
APPROXIMATE ENUMERATION OF SELF-AVOIDING WALKS

E.J. JANSE VAN RENSBURG

Abstract. In this chapter I review a set of algorithms for the approximate
enumeration of lattice self-avoiding walks. Recent innovations in the approxi-

mate enumeration of walks started with the invention of the PERM algorithm
[11] in 1997. The generalisations of PERM to GARM [37] and GAS [22] opens

up exciting new possibilities for approximate enumeration of walks. I describe
the implementation and use of these algorithms and their associated results,

and illustrate with numerical data that high quality estimates for the number
of self-avoiding walks can be obtained.

1. Introduction

A classical and apparently intractable problem in polymer physics is the deter-
mination of cn, the number of self-avoiding walks of n steps from the origin in the
hypercubic lattice Zd. A self-avoiding walk of length n is a non-Markovian process,
as every step is conditioned on both the entire past and (not yet realised) future
history of the walk. This non-Markovian character of the walk underlies its in-
tractability, and both theoretical and numerical approaches are difficult enterprises
posing numerous hard questions.

The self-avoiding walk (see figure 1) is a basic model for polymer entropy and
scaling [6, 8, 9, 10]. The walk is defined as a sequence of vertices vi and edges ej in
Zd given by 〈v0, e1, v1, e2, . . . , en, vn〉 such that the endpoints of edge ej are vertices
vj−1 and vj , and such that v0 is the first vertex at the origin and vn is the last
vertex in the walk. The vertices and edges in a walk are all distinct so that it is
self-avoiding, and the length of the walk is its number of edges.
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Figure 1. A self-avoiding walk in the square lattice. The walk has
first vertex at the origin, and gives unit steps to nearest neighbour
vertices of its last vertex, which is its endpoint. The first vertex in
the walk induces a direction along the walk.
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The number cn is generally difficult to determine, even for modest values of n.
In two dimensions c0 = 1, c1 = 4, c2 = 12, c3 = 36 while c4 = 100, and cn is known
to n = 71 [24]. In three dimensions c0 = 1, c1 = 6, c2 = 30 and c3 = 150 while cn

is known to n = 30 [4]. It is the case that

(1.1) dn ≤ cn ≤ 2d(2d− 1)n−1,

so that cn grows exponentially with n.
Determining cn is generally a formidable numerical challenge, and only sophis-

ticated ideas and programming, and improvements in computing power following
Moore’s law, made possible the determination of cn in references [24] and [4].

A few more facts are known about cn. For example, cn+1 ≥ cn, so that cn is
monotonic for all values of n [35]. By cutting a self-avoiding walk of length n+m in
its vertex vn, two subwalks of lengths n and m are obtained. The number of choices
of a walk of length n + m is cn+m, but the number of resulting pairs of subwalks
is at most cncm. Thus, cn is a submultiplicative function on N: cn+m ≤ cncm.
Together with the bounds in equation (1.1), this implies that the limit

(1.2) µ = lim
n→∞

[cn]1/n

exists and d ≤ µ ≤ (2d − 1) [16, 13, 15].
Kesten’s pattern theorem [27, 28] shows that the limit

(1.3) lim
n→∞

cn+2

cn
= µ2

exists, but it is not known that the limit limn→∞[cn+1/cn] = µ exists.
Lattice self-avoiding walks which return to the origin are lattice polygons. Such

polygons have a root vertex at the origin, but normally one counts polygons up
to equivalences under translations in the lattice. This removes the root, and pn is
defined as the number of (unrooted) polygons of length n steps in the lattice Zd.
For example, p4 = 1, p6 = 2, p6 = 7 in the square lattice, and series data exist for
pn for all n ≤ 110 [26, 23].

It is a theorem [14] that the limit

(1.4) µ = lim
n→∞

[p2n]1/2n

exists (it is taken through even integers in bipartite lattices such as the hypercubic
lattice, since pn = 0 for odd values of n in such lattices). The value of the limit
is equal to µ, the growth constant of walks which is defined in equation (1.2) (see
reference [14]). It is known that the limit

(1.5) lim
n→∞

pn+2

pn
= µ2

exists, a result which is due to Kesten [27, 28]; see reference [31] for a simpler proof.

1.1. Scaling of cn. Scaling arguments presume that cn exhibits scaling: At the
most basic level, the susceptibility of the self-avoiding walk χ(t) defined by

(1.6) χ(t) =
∞∑

n=0

cntn

and has a singularity at t = tc = 1/µ which to leading order should be given by the
singular part of χ(t) which is assumed to diverge as an inverse fractional power of
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|t − tc|:

(1.7) χ(t) ∼ |t − tc|−γ
.

This shows that a reasonable assumption for leading order behaviour of cn is

(1.8) cn ∼ A nγ−1µn.

In other words, [cn/µn] ∼ Anγ−1, and this scaling should be universal (and inde-
pendent of the lattice).

In high dimensions there may be enough space for the self-avoiding condition to
be local and of no consequence in the scaling of the walk. In that case one expects
γ = 1. This is the case in d > 4 dimensions (see for example [31]). We say that
the entropic exponent γ has mean field value γ = 1 (this is also the random walk
value, since the number of random walks of length n is (2d)n), and the mean field
value can be computed from a free field theory in high dimensions. See references
[17, 18].

Dimensions d = 4 is the upper critical dimension of this model. In 4-dimensional
lattices, γ = 1, but equation (1.8) is modified by a logarithmic correction to cn ∼
A | logn|1/4µn.

The calculation of µ and γ from data collected on cn is a major motivation for
enumerating cn. In addition to the exact computation of cn, Monte Carlo methods
have been used to determine µ and γ. These efforts are not nearly as accurate as
exact enumeration studies, but they do allow us to verify series enumeration results
independently.

1.2. Computing µ and γ. The growth constant µ can be estimated from the
numerical values of cn. In low dimensions such series data give the best estimates
for µ: In Z2 it is known that

(1.9) µ = 2.63815856± 0.00000003.

as determined in reference [24], see references [25, 12] for additional results.
Monte Carlo estimates of µ and γ can be obtained from grand canonical sim-

ulations of self-avoiding walks. These simulations sample walks from an invariant
limiting distribution related to χ(t): The probability to sample a state of length n
is given by (cntn)/χ(t). By examining the distribution of walks obtained, µ and γ
can be estimated. This was in particular done with the Beretti-Sokal algorithm [1]
to obtain µ = 2.63820± 0.00034 and γ = 1.352± 0.031 in the square lattice. See
also reference [33] and generalisation of this algorithm in reference [34]. In reference
[33] it is reported that

(1.10) µ = 2.638164± 0.000014.

Less precise estimates for µ are available in the cubic lattice Z3, see reference [4]
where it is estimated that

(1.11) µ = 4.684043± 0.000012

from series data on walks obtained by the lace expansion.
Series analysis for polygons [26] gives µ in two dimensions to very high precision:

(1.12) µ = 2.63815853034± 0.00000000010.

Reference [23] can be consulted for a slight improvement of this estimate.
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Collecting atmospheric statistics on polygons with canonical Monte Carlo simu-
lations showed that

(1.13) µ = 4.68398± 0.00016

in the cubic lattice [21]. Reference [19] reports an (unpublished) estimate µ =
4.683907± 0.000022 due to A.J. Guttmann.

In two and three dimensions γ > 1. In two dimensions conformal field theory
gives the exact value γ = 43/32 [5] while numerical simulations by Monte Carlo
algorithms were used to estimate that γ = 1.1575(6) in three dimensions [30].

The best estimates for γ are due to exact enumeration data in two dimensions
and Monte Carlo simulations in three dimensions:

(1.14) γ =

{
1.343745± 0.000015, if d = 2, [24];
1.1575± 0.0006, if d = 3, [2].

See reference [4] for more on results in d = 3, and the very accurate estimate
γ = 1.1573 ± 0.00032 in three dimensions was obtained in reference [20] by using
the PERM algorithm on the Domb-Joyce model.

In this paper we review algorithms and general ideas underlying the approximate
enumeration of self-avoiding walks. The invention of the Rosenbluth algorithm in
1955 [38] provided the first means for estimating cn. This algorithm was generalised
to PERM [11] and later to GARM [37]. A further generalisation of GARM to
GAS [22] is recent, and we will consider each of these implementations briefly
to demonstrate the approximation enumeration of self-avoiding walks. Many of
the ideas underlying these algorithms are quite general, and is applicable to other
objects, such as finite groups [7] and other lattice objects such as self-avoiding
polygons [37].

2. Approximate Counting of Self-Avoiding Walks by Rosenbluth
Sampling

Rosenbluth sampling of self-avoiding walks generates walks sn of weights Wn

such that the mean value of the weights 〈Wn〉 is a direct estimate of cn.
The implementation is as follows. Put W0 = 1 and s0 is the trivial walk of length

zero starting in the origin. If sn and Wn are known, then determine the number
of open lattice sites which are nearest neighbour to the endpoint of sn; let σn be
this number. With uniform probability choose one of these open lattice sites and
append it to sn to obtain sn+1, and update the weight Wn+1 = σnWn. Repeat this
process to grow a walk of a desired length. A realisation of a walk by the algorithm
is illustrated in figure 2.

There is a possibility that σn = 0 when the endpoint of the walk has no unoc-
cupied lattice sites adjacent for the next step. In that case we say that the walk is
trapped, and the attempt to grow a walk is stopped. The algorithm will continue
by discarding the failed attempt by assigning weight zero to all subsequent walks
in this attempt. It will then attempt to grow a new walk starting again with the
trivial walk.

If N started walks are grown to a target length n, then some number M ≤ N is
completed, giving a sample of M walks s each with an associated weigh Ws given
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Figure 2. Rosenbluth sampling of walks. The algorithm starts
with the trivial walk at the origin on the left, and then finds unoc-
cupied nearest neighour vertices (denoted by ◦’s) to the endpoint
of the walk. These are added to the walk while the weight Wn is
updated as shown.

by

(2.1) W (s) =
n−1∏

i=0

σi(s).

Started walks which were trapped should still be considered part of the ensemble
of grown walks, but with weight equal to zero. This is important for analysing the
data produced by the algorithm.

The probability that a given walk s of weight W (s) and length n is grown by
the algorithm is given by

(2.2) Pr(s) =
n−1∏

i=0

[
1

σi(s)

]
=

1
W (s)

.

The mean value of the weights of walks of length n is

(2.3) 〈W 〉n =
∑

s∈Sn

Pr(s)W (s) =
∑

s∈Sn

1 = cn,

where Sn is the collection of all self-avoiding walks of length n. In other words, by
determining the average weights of a set of walks grown by the algorithm, we get
an estimate of cn. In particular, if N walks were started, then the average weight

(2.4) Wn =
1
N

N∑

i=1

W (si) → 〈W 〉n = cn

as N → ∞, and where walks that were lost to attrition have been assigned zero
weight.

Typically the algorithm is implemented by two parameters: the first is the num-
ber of starts N , and the length of each grown walk n. Each started walk is not
gauranteed to be completed to target length n; the attempt may fail if a trapped
conformation with σm = 0 is encountered. For short walks this is not a serious
problem, but for longer walks this attrition makes the algorithm ineffective. In the
square lattice this attrition of started walks is mild for walks of lengths less than
about 50 steps, but becomes a serious problem for walks of lengths 100 steps or
longer.

The weights Wn of started walks also disperse over many orders of magnitude
as the lengths of the walks increase. Eventually, the entire generated sample of
walks is dominated statistically by a few walks with very large weights, and the
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quality of data deteriorates. In the square lattice this becomes a problem for values
of n approaching about 100 edges. Together with the attrition of started walks,
the dispersion of weights makes efficient sampling of longer walks impractical if not
impossible. In figure 3 the attrition of started walks in the Rosenbluth algorithm
is illustrated.

0 200 400 600 800 1000
n

0
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4

6

8

10

12

N
u
m
b
e
r
×

105

Rosenbluth
...............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

Figure 3. Attrition of started walks in the Rosenbluth algorithm
in the two dimensional square lattice. A million started walks have
almost all been discarded by attrition after 200 steps. Only about
20% of the started walks survived to 100 steps. In addition, the dis-
persion of weights increases rapidly with n, making the algorithm
inefficient for walks longer than about 100 steps.

Estimates of cn by the Rosenbluth method in the square lattice is given in table
1. A million started walks were generated, and the average weights were computed
at each value of n. For small values of n the results are good, but deteriorates
as more walks are lost to attrition, and as the weights disperse with increasing
values of n. Over the range of values of n displayed in this table, the Rosenbluth
approximation is good, and in figure 3 we note that more than 50% of started walks
survives to lengths of n = 70. The quality of the estimates decreases for n > 100,
as attrition of the walks, and the dispersion of weights, take their toll.

3. Pruned Enriched Rosenbluth Sampling (PERM)

The two basic flaws in Rosenbluth sampling are (1) the attrition of trapped
walks, and (2) the increasing dispersion of weights with increasing length in the
surviving walks. The increasing dispersion eventually leads to the situation that a
few walks with very large weights dominate the entire set of sampled walks. These
challenges can be overcome simultaneously by the addition of pruning and enriching
steps to the algorithm [11].

PERM adapts Rosenbluth sampling in such a way that both flaws are simulta-
neously addressed. Walks with large weights are enriched (see reference [39]) in the
simulation, at the same time having their individual weights reduced. Walks with
low weights are pruned. These measures reduce the dispersion of the weights, and
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by enrichment increase the number of longer walks in the simulation. The addi-
tion of enrichment and pruning steps in the Rosenbluth algorithm gives PERM, an
acronym for “Pruned and Enriched Rosenbluth Method”.

Suppose that the weight of a walk s of length n sampled by the Rosenbluth
method is given by

(3.1) W (s) =
n−1∏

i=1

σi.

Introduce a cut-off weight or threshold Tn at length n, and if W (s) > Tn, then
enrich the sample by a adding a copy of s to it, while at the same time reducing the
weight W (s) by a factor of two. In other words, there are now two copies of s, but
each with a weight of W (s)/2. While this enrichment does not affect the sample

n cn Rosenbluth 〈Wn〉 flatPERM 〈Wn〉
0 1 1 1
1 4 4 4
2 12 12 12
3 36 36.0023 35.9999
4 100 100.005 99.9670
5 284 283.969 284.024
6 780 780.187 780.085
7 2172 2173.69 2172.49
8 5916 5918.86 5921.01
9 16268 16275.1 16279.4
10 44100 44098.6 44131.9
11 120292 120344 120370
12 324932 325039 325293
13 881500 881624 882273
14 2374444 2.37473× 106 2.37759× 106

15 6416596 6.41677× 106 6.42589e× 106

16 17245332 1.72457× 107 1.72694× 107

17 46466676 4.64554× 107 4.65682× 107

18 124658732 1.24646× 108 1.24896× 108

19 335116620 3.35045× 108 3.35598× 108

20 897697164 8.97597× 108 8.98656× 108

25 123481354908 1.23661× 1011 1.23552× 1011

30 16741957935348 1.67595× 1013 1.67569× 1013

35 2252534077759844 2.2564× 1015 2.25608× 1015

40 300798249248474268 3.01374× 1017 3.01558× 1017

45 39992704986620915140 4.00832× 1019 4.01102× 1019

50 5292794668724837206644 5.30379× 1021 5.31268× 1021

55 698501700277581954674604 6.99913× 1023 7.01539× 1023

60 91895836025056214634047716 9.2439× 1025 9.21359× 1025

65 12066271136346725726547810652 1.21868× 1028 1.20728× 1028

70 1580784678250571882017480243636 1.58563× 1030 1.58013× 1030

71 4190893020903935054619120005916 4.20159× 1030 4.18935× 1030

Table 1. Approximate Enumeration (Rosenbluth and flatPERM).
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average at n, continued growth of the walks from this value of n will result in the
copies growing along different trajectories, and their enrichment has the effect of
reducing the dispersion of the weights by replaces large weights with reduced sized
weights.

The problem of walks with small weights is dealt with by introducing a lower
threshold tn at length n. If a walk s is grown by the Rosenbluth algorithm to length
n and of weight W (s) < tn, then the walk is killed (its growth is stopped) with a
probability 1/q where q is a parameter of the algorithm. If the walk is not killed
(with probability 1 − 1/q), then its weight is increased by a factor of q. Normally,
one could put q ≈ 2.

Sample averages are computed as before. If N is the number of started walks,
then sample averages are computed over the entire sample of pruned and enriched
conformations, where the weights of pruned or trapped walks are equal to zero.

The algorithm is implemented similar to the Rosenbluth algorithm by tracking
started walks s by length n and weight Wn. The algorithm is best implemented
with a recursive routine calling itself [11] to complete started and enriched walks
to a preset length.

The thresholds tn and Tn can be changed during the simulation: normally the
initial values are tn = 0 and Tn some large constant, and the ratio of these are
eventually set to that Tn/tn ≈ 10.

Suppose that a collection of N started walks sj of length n were sampled. Then
the average weight is

(3.2) 〈Wn〉 =
1
N

N∑

j=1

W (sj) → cn.

The thresholds tn and Tn are chosen by

(3.3) tn = c〈Wn〉, and Tn = C〈Wn〉
where one puts C/c = 10. This implementation reduces the dispersion of the
weights of the walks to about one order of magnitude, by either pruning walks
with relative small weights (including trapped walks), or enriching walks with large
weights in the sample. The enrichment process increases the number of completed
walks, reducing attrition of the underlying Rosenbluth dynamics significantly - these
factors are a significant advance in the approximate enumeration of self-avoiding
walks, see reference [11] for more details.

PERM is best implemented in a slightly different incarnation called flatPERM,
where enrichment and pruning are tuned to produce a flat histogram of sampled
states over the lengths of the walks.

3.1. Flat-histogram PERM (flatPERM). The average weight 〈Wn〉 of walks
of length n in the Rosenbluth algorithm is an estimate of cn. If the variance of this
estimate can be reduced, then one should be able to compute improved estimates of
cn. A main source of the increased uncertainties in estimates of cn with increasing n
is the dispersion of the weights of completed walks. PERM reduces this dispersion
by pruning and enrichment, while it also increases the number of completed walks
to give a larger collection of sampled walks.

A further refinement in PERM can be achieved by continually favouring walks
of large weights in the enrichment process. That is, partially grown walks with
weights larger than the average are enriched in PERM at every step. This can
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flat-PERM

Figure 4. Attrition of started walks in the flatPERM algorithm.
A virtually constant number of walks is obtained after initial at-
trition due to thermalization of the algorithm. In this simulations
a million walks were started, and the number of surviving walks at
each value of n is plotted above. These results should be compared
to the Rosenbluth data in figure 3. The nearly constant value of
the number of completed walks after an initial decrease for small
values of n shows that flatPERM is highly effective in self-tuning
to produce a flat histogram over the lengths of completed walks.

be achieved as follows: Let 〈Wn〉m be the estimate of cn after m walks have been
sampled. If the m-th walk has weight Wm, then compute the ratio

(3.4) r =
Wm

〈Wn〉m
,

and observe that Wm is also included in the calculation of 〈Wn〉m.
If r > 1 then the N -th walk has a larger than expected weight, and it should

be enriched. If r is also larger than the number of possible ways of extending the
current walk (r > σn) then put c = min{brc, σn}. The walk is then enriched in the
sample by making c copies of it, and then by reducing its weight by a factor of c.

On the other hand, if r < 1, then the m-th walk has weight smaller than expected,
and it can be pruned with probability r. It it is kept (not pruned), then its weight
is increased by the factor 1/r.

Observe that the pruning and enriching is done after the current walk is included
in computing the average 〈Wn〉m. The estimate 〈Wn〉m for cn is initially very wrong,
but it improves with increasing m. In this implementation the number of states
(walks) at each length n is roughly constant - this gives a flat histogram of the
number of walks sampled at each value of n.

Implementation of flatPERM produces a roughly constant number of walks at
each value of n: for each walk pruned on average, one walk is enriched. This
gives a significant improvement over Rosenbluth sampling, where attrition makes
the sampling of long walks very difficult. In figure 4 the attrition of walks in
flatPERM sampling is measured for a million started walks in the square lattice,
with maximum possible length set to 1000. In this simulation the attrition is less
than 10% even for n = 1000 and the histogram is more or less flat over the entire
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Figure 5. Positive endpoint atmospheric edges of this square lat-
tice self-avoiding walk are indicated in bold. The last step in this
walk is its negative endpoint atmospheric edge. In this case a+

e = 2
and a−

e = 1.

range of n ∈ [0, 1000]. This gives a large sample of long walks, compared to the
Rosenbluth sampling seen in figure 3.

Implementations of flatPERM require more CPU time for a given number of
started walks, compared to the Rosenbluth algorithm. This occurs because more
walks are completed. The flatPERM data in figure 4 required roughly twenty times
the CPU time of the Rosenbluth data presented in figure 3.

Normally a flatPERM simulation will start with poor estimates of the average
weights 〈Wn〉. This decreases the initial effectiveness of pruning and enrichment,
leading to some attrition of started walks. This difficulty can be dealt with by not
growing long walks immediately: That is, restrict the length of the first walks until
statistics have built up to give better estimates of the weights, and at this point the
restriction can be removed to generate longer walks. One particular scheme is to
limit the length of walks to n < cS where S is the number of walks generated. As
the algorithm runs, S increases until n reaches its desired size at which point the
restriction is removed. This reduces the number of grown walk to roughly bS−n/cc.
The constant c is typically fixed at values between 1 and 10.

4. The Generalised Atmospheric Rosenbluth Method (GARM)

GARM (see reference [37]) is a generalised implementation of PERM in section
3, using more generalised ways to grow the walks. In PERM, a walk is grown by the
addition of edges to its endpoint. In GARM, walks will be grown by adding edges
in ways suggested by the positive atmospheres of the walk. PERM will belong to
this class; however, implementations of GARM will be more general than PERM.

4.1. Self-Avoiding Walks Atmospheres. There are various ways in which an
atmosphere for a self-avoiding walk can be defined. The first definitions of atmo-
spheres can be found in reference [36], but they have implicitly been used to define
algorithms for the self-avoiding walk since the Rosenbluth algorithm was defined in
1955 [38]. More can be found in references [37, 21, 22].

Endpoint Atmospheres: The set of lattice edges which can be added to the final
vertex of a given walk to extend its length by 1 is its positive endpoint atmosphere.
In Figure 5 the positive endpoint atmosphere of a self-avoiding walk are composed
by the pair of bold edges. The size of the positive endpoint atmosphere is the
number of edges which can be appended to the last vertex of the walk to create a
new self-avoiding walk. We denote this by ae

+.



APPROXIMATE ENUMERATION OF SELF-AVOIDING WALKS 11

O..............................................
........
........
........
........
........
........
........
........
........
........
........
........
........
.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

.....................................................................................
........
........
........
........
........
........
........
........
........
........
........
........
........
............................................

Figure 6. The two dashed edges compose the neutral endpoint
atmosphere of this square lattice walk. The bold final step of
the walk may be changed to anyone of the two dashed neutral
atmospheric edges to change the conformation of the walk. In this
example the size of the neutral endpoint atmosphere is ae

0 = 2.

The last edge of the walk in figure 5 (denoted by the arrow-head) can be deleted
to create a self-avoiding of length reduced by one edge. This is the negative endpoint
atmosphere of the walk. The size of the negative endpoint atmosphere will be
indicated by ae

−. The trivial walk of length zero has ae
− = 0, but every other walk

of length one or bigger than one has ae
− = 1.

A neutral endpoint atmosphere can also be defined. In figure 6 a definition is
given: The bold edge is the final step in the walk, and it can be changed to any
one of the two alternative positions indicated by the dashed line segments. These
dashed line segments compose the neutral endpoint atmosphere of the walk. We
denote the size of the neutral endpoint atmosphere by ae

0.

Generalised Atmospheres: A more general definition of atmospheres (the gener-
alised atmospheres) are illustrated in figures 7 and 8.

The positive generalised atmosphere of a walk is defined as follows: Consider the
set of edges which can be inserted into a walk to increase its length by one while
maintaining self-avoidance. Two such edges are illustrated in figure 7. These are
positive generalised atmospheric edges, and they are part of the positive generalised
atmosphere of a walk.

The size of the positive generalised atmosphere is denoted by ag
+. If s is the walk

on the left in Figure 7, then ag
+(s) = 15. The positive generalised atmosphere of

the trivial walk in the square lattice has size ag
+ = 4.

A negative generalised atmosphere for a given self-avoiding walk can be defined
as in Figure 8. By contracting one of the bold edges, a self-avoiding walk of length
reduced by one is obtained. The set of edges which can be contracted in this way
is the negative generalised atmosphere of the walk. The walk in Figure 8 has size
of its negative generalised atmosphere ag

− = 3. All walks, with the exception of the
trivial walk of length zero, has its final edge also a negative generalised atmospheric
edge. In other words, ag

−(s) ≥ 1 if s is a walk of length at least one.
Neutral generalised atmospheres can also be defined in one of several ways [22],

and other definitions for atmospheres may be used, see for example references [37,
21].

4.2. Atmopheric Moves in Self-Avoiding Walks. Positive, neutral and nega-
tive atmospheres induces atmospheric moves by adding, rearranging, or subtracting
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Figure 7. The positive generalised atmosphere of a square lattice
walk. There are two ways in which an edge can be inserted in the
walk at the vertex • on the left. The outcomes are illustrated on
the right, with the inserted edge indicated by bold edges. The two
bold edges are part of the positive generalised atmosphere of the
walk on the left. The collection of edges which can be added to
the walk in this way is the positive generalised atmosphere of size
ag
+. The walk on the left has ag

+ = 15.

edges from a walk. Such atmospheric moves are already illustrated in Figures 5, 6,
7 and 8.

If atmospheric moves are induced by endpoint atmospheres, then we call them
endpoint atmosperic moves. Observe that several Monte Carlo algorithms are ob-
tained by implementing endpoint atmospheric moves as elementary moves, includ-
ing the Rosenbluth and PERM algorithms in sections 2 and 3, and also the Berretti-
Sokal algorithm [1]. The pivot algorithm for walks [32] is an implementation of a
neutral atmospheric move defined in terms of pivots.
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Figure 8. The negative generalised atmosphere of a walk in the
square lattice. By deleting and contracting one of the three bold
edges in the walk on the left, the walks on the right are obtained.
All the edges which can be deleted and contracted in this way
compose the negative generalised atmosphere of size ag

−. The walk
on the left has ag

− = 3.
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f

Figure 9. Generalised positive atmospheric moves in the GARM
algorithm sets up a map f : S(n) → S(n + 1) which maps walks
of length n (predecessors) in the set S(n) to walks of length n + 1
(successors) in the set S(n + 1). f may be represented as graph as
illustrated above. Some states in S(n) has no successors; these are
trapped conformations.

Observe that any positive atmospheric move defined above (whether general or
endpoint) can be reversed in which case it is a negative atmospheric move. Similar,
a negative atmospheric move is reversible in terms of a positive atmospheric move.
Further, given an arbitrary walk, it is possible to reduce it to the trivial walk by
a sequence of negative atmospheric moves. That is, the trivial state communicates
with any given state s along a sequence of positive atmospheric moves.

Define S(n) to be the set of walks of length n. Then a positive atmospheric move
defines a map f : S(n) → S(n + 1) as illustrated in figure 9. An implementation
of generalised atmospheric moves defined in Figures 7 and 8 sets up a sampling
scheme by iterating the positive atmospheric moves as schematically illustrated in
figure 10: If positive endpoint atmospheres are used, then we obtain Rosenbluth
sampling. Using more generalised atmospheres, such as illustrated in figure 7, gives
a version of GARM. Other definitions of positive and negative atmospheres will give
alternative implementations of GARM, provided that every state communicates
with the trivial state along a sequence of positive atmospheric moves.

The edges in figure 9 are linkages between S(n) and S(n + 1). Consider a walk
s ∈ S(n) together with its associated atmospheres of sizes a+(s), a0(s) and a−(s)
(these may be any kind of suitable set of atmospheres). Then the total number of
linkages between S(n) and S(n + 1) is given by

(4.1) # Linkages =
∑

s∈S(n)

a+(s) =
∑

s∈S(n+1)

a−(s).

Diving this by cn =
∑

s∈S(n) 1 shows that the mean positive and negative atmo-
spheres are related by

(4.2) 〈a+〉n =
1
cn

∑

s∈S(n)

a+(s) =
cn+1

cn

1
cn+1

∑

s∈S(n+1)

a−(s) =
cn+1

cn
〈a−〉n+1



14 E.J. JANSE VAN RENSBURG

s0

•
.......................................................... ..............

s1
O........
........
........
........
........
....•

.......................................................... ..............

.. ... ....
..
..
..
..
.

.. .. .....
..
..
..
..
.

s2
O........
........
........
........
........
....•............................................

.......................................................... ..............

. . . . . . . . . . . .

. . . . . . . . . . . .

..

.

..

..

.

.

..

.

..

..

.

.

s3
O........
........
........
........
........
.... •........................................................................................

.......................................................... ..............

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

..

.

..

..

.

.

..

.

..

..

.

.

..

.

..

..

.

.

s4
O........
........
........
........
........
............................................................................................•............................................. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

..

.

..

..

.

.

..

.

..

..

.

.

..

.

..

..

.

.

Figure 10. Sampling generalised positive atmospheres in GARM.
Starting from the trivial walk, at each iteration a vertex • is chosen
and a positive atmospheric edge is inserted to generate the next
state in the sequence. The atmospheric move is at each step chosen
uniformly from those available.

where 〈·〉n is the mean value computed over all walks of length n. Thus,

(4.3)
〈a+〉n

〈a−〉n+1
=

cn+1

cn
.

In other words, approximations to the ratio [cn+1/cn] can be computed by sampling
walks in the canonical ensemble (fixed length ensemble) using for example the
pivot algorithm. This is one particular method for approximate enumeration that
follows from the atmospheric statistics, see references [36, 21] for more details and
applications.

4.3. Generalised Atmospheric Sampling of Walks (GARM). GARM is an
implementation of the generalised positive atmospheric moves in figure 7 in a Rosen-
bluth style sampling scheme. The algorithm generates walks and their associated
weights along a sequence φ and use a counting formula to approximately enumerate
walks. We require (1) that the trivial state (walk with length zero) communicates
with s along a sequence of positive atmospheric moves, (2) that every positive atmo-
spheric move is reversible by a corresponding negative atmospheric move, and vice
versa, and (3) that every neutral atmospheric move is reversible by a corresponding
neutral atmospheric move.

GARM is implemented as follows: Let s0 be the trivial walk of length zero.
Select a positive atmospheric move from those available and execute it to obtain
s1. Once sn has been constructed, find sn+1 by selecting a positive atmospheric
move from the positive atmosphere of sn. At each step, the atmospheric move
is selected uniformly from those available. This implementation shows that the
sequence φ = 〈s0, s1, . . . , sn, sn+1, . . . , sN 〉 is generated by repeatedly applying the
map f in figure 9. We say that φ is a sequence of length |φ| = N + 1 of states
sn ∈ S(n) realised by positive atmospheric moves. In figure 10 we illustrate the
sampling along φ by GARM.

Since the state sj is obtained from sj−1 by uniformly selecting a randomly chosen
positive atmospheric move, the conditional probability that sj follows sj−1 is

(4.4) Pr(sj |sj−1) =
1

a+(sj−1)
.

The probability to sample a given sequence φ is therefore

(4.5) Pr(φ) =
|φ|−1∏

j=1

Pr(sj |sj−1) =
|φ|−1∏

j=1

[
1

a+(sj−1)

]
.
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The final state of the sequence φ is a specific state sN ≡ τ . The probability that φ
terminates in the state τ is given by

(4.6) Pr(τ ) =
∑

φ→τ

|φ|−1∏

j=1

[
1

a+(sj−1)

]

where the sum is over all sequences φ which starts at the trivial state s0 of one
vertex in the origin, and terminates in the final state which is τ .

We assign a weight W (φ) to each realised sequence by

(4.7) W (φ) =
|φ|−1∏

j=1

[
a+(sj−1)
a−(sj)

]
.

Each factor in this product is the ratio of the positive atmosphere of the current
state, divided by the negative atmosphere of the next state. This choice of the
weight gives the following lemma:

Lemma 4.1. The average 〈W (φ)〉 of the weight of sequences that end in the state
τ is unity:

〈W (φ)〉 =
∑

φ→τ

W (φ)Pr(φ) =
∑

φ→τ

|φ|−1∏

j=1

[
1

a−(sj)

]
= 1.

Proof: Consider the average:

(4.8) 〈W (φ)〉 =
∑

φ→τ

|φ|−1∏

j=1

[
a+(sj−1)
a−(sj)

][
1

a+(sj−1)

]
=

∑

φ→τ

|φ|−1∏

j=1

[
1

a−(sj)

]
.

The last term can now be interpreted as the probability that the walk τ is reduced
to the trivial walk s0 composed of a single vertex by executing negative atmospheric
moves. This probability is equal to one, since s0 communicates with the state τ via
sequences of positive atmospheric moves which may be reversed into sequences of
negative atmospheric moves starting in τ and necessarily terminating in the trivial
walk. �

By summing 〈W (φ)〉 over all last states τ which are walks of length n, one
obtains the counting formula

(4.9)
∑

|τ |=n

〈W (φ)〉 =
∑

|τ |=n

∑

φ→τ

|φ|−1∏

j=1

[
1

a−(sj)

]
= cn

where cn is the number of walks of length n. That is, by determining the average
of the weights in a given implementation GARM the numbers cn can be estimated
by computing average weights.

Variances of the computed weights 〈Wn〉 in a GARM simulation do not increase
as quickly as in the Rosenbluth algorithm, but they do tend to increase with the
length of the walks being sampled. As in the case of PERM, one may introduce
enrichment and pruning moves to reduce the variance. GARM with pruning and
enrichment proceeds, as for PERM, by tracking the weights of a given sequence.
If this weight grows too small, then the sequence can be pruned, and if the weight
grows too large, then it can be enriched.
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If the implementation of GARM is with endpoint atmospheric moves, then
GARM reduces to Rosenbluth sampling. More generally, if GARM is implemented
with enrichment and pruning moves, then it generalises PERM and reduces to
PERM if it is implemented with endpoint atmospheric moves.

In table 2 the results of a simulation using GARM are compared to exact enu-
meration data from reference [24]. In this case, GARM sampled one million started
sequences of length n = 72 to compute average weights as in equation (4.9).

The implementation of GARM allows for the possibility of trapped conformations
with zero positive atmospheres, but this rarely occurs in the case of generalised
atmospheres. The result is that trapped conformations are encountered only rarely
and attrition is not the serious problem it is in Rosenbluth sampling.

n cn GARM 〈Wn〉 flatGARM 〈Wn〉
0 1 1 1
1 4 4 4
2 12 12 12
3 36 36.0012 36.0049
4 100 100.0143 100.020
5 284 284.054 284.084
6 780 780.448 779.772
7 2172 2174.17 2172.42
8 5916 5919.34 5916.98
9 16268 16279.7 16263.7
10 44100 44121.1 44087.1
11 120292 1.20385× 105 1.20297× 105

12 324932 3.25203× 105 3.24837× 105

13 881500 8.82099× 105 8.81427× 105

14 2374444 2.37534× 106 2.37490× 106

15 6416596 6.41833× 106 6.41986× 106

16 17245332 1.72509× 107 1.72540× 107

17 46466676 4.64541× 107 4.65168× 107

18 124658732 1.24643× 108 1.24788× 108

19 335116620 3.35027× 108 3.35552× 108

20 897697164 8.96830× 108 8.98939× 108

25 123481354908 1.23346× 1011 1.23682× 1011

30 16741957935348 1.66939× 1013 1.67753× 1013

35 2252534077759844 2.23868× 1015 2.25720× 1015

40 300798249248474268 2.98010× 1017 3.01309× 1017

45 39992704986620915140 3.94580× 1019 4.00419× 1019

50 5292794668724837206644 5.21079× 1021 5.30212× 1021

55 698501700277581954674604 6.90023× 1023 6.99201× 1023

60 91895836025056214634047716 9.06769× 1025 9.20095× 1025

65 12066271136346725726547810652 1.18578× 1028 1.20736× 1028

70 1580784678250571882017480243636 1.54860× 1030 1.58136× 1030

71 4190893020903935054619120005916 4.08355× 1030 4.19364× 1030

Table 2. Approximate Enumeration with GARM and flatGARM.
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The dispersion of the weights of realised sequences are controlled similarly to
the implementation of PERM, and by using enrichment and pruning. The calcu-
lation of generalised atmospheres for walks of length n is O(n); it follows that the
computational effort in generating a single sequence with final walk of length n is
O(n2). This shows that GARM slows down significantly with increasing length of
the sampled walks and realised sequences. Improving this may be possible using
an implementation similar to the pivot algorithm implemented by Clisby [3].

GARM can also be implemented by adding neutral atmospheric moves. In a
given iteration the algorithm chooses uniformly from the possible positive and neu-
tral atmospheric moves available to it. The probability of realising a sequence φ
is

(4.10) Pr(φ) =
|φ|−1∏

k=1

1
a+(sk−1) + a0(sk−1)

.

The corresponding weight of the sequence is

(4.11) W (φ) =
|φ|−1∏

k=1

a+(sk−1) + a0(sk−1)
a−(sk) + a0(sk)

.

The average weight of all sequences ending in a conformation of size n is cn; the
proof of this is similar to the above.

4.4. Flat Histogram Generalised Atmospheric Rosenbluth Method (flat-
GARM). The use of pruning and enrichment moves in GARM naturally leads
to a flat histogram implementation similar to flatPERM. This is the flatGARM
algorithm [37].

The pruning and enrichment of states in flatGARM proceeds by the implemen-
tation of the same steps used for flatPERM. If the j-th state sj in a sequence φ
generated by flatGARM has weight W (sj), then the implementation proceeds by
the calculation of the parameter r

(4.12) r =
W (sj)
〈Wj〉

where 〈Wj〉 is the average of the weights of the j-th state in all sequences generated
thus far (including the current sequence). Calculating W (sj) to determine 〈Wj〉
requires the negative atmosphere of the state sj+1, which have not been constructed
yet. We overcome this issue by extrapolating to the negative atmosphere of the next
state from the current state. For generalised atmospheres it is not unreasonable to
suppose that a−(sj+1) = a−(sj)+1, and for endpoint atmospheres, one has exactly
a−(sj+1) = a−(sj) unless sj is the trivial state. These estimate for generalised
atmospheres works well in actual simulations.

Once the parameter r has been computed, pruning and enrichment is imple-
mented as follows: If r < 1, then retain the current sequence with probability r
and update the weight W (sj) → W (sj)/r. Otherwise, prune the sequence (with
probability 1 − r). If r > 1 then enrich the sequence: Compute c = dre with prob-
ability r − brc, and c = brc otherwise. Make c copies of the sequence, each with
weight W (φj)/c and continue growing from each, recursively pruning and enriching
at each step.

This implementation of flatGARM introduces some initial attrition of started
sequences due to pruning, but the parameter r is designed such that it produces a
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flat histogram: the pruned sequences are eventually replaced by enriched sequences.
A major advantage over PERM and flatPERM is that correlations are suppressed
in the enrichment process. While endpoint atmospheric moves in PERM or flat-
PERM leave the walk unchanged up to the enrichment point, generalised atmo-
spheric moves quickly updates edges even along the early part of the walk, so that
correlations between enriched copies soon become statistically of lesser significance.

In table 2 the results of an approximate enumeration with flatGARM is given for
a million started sequences of length up to 72 and compared to results from a GARM
simulation with the same number of started walks. The data show that flatGARM
outperform GARM for longer walks. The CPU-time for these simulations is the
same to within a few percent.

5. Generalised Atmospheric Sampling (GAS)

The implementation of GARM suggests that an even more general implemen-
tation of atmospheric moves, which includes negative atmospheric moves, should
be possible. This gives rise to Generalised Atmospheric Sampling (GAS), in which
negative atmospheric moves are added to the mix of possible moves in GARM.

Let s be a self-avoiding walk together with its associated atmospheric statistics
a+(s), a0(s) and a−(s) of positive, neutral and negative atmospheres together with
their corresponding atmospheric moves. As a starting point we require that any
two walks communicate along at least one sequence of atmospheric moves (that is,
the moves are irreducible on the set S = ∪nS(n) of all self-avoiding walks where
S(n) is the set of self-avoiding walks of length n). We also require that every
positive atmospheric move is reversible by a corresponding negative atmospheric
move, and vice versa, and that every neutral atmospheric move is reversible by a
corresponding neutral atmospheric move.

The atmospheric moves define linkages in S as in figure 11. Let f : S → S be a
map which maps the states in S to S such that (s, s′) ∈ f if s is a predecessor of s′.
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Figure 11. Generalised atmospheric moves in the GAS algorithm
defines a map f : S → S which maps predecessors in S to succes-
sors in S. We represent f by the digraph illustrated above. The
outdegree of any predecessor vertex in S is equal to the indegree
of any successor vertex. This is because every atmospheric move
is assumed to be reversible.
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Then f may be represented as a digraph with vertex set two copies of S and arcs
from vertices in a copy S (the predecessor vertices) to vertices in the second copy
of S (the successor vertices). We illustrate this in figure 11. Observe that S is an
infinite set of walks of arbitrary length.

Successor states are obtained by applying a move to a predecessor state, and the
number of arcs incident with it is equal to the number of atmospheric moves on other
states which creates it. Since all the atmospheric moves are reversible, the indegree
of any successor vertex s is equal to the outdegree of the same predecessor vertex s.
(Note that since each atmospheric move is reversible, s is both a predecessor and a
successor of s′ (and vice versa)).

Let s0 ∈ S be an initial state in the algorithm. Successors of s0 are states s1

which can be reached from s0 by implementing a (positive, neutral or negative)
atmospheric move. Once s1 has been selected as the next state, then s2 can be
selected from amongst the successors of s1. Generally, sj+1 is selected from amongst
the successors of sj , but necessarily with uniform probability. This process builds
a sequence φ = s0s1s2 . . . sj . . . of states by repeated compositions of the map f
defined in figure 11 and above.

The level of a state s is its position in the sequence φ = s0s1s2 . . . sj . . .. For
example, s0 has level 0, and sj has level j. The recursive sampling of states from
the successors of the current state is the basic operation of the GAS-algorithm.
When the j-th state is sampled, the algorithm is said to sample in level j.

The state space S of the GAS-algorithm is the collection of all self-avoiding walks
from the origin, an infinite set. The algorithm may be modified so that S is a finite
set: Define all walks in S of length nmax to have zero positive atmospheres. That is,
if the state sj is sampled by GAS and it is a walk of length nmax, then its positive
atmosphere is zero. Define S∗(nmax) = ∪nmax

n=0 S(n) to the collection of walks from
the origin of maximum length nmax, then GAS will sample from the atmospheres
of walks in S∗(nmax) along a Markov Chain.

We must still assign weights to sequences in GAS-sampling: Suppose that state
sj in level j in GAS-sampling has been realised. Introduce the parameter β (pos-
sibly dependent on the length of state sj) and perform an atmospheric move with
probabilities

P+ = Pr(positive atmospheric move) =
βa+(sj)

a−(sj) + a0(sj ) + βa+(sj)
;(5.1)

P0 = Pr(neutral atmospheric move) =
a0(sj)

a−(sj ) + a0(sj) + βa+(sj)
;(5.2)

P− = Pr(negative atmospheric move) =
a−(sj)

a−(sj) + a0(sj) + βa+(sj)
,(5.3)

which are normalised to sum up to unity.
The weight of a sequence φ is determined as follows. Define `j to be length

(number of edges) in state sj (which is a walk in S or in S∗(nmax). Define |φ| to
be the number of levels in a sequence realised by GAS.

If GAS realises a sequence φ with |φ| levels, then the weight of φ is

(5.4) W (φ) =



|φ|−1∏

j=0

[
a−(sj) + a0(sj) + βa+(sj)

a−(sj+1) + a0(sj+1) + βa+(sj+1)

]


|φ|−1∏

j=0

βσ(sj ,sj+1).
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The function σ(sj , sj+1) is defined by

(5.5) σ(sj , sj+1) =





−1, if sj+1 follows sj through a+;
+1, if sj+1 follows sj through a−;
0, if sj+1 follows sj through a0;

Let P (φ) be the number of positive atmospheric moves in φ, and N (φ) to be the
number of negative atmospheric moves in φ. Then P (φ)−N (φ) is equal to `L, the
length of the final state sL in φ.

With these definitions the product above telescopes down to the much simplified
expression:

(5.6) W (φ) =
[

a−(s0) + a0(s0) + βa+(s0)
a−(sL) + a0(sL) + βa+(sL)

]
βN(φ)−P (φ) .

The probability of realising a particular sequence φ is given by

(5.7) P (φ) =



|φ|−1∏

j=0

[
1

a−(sj) + a0(sj) + βa+(sj)

]
 βP (φ).

The expected value of the weight over all sequences terminating in the state τ is
then given by

〈W (φ)〉τ =
∑

φ:s0→τ



|φ|−1∏

j=0

[
1

a−(sj+1) + a0(sj+1) + βa+(sj+1)

]
 βN(φ),

where the summation over φ : s0 → τ is over all sequences starting from the trivial
state s0 and ending in state τ .

Reverse each step along φ in the above to obtain the sequence φ′ : τ → s0. Along
φ′ each positive atmospheric step corresponds to a negative atmospheric step along
φ, and each negative atmospheric step corresponds to a positive atmospheric step.
Thus N (φ) = P (φ′) and P (φ) = N (φ′).

Thus, the expression for 〈W (φ)〉τ can be written in terms of φ′ as

〈W (φ)〉τ =
∑

φ′:τ→s0



|φ′|−1∏

j=0

[
1

a−(s′j+1) + a0(s′j+1) + βa+(s′j+1)

]
 βP (φ′),

where φ′ is the sequence s′0s
′
1 . . . s′j . . . s′N = sNsN−1 . . . sN−j . . . s0. The summand

in the above is the probability that a sequence φ′ starting in the state τ will termi-
nate in the trivial state φ0 if atmospheric steps are given with probabilities

P+ =
βa+(s′j+1)

a−(s′j+1) + a0(s′j+1) + βa+(s′j+1)
,(5.8)

P 0 =
a0(s′j+1)

a−(s′j+1) + a0(s′j+1) + βa+(s′j+1)
,(5.9)

P− =
a−(s′j+1)

a−(s′j+1) + a0(s′j+1) + βa+(s′j+1)
.(5.10)

If the set of atmospheric moves is irreducible, and if the mean probabilities of
positive and negative atmospheric moves satisfy

(5.11) 〈P+〉` ≤ 〈P−〉`
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over the entire range of lengths of walks in the chain, then this probability (that the
chain terminates at the trivial state s0) is bigger than zero, since the atmospheric
moves are reversible and the entire process is a (biased) random walk on the integers
which an ergodic Markov Chain.

The above is in particular true if β satisfies

(5.12) β ≤ 〈ag
1〉`

〈ag
+〉`

for all values of `, or whenever

(5.13) β ≤ inf
`

[
〈ag

−〉`
〈ag

+〉`

]
.

The mean value of the weight of the sequence φ ending in state τ is given by

(5.14) 〈W (φ)〉τ = P (s0|τ )

where P (s0|τ ) is the conditional probability that the (backwards) chain will termi-
nate in state s0, given that it started in state τ . Summing this over all walks τ of
length n shows that

(5.15)
∑

|τ |=n

〈W (φ)〉τ = cn〈P (s0|τ )〉n

where cn is the number of walks of length n, and where 〈P (s0|τ )〉n is the average
conditional probability that sequences starting in a state τ of length n will terminate
in s0 stepping with backwards probabilities P+, P 0 and P−.

Similarly, for walks σ of length m it follows that

(5.16)
∑

|σ|=m

〈W (φ)〉σ = cm〈P (s0|σ)〉m.

In the case that S∗(nmax) is our state space, then the GAS algorithm samples along
a recurrent and ergodic Markov Chain in a finite state space. This implies that the
mean conditional probabilities 〈P (s0|τ )〉n and 〈P (s0|σ)〉m become independent of
n and m and has a non-zero asymptotic value. This is so for any finite value of β.

In the case that S is our (infinite) state space of all walks from the origin, then
the GAS algorithm samples along a recurrent and ergodic Markov Chain in an
infinite state space provided that β satisfies equation (5.13). In this event the mean
conditional probabilities 〈P (s0|τ )〉n and 〈P (s0|σ)〉m are asymptotically independent
of n and m and is strictly positive.

Hence, by taking the ratios of (5.15) and (5.16) these factors cancel and one finds
that

(5.17)
cn

cm
=

∑
|τ |=n〈W (φ)〉τ∑
|σ|=m〈W (φ)〉σ

.

In particular, if m = 0, then c0 = 1 and

(5.18) cn =

∑
|τ |=n〈W (φ)〉τ

N0
,

since the weight of a sequence terminating in the trivial state s0 is one, and where
N0 is the number of visits of the sequence φ to the state s0.

In a simulation one collects the (total accumulated) weights
∑

|τ |=j 〈W (φ)〉τ for
walks of length j along sequences φ. Ratios of these accumulated weights are
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Figure 12. Flat histogram sampling in the flatGAS-algorithm.
The solid bars give the values of β` as a function of ` on the right
hand side scale. β0 = 1 by definition and is left away, since the
probability of stepping from the walk of length 0 to a walk of
length 1 is 1/2d, independent of β0. Since nmax = 24, the positive
atmospheres of walks of length 24 is put equal to zero, and we also
put β24 = 0. The open bars display the number of times a walk
of length ` was observed in the simulation; the scale is on the left
hand side. The histogram is reasonably flat over the entire range
of `.

estimates of ratios of cn as in equations (5.17) and (5.18). Realising N independent
sequences φ gives independent estimates of cn/cm, from which one may extract
estimates of cn.

5.1. Flat Histogram Generalised Atmospheric Sampling (flatGAS). A flat
histogram (over the lengths of the walks) implementation of GAS is possible.
Consider the interval [0, nmax], and our aim is to samples states in S∗(nmax) =
∪nmax

n=0 S(n) such that the algorithm samples roughly the same number or times on
states of length m ∈ [0, nmax]. Define a+(s) = 0 if the length of s is `s = nmax, and
implement GAS to realise a sequence φ = 〈s0, s1, . . . , sj , . . .〉 of states of lengths `j

in [0, nmax].
Flat histogram sampling in GAS can be performed by changing the transition

probabilities in equations (5.1), (5.2) and (5.3) by making β dependent on `j , the
length of the state sj . A hint for the kind of modification needed is given by
equation (5.13). Choose β` such that equation (5.11) becomes

(5.19) 〈P+〉` = 〈P−〉`

and replace β by β` in equations (5.1), (5.2) and (5.3). In particular, for each value
of ` ∈ [0, nmax],

(5.20) β` =
〈ag

−〉`
〈ag

+〉`
.
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This implies that that

P+ = Pr(positive atmospheric move) =
β`j a

g
+(sj)

ag
−(sj) + ag

0(sj) + β`j a
g
+(sj)

;(5.21)

P0 = Pr(neutral atmospheric move) =
ag
0(sj)

ag
−(sj ) + ag

0(sj) + β`j a
g
+(sj)

;(5.22)

P− = Pr(negative atmospheric move) =
ag
−(sj)

ag
−(sj) + ag

0(sj) + β`j a
g
+(sj)

,(5.23)

with the result that 〈P+〉` = 〈P−〉` and 〈P+〉` = 〈P−〉` for each ` ∈ (0, nmax).
That is, the probability of a positive atmospheric move is equal to the probability
of a negative atmospheric move on average locally for each length between 0 and
nmax. With these choices for the βj , the algorithm perform on average a random
walk on the integers n which should give a uniform distribution on (0, nmax) and
visits the states of length 0 and nmax half as frequently as the states of lengths in
(0, nmax).

In figure 12 the flat histogram of a simulation of flat histogram GAS (flatGAS)
is illustrated. In this simulation, nmax = 24, and so β24 = 0. The values of β` were
computed by atmospheric ratios (see equation (5.20)) from an earlier run. The
binning of states of length ` ∈ [0, 24] in a sequence of length 100000 with the β` as
given, are indicated by the open bars with scale on the left hand axis. The states

n cn GAS 〈Wn〉 flatGAS 〈Wn〉
0 1 1 1.00040
1 6 6.00013 6.00254
2 30 30.0131 29.9971
3 150 150.202 149.95
4 726 727.451 725.929
5 3534 3541.02 3535.28
6 16926 16958.1 16944.4
7 81390 81540.4 81497.5
8 387966 388757 388447
9 1853886 1.85830× 106 1.85568× 106

10 8809878 8.83188× 106 8.81789× 106

11 41934150 4.20464× 107 4.19746× 107

12 198842742 1.99482× 108 1.99077× 108

13 943974510 9.47294× 108 9.45217× 108

14 4468911678 4.48663× 109 4.47232× 109

15 21175146054 2.12653× 1010 2.11767× 1010

16 100121875974 1.00532× 1011 1.00112× 1011

17 473730252102 4.75742× 1011 4.73740× 1011

18 2237723684094 2.24647× 1012 2.23784× 1012

19 10576033219614 1.06104× 1013 1.05755× 1013

20 49917327838734 5.00652× 1013 4.98981× 1013

25 116618841700433358 1.16875× 1017 1.16462× 1017

30 270569905525454674614 2.71271× 1020 2.70128× 1020

Table 3. Approximate Enumeration in 3d with GAS and flatGAS.
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with ` = 0 and ` = 24 were sampled about half as frequently as those states with
` ∈ (0, 24).

The weights along a sequence φ realised by flatGAS are defined as before, only
now with β dependent on `:

(5.24) W (φ) =
[

ag
−(s0) + ag

0(s0) + β`0a
g
+(s0)

ag
−(sL) + ag

0(sL) + β`Lag
+(sL)

] |φ|−1∏

j=0

β
σ(φj ,φj+1)
`j

.

The argument proceeds similarly as set out for GAS above: The result is that the
ratio of mean accumulated weights of walks of lengths n and m is equal to the ratio
cn/cm:

(5.25)

∑
|τ |=n〈W (φ)〉τ∑
|σ|=m〈W (φ)〉σ

=
cn

cm
.

The implementation of flatGAS proceeds by the realising N independent se-
quences φ and computing weights for each while updating the values of the β`

following each sequence φ. If the initial choices for the β` were erroneous, updated
estimates quickly improves, and the algorithm self-tunes to produce a flat histogram
on the interval (0, nmax).

In table 3 the estimates of cn for cubic lattice walks are given using both a GAS
and a flatGAS simulation. In this simulation GAS was implemented using endpoint
atmospheres. The implementation used β = 0.212 and realised 100 sequences of
length 107. In these simulations, nmax = 71. The flatGAS simulation quickly
settled down into flat histogram sampling. The observed errors show that the GAS
and flatGAS data are scattered about the exact enumeration data (obtained from
[4]). Overall, these relatively short runs produced estimates that deviate by less
than 1% from the exact data. More accurate results can be obtained by increasing
either the length of the sequences, or by increasing the number of sequences.

These implementations of GAS are in every respect, like Rosenbluth and PERM
sampling, GARM and flatGARM, an approximate enumeration method. An im-
plementation of GAS with endpoint atmospheres is a generalisation of the Berretti-
Sokal dynamic Metropolis Monte Carlo algorithm [1]; but with sampling along
weighted Markov Chains. This implementation is called GABS in reference [22],
and its flat histogram implementation flatGABS is an efficient approximate enumer-
ation tool for self-avoiding walks; primarily because the implementation performs
atmospheric moves in O(1) CPU-time, giving high quality estimates for cn.

6. Conclusions

The implementation of GARM and flatGARM have been extended to two dimen-
sional polygons in reference [37], and can easily be shown to be useful in sampling
lattice trees and animals, as well as other lattice objects such as plaquette surfaces.
This is the real improvement of GARM over PERM sampling; it generalises PERM
by the use of atmospheres such that the application of this sampling technique
to other lattice objects becomes a matter of defining atmospheres and computing
weights. In reference [7] GARM was used to determine the size of classes of group
elements.

The GAS and flatGAS algorithms are similarly a generalisation of GARM. GAS
introduces negative atmospheric moves into the mix of moves in GARM, while
flatGAS shows that the algorithm can self-tune to flat histogram sampling without
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the introduction of enrichment or pruning. Instead, the algorithm achieves flat-
histogram sampling by tuning its single parameter β locally (for each n). More
detail can be found on this algorithm in reference [22].

Overall the estimation of critical exponents and growth constants for walks using
approximate enumeration data generated by GARM or GAS do not approach the
accuracy of the exact enumeration for these quantities (see equations (1.9), (1.11)
and (1.14)). In reference [22] the flatGAS estimates µ = 2.6383 ± 0.0001 and
γ = 1.34 ± 0.02 in two dimensions and µ = 4.684 ± 0.001 and γ = 1.15 ± 0.02 in
three dimensions have been obtained using an endpoint atmosphere implementation
of flatGAS (this is flatGABS). A more efficient implementation of these algorithms,
using coding techniques such as in reference [3], should improve these estimates,
and is a natural next step in the examination of the properties of GARM and GAS
algorithms.

Acknowledgements: The author is grateful to A. Rechnitzer for fruitful discus-
sions.
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