Yo(2) =

4 o)
— / Kyui0(2z sinh t)[e" )t cos v 4+ e~ )t cos ] dit
™ Jo
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Dixon and Ferrar [5, 1930] (cont.)

Ju(2)Yo(2) = L(2)Yu(2) =
4

oo
—5 sin(p — u)w/ Ky—u(2zsinh t) e ()t gy
™ 0
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Dixon and Ferrar [5, 1930] (cont.)

Ju(2)Yo(2) = L(2)Yu(2) =
4

oo
—5 sin(p — u)w/ Ky—u(2zsinh t) e ()t gy
™ 0

This reduces to

Jy(z)ag'lfz) ~Y,(2) 8{;1(/2) __2 /0 " Ko(2zsinh t)e=2tdt (2)

s

on dividing by u — v and letting 4 — v.
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Dixon and Ferrar [5, 1930] (cont.)

Ju(2)Yo(2) = L(2)Yu(2) =
4

oo
—5 sin(p — u)w/ Ky—u(2zsinh t) e ()t gy
™ 0

This reduces to

Jy(z)ag'lfz) ~Y,(2) 8{;1(/2) __2 /0 " Ko(2zsinh t)e=2tdt (2)

s

on dividing by u — v and letting 4 — v.
T. W. Chaundy [4] (1931) had differential equations proofs of
these results.
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Other Nicholson-type formulas for Bessel functions

P. Hartman [14, 1973]
T2 2 R 2
E[JI/(X) + Yy (X)] = € Pl/—l/2(1 +s /2)d5, x>0.
0

Miiller and Richberg [19] (1980).
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Beyond Bessel

L. Durand [6, 1975]; [7, 1978]: ultraspherical, Laguerre, Jacobi.
Legendre functions:

P2(X)+7Q2 7r2/ Qo + (1= x)z )(zz—dzl)l/z
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Beyond Bessel

L. Durand [6, 1975]; [7, 1978]: ultraspherical, Laguerre, Jacobi.
Legendre functions:

P2(X)+7Q2 7r2/ Qo + (1= x)z )(zz—dzl)l/z

Hermite functions: For A > —1,

2 1 [ 2 dr
—x H2 x) + G2 x)| = / e—(2)\+1)r+x tanh 1 _
MG+ el =7 ) Vah T coh 7
1 B u) !
f/ u1/2 i A1 (1)
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Elbert, MEM [11, 1999]: (2') and (3)

For A > —1,
(1—u)*
0+ 6] = = [ et )
ﬁ ! x2u (1 — U))‘ 1
2/0 e erfc(xul/z)mdu, (2)

If h(\) a zero of a linear combination of Hy and G), then,

dh \f 1/2 (1—w) '
ﬁ / erfc XU )mdu (3 )
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Hermite zeros as functions of \

ZEROS OF HERMITE FUNCTIONS i

2 h,(\)

1 h,(A)

(777
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Hermite functions (cont.)

The formula (3') for dh/d\ was found useful [12] in finding an
asymptotic expansion for the zeros (as A — +00). he first five
terms are given by [12]

280 350

277 823 ] 133
[126008 63000‘3]/\ .

1 11
h(k,a) =N — a3 — Ea2/\—5/3 + [ o _ 33] A3

where A = v/2\ 4+ 1 and a is a zero of an Airy function.
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Bateman's method: [2, 1909], [15, Ch. 8]

We seek a solution of the form

B
w(x) = / K(x, )v(t)dt (5)

of the linear ode Lyw = 0. The method is to find a linear
differential operator My = Y_J"_, my(t)Df and a function k(x, t)
such that

Lyik(x,t) = Mer(x, t).

Then we determine v(t) as a solution of M;v = 0. « and 3 are
chosen so that (with ' = d/dt)

m B
Z (m v)(e)m(kfgfl) =0.

k=1

3
-

TT
o
Q
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Application to products of Hermite functions

The differential equation
/1 /
y' =2ty +2\y =0.

has a solution

n=0

which reduces to the Hermite polynomials for A =10,1,2,....
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Application to products of Hermite functions

The differential equation
/1 /
y' =2ty +2\y =0.
has a solution

n=0

which reduces to the Hermite polynomials for A =10,1,2,.... In
terms of confluent hypergeometric functions,

22 M >\ 1 )
+2t5|n 7r(§+1)1F1(—§+§,§,t ) .
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Finding integral representations

A product w of solutions of

"+ +1 -ty =0,

and
"+Q2u+1-1t)y =0,
satisfies
d4W d?w
Lew = vy (/\+/i+1—X)d2

dw 5 B
—12Xa + 4[N — p)* —1jw =0.
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Finding integral representations (cont.)

In the present case, we find that
L f(x°t) = Mf(x%t)
where

dy

d2
Mey = 16(t* — )22 4 8(6¢3 + 2(\ + 11 + 1)2 — 4¢) =

dt?
+(12t2 + 8N+ p + 1)t + 4\ — p)? — 4)y,
where f(x) is any solution of
£ — 2xf' = 2f = 0,

i.e., f(x) is a linear combination of &< and e*erf(x).
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Elbert, MEM [11, 1999]: (2') and (3)

For A > —1,
(1—u)*
0+ 6] = = [ et )
ﬁ ! x2u (1 — U))‘ 1
2/0 e erfc(xul/z)mdu, (2)

If h(\) a zero of a linear combination of Hy and G), then,

dh \f 1/2 (1—w) '
ﬁ / erfc XU )mdu (3 )
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Finding integral representations (cont.)

The expression for M; leads to
2 dw

— d
Mew = 16(t* — t2) =20 1+ 8(10t3 — 2(A + pu + 1)t% — 4t) "

dt? +

[60£2 — 24(\ + o + 1)t + 4(\ — p)? — 4]w.

This equation has linearly independent solutions
w(t) = F(8, A, 1) = £ ODR(1 )22

CoF M+1,1—)\/2+,u/2’ 2t
21 1—A+p t—1)°
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Finding integral representations (cont.)

and
wo(t) = F(t, p, A) =t~ (=AD/2(1 — 4)(=A=2)/2

(AL I-m2eN2 ) 2
2rt 1—p+A t—1)°

wy is obtained from wy by simply interchanging A and p.
MAPLE was found useful here.
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Finding integral representations (cont.)

and
wo(t) = F(t, p, A) =t~ (=AD/2(1 — 4)(=A=2)/2

(AL I-m2eN2 ) 2
2rt 1—p+A t—1)°

wy is obtained from wy by simply interchanging A and p.
MAPLE was found useful here. Note that

B B 2t (1—1t)*
F(e, M) =t 21—t % (A +1,1:1; =
(7 ) ) ( ) 2 1 + b ! 't_l t1/2(1+t)>\+1
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Finding integral representations (cont.)

Thus ,
e [HA(x)Hpu(x) + GA(x) Gu(x)]

and
e [HA(x) Gu(x) — G (x) Hu(x)]

are both of the form
1
/ e Uler + caerfe(xu ) [esF (u, A, 1) + caF (u, 1, \)]du,
0

where the constants remain to be determined.
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Using symmetry

Consider the linear combinations H}, Gy given by

Al . A
H;(t)lel(_Eai;tz)a Gi(t)=t1F (-5 + =, %)

HY is even, Gy odd in x. Since the left-hand sides of the following
equation is even in x and symmetric in A and pu, we are led to

e [HR (x)Hj(x) + G3(x) G (x)]

1
= | e e )P0 )+ €lie AV e )l

where c(\, ) is to be determined
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Using symmetry (cont.)

Similarly
e [H5(x) G (x) — GX(x)Hi(x)]

1
:/0 ex2”erfc(xu1/2)[k()\,u)F(u,)\,u) — k(py, A)F(u, g, N)]du,

where k(\, u1) is to be determined.

Martin E. Muldoon Nicholson-type Formulas for Special Functions



References |

[1] M. Abramowitz and I. A. Stegun (eds.), Handbook of
Mathematical Functions, with Formulas, Graphs and
Mathematical Tables, National Bureau of Standards, Applied
Mathematics Series 55, Washington, 1964.

[2] H. Bateman, The solutions of linear differential equations by
means of definite integrals, Trans. Cambridge Philos. Soc. 21
(1909), 171-196.

[3] H. Buchholz, The Confluent Hypergeometric Function,
Springer-Verlag, 1969.

[4] T.W. Chaundy, Integrals expressing products of Bessel's
functions, Quart. J. Math. (Oxford) 2 (1931), 144-154.

Martin E. Muldoon Nicholson-type Formulas for Special Functions



References Il

[5]

[6]

[7]

[8]

A. L. Dixon and W. L. Ferrar, Infinite integrals in the theory
of Bessel functions, Quart. J. Math. Oxford 1 (1930),
12-145.

L. Durand, Nicholson-type integrals for products of
Gegenbauer functions and related topics, Theory and
Applications of Special Functions, R. Askey, ed., Academic
Press, New York and London, 1975, 353-374.

L. Durand, Product formulas and Nicholson-type integrals for
Jacobi functions: I: Summary of results, SIAM J. Math.
Anal. 9 (1978), 76-86.

A. Elbert, Concavity of the zeros of Bessel functions, Studia
Sci. Math. Hungar. 12 (1977), 81—88.

Martin E. Muldoon Nicholson-type Formulas for Special Functions



References IlI

[9] A. Elbert, Some recent results on the zeros of Bessel
functions and orthogonal polynomials, J. Comp. Appl. Math.
133 (2001), 66-83.

[10] A. Elbert, and A. Laforgia, On the square of the zeros of
Bessel functions, SIAM J. Math. Anal. 15 (1984), 206-212.

[11] A. Elbert and M. E. Muldoon, Inequalities and monotonicity
properties for zeros of Hermite functions, Proc. Roy. Soc.
Edinburgh, Section A 129 (1999), 57-75.

[12] A. Elbert and M. E. Muldoon, Approximations for zeros of
Hermite functions, pp. 117-126 in D. Dominici and R. S.
Maier, eds., “Special Functions and Orthogonal
Polynomials”, Contemporary Mathematics 471 (2008).

Martin E. Muldoon Nicholson-type Formulas for Special Functions



References IV

[13] A. Erdélyi et al, Higher Transcendental Functions, vol 1,
McGraw-Hill, 1953.

[14] P. Hartman, On differential equations, Volterra equations and
the function Ji + Y/f. Amer. J. Math 95 (1973), 553-593.

[15] E. L. Ince, Ordinary Differential Equations, Longmans,
London, 1927; reprinted, Dover, New York, 1956.

[16] C. Malyshev, A Nicholson-type integral for the product of
two parabolic cylinder functions D, (x)D,(—x) at Rv < 0,
Integral Transforms Spec. Funct. 14 (2003), no. 2, 139-148.

[17] M. E. Muldoon, A differential equations proof of a
Nicholson-type formula, Z. Angew. Math. Mech. 61 (1981),
598-599.

Martin E. Muldoon Nicholson-type Formulas for Special Functions



[18] M. E. Muldoon, On the zeros of some special functions:
differential equations and Nicholson-type formulas, in J.
Vosmansky and M. Zlamal, eds, Proceedings, Equadiff 6
(Brno, 1985), Lect. Notes Math. 1192 (1986) 155-160.

[19] C. Miiller and R. Richberg, Uber die Radon-Transformation
kreissymmetrischer Funktionen und ihre Beziehung zur
Sommerfeldschen Theorie der Hankelfunktionen, Math.
Methods Appl. Sci. 2 (1980), 108-129

[20] J. W. Nicholson, The asymptotic expansions of Bessel
functions, Phil. Mag. (6) 19 (1910), 228-249.

[21] F. W. J. Olver, et al., eds, NIST Handbook of Mathematical
Functions, Cambridge University Press, 2010.
dlmf.nist.gov.

Martin E. Muldoon Nicholson-type Formulas for Special Functions



References VI

[22] J. Ernest Wilkins, Jr., Nicholson's integral for J2(z) + Y2(z),
Bull. Amer. Math. Soc. 54 (1948), 232-234.

[23] G. N. Watson, A Treatise on the Theory of Bessel Functions,
2nd ed., Cambridge University Press, 1944.

Martin E. Muldoon Nicholson-type Formulas for Special Functions



