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Abstract

Financial valuation OF GMWBs: We develop a variety of methods for assessing the cost and value of a very popular ‘rider’
available to North American investors on variable annuity (VA) policies called a Guaranteed Minimum Withdrawal Benefit
(GMWB). The GMWB promises to return the entire initial investment, albeit spread over an extended period of time, regardless
of subsequent market performance. First, we take:@c approach that assumes individuals behave passively and holds the
product to maturity. We show how the product can be decomposed into a Quanto Asian Put plus a generic term-certain annuity. At
the other extreme of consumer behavior,dpeumic approach leads to an optimal stopping problem akin to pricing an American
put option, albeit complicated by the non-traditional payment structure. Our main result is that the No Arbitrage hedging cost of
a GMWB ranges from 73 to 160 basis points of assets. In contrast, most products in the market only charge 30—45 basis points.
Although we suggest a number of behavioral reasons for the apparent under-pricing of this feature in a typically overpriced VA
market, we conclude by arguing that current pricing is not sustainable and that GMWB fees will eventually have to increase or
product design will have to change in order to avoid blatant arbitrage opportunities.
© 2005 Elsevier B.V. All rights reserved.
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“They have stumbled onto a ‘killer app’ for the finan- not withdrawn at a rate greater than 7% annually. ..”
cial needs of today’s boomers, It’s called a GMWB. Washington Post, May 23, 2004
The deal is that for a half-percentage point a year, you

can invest with a guarantee that your entire principal “The risks of variable annuities have come home to
will be returned to you, provided that the principal is roost for insurers. .. To make matters worse, rating
agencies, accountants and regulators never adequately
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risk in many cases...” Financial Times, August 24,
2004

1. Introduction and motivation

Within the North American financial industry, Vari-
able Annuities (VAs) are close cousins of mutual
funds—which bundle individual securities, such as
stocks and bonds, into diversified units or trusts—but
they are formally classified as an insurance policy in
addition to being registered as a security. They provide
tax sheltered growth and embed a number of put-like

derivatives that provide guarantees onthe account value

at the time of death.As of early 2005 there is mote
than $1 trillion USD invested in Variable Annuities
which, for all intents and purposes, can be viewed as
tax efficient mutual funds with European-style puts that
mature at death.

A recent innovation in this market is the above-
referenced GMWB ‘rider’. In contrast to all the other
bells and whistlebit contains absolutely no life in-
surance component and is thus well within the do-
main of analysis of financial economics. The GMWB
promises a minimal payout level from an initial in-
vestment capital—akin to a systematic withdrawal plan
(SWiP)—regardless of the performance of the under-
lying policy. Typically, the policyholder might be guar-
anteed the ability to withdraw $ 7 per annum per $ 100
of initial investment until the original $100 has been
fully exhausted. According to recent estimatesose
to 75% of variable annuity buyers selected this rider
during the year 2004.

Thus, if the market performed poorly—and espe-
cially in the early years when the VA is purchased—the
investor would be guaranteed a minimale-weighted
average return. Like all insurance riders, and in con-
trast to standard exchange traded options, most insur-

1 seeMilevsky and Posner (200 Brown and Poterba (20040r
a discussion of the many features available on VAs and the possible
reasons underlying the demand for variable annuities. There is a clear
relation to income taxes, and low-income households would find little
value in the tax deferral which converts lightly-taxed capital gains
into a (deferred) ordinary interest classification.

2 Source: National Association of Variable Annuities.

3 So coined by Moody’s Investor Services in a November 2001
research report entitle@ie Growing Bells and Whistles on Variable
Annuities.

4 Source: National Underwriter Magazine, 2005.
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ance companies charge for this downside protection
by deducting an ongoinfjaction of assets as opposed

to an up-front fee. These unique features differentiate
the pricing of this derivative security from the standard
Black and Scholes (197 &pproach where the option
premiums are paid up-front and in advance. This fact
introduces subtle hedging issues which we will address
in the body of the paper.

The GMWB is not a trivial wrinkle in asmall market.

It is being offered by a growing number of insurance
companies as a substitute to payout annuifiable 1
displays the names of companies offering this feature
in the U.S. together with the GMWB rate and the in-
surance charge.

In light of the growing importance of this market,
the aim and contribution of this paper is to (a) use No
Arbitrage techniques to analyze insurance features in
Variable Annuities, an area that has not received nearly
as much academic attention as the mutual fund mar-
ket, despite its $1 trillion size; and (b) provide two
extreme approaches to analyzing, valuing and manag-
ing the risks of a GMWB that argredicated on the
degree of investor rationality. We differentiate our ap-
proach from a traditional insurance-oriented method-
ology that uses the law of large numbers—under the
physical/statistical measure—to compute an expected
loss. Our work is in the financial valuation tradition of
Brennan and Schwartz (197&)dBoyle and Schwartz
(1977)where the Black—Scholes methodology is ex-
tended to insurance contracts, except that in our anal-
ysis the payout is not necessarily tied to death.

And, at the risk of placing the cart before the horse,
our main conclusion is that the GMWB that are most
popular in the market seem to bederpriced for con-
sumers who know how to utilize these options in a
rational manner. This is in contrast to the wide-spread
perception—se&lements (2004Jor example—that
the guarantees embedded within variable annuities are
all overpriced.

Of course, it is now well established that individual
retail investors do not adhere to the basic tenets of eco-
nomic optimality. For exampleBenartzi and Thaler
(2001) document that investors in 401(k) pension
plans use simple/k heuristics to select mutual funds
as opposed to using a mean-variance approach to
diversify their portfolio. Other papers in the behavioral
finance literature provide evidence that consumers
cannot be relied upon to optimally exercise financial
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Table 1

Who offers guaranteed minimum withdrawal benefits (GMWBSs)?

Company hame No. of policies Guaranteed rate (%) Fee payment Insurance fee
Lincoln National 10 7 % of G.B. 45 b.p.
Jackson National 2 7 % of A.V. 35 b.p.
Jefferson National 2 7 % of A.V. 35 b.p.
Pacific Life 5 7 % of A.V. 40 b.p.
Transamerica 2 7or5 % of G.B. 75 b.p.
ING Golden Life 4 7 % of G.B. 65 b.p.
Manulife Financial 4 5 % of G.B. 30 b.p.
Sun Life (U.S.) 9 7 % of A.V. 40 b.p.
Hartford Life 14 7 % of A.V. 50 b.p.
American Skandia 5 7 % of A.V. 35 h.p.
Travelers 10 50r10 % of A.V. 40 b.p.
U.S. Allianz 4 5or10 % of A.V. N.A.

Notes: U.S. Market as of mid-2004. The insurance fee—to cover the GMWB—is listed in basis points (b.p.) and charged as a percent of a
Guaranteed Base (G.B.) or the Account Value (A.V.). The G.B. is the total premiums paid, minus guaranteed withdrawals plus any bonuses.

options, such as executive and incentive options. This, tion to the algorithm per se, since this is a well
of course, should impact the pricing of any (illiquid, studied problem in the literature. S&airnbull and
non-tradeable) derivative security offered to retail Wakeman (1991), Milevsky and Posner (1998), Bakshi
investors where a portion of the value is based on the and Madan (2002), Nielsen and Sandmann (2@03)
counter-party optimally exercising the option. Yet, the Dhaene et al. (2001for a review of the various ap-
liability created by GMWBSs should have a direct and proaches. In this paper, we use PDE based numerical
measurable impact on the amount of capital (and re- techniques to obtain values for the hedging cost of the
serves) insurance companies should be required to holdGMWB under thisszatic approach.
against these guarantees. Traditionally insurance com- The opposite assumption is that all investors buy-
panies have relied on the law of large numbers to set ing these GMWB features are dynamically rational and
reserves which cover the risks{1e)% of the time. But seek to maximize the embedded option value by laps-
as insurance companies venture into offering products ing (a.k.a. surrendering or terminating) the product at
which merge life insurance and financial (downside) an optimal time, i.e. once the expected present value of
protection, there is a need to value tlieancial fees exceeds the present value of benefits. We label this
economic risks they are undertaking, especially given thedynamic approach, and its analysis leads to an opti-
the recent movement towards fair value accounting mal stopping problem akin to pricing an American put
and risk-based capital in the insurance industry. option, albeit complicated by the non-traditional pay-
Therefore, in this paper we present two extreme val- ment structure. We formulate the optimal boundary as
uation algorithms—both within the framework of No alinear complementarity problem—uwith an embedded
Arbitrage pricing—for pricing the GMWB. First, we  ‘fixed point problem'—and then use numerical PDE
take astaticapproach that assumes individual investors techniques to obtain pricing results.
behave passively in utilizing their guarantee. In this As alluded to earlier, we find that under a styl-
case we show how the rider can be decomposed intoized product specification which guarantees a 7% with-
a Quanto Asian Put (QAP) plus a generic term-certain drawal, and assuming a forward-looking investment
annuity. We believe this bifurcation has not been previ- volatility of o = 20%, the cost of providing a GMWB
ously noted in the literature, and obviously allows the ranges from 73 to 160 basis points of assets per annum,
insurance company to use QAPSs to hedge the product.with the variation depending on the degree of what
There is a direct benefit to viewing the rider this way, we label,lapsation rationality. Of course, our pricing
in that a QAP is a modest variation on products that does not allow for any profits, commissions, fees and
firms have extensive experience in hedging. transaction costs, which is also the situation with the
We rely on numerical techniques to price the em- celebrated Black—Scholes formula. We are confident
bedded Asian options and do not give much atten- that more sophisticated pricing models that account
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for stochastic volatility, jumps, term-structure effects, tion 3 uses the No Arbitrage (hedging) approach under
etc, and other recent innovations will only increase the the static analysis of the GMWB and decomposes the
price of the embedded option, although we do not pur- productinto a term-certain annuity and a Quanto Asian
sue this approach in this paper. Yet, in contrast to our Put. We also provide some numerical examples. Sec-
estimates, we find the recent GMWB products that have tion 4 illustrates the dynamic perspective by solving
been introduced in the market are only charging 30-50 the relevant optimal stopping problem, and Section
basis points, even though the underlying annuity sub- concludes the paper.
accounts contain high-volatility investment choices.

From a broader perspective, during the last 10 years 1.1. Numerical example of product specifics
there has been nothing short of an explosion of ex-
otic options and financial guarantees being embedded Table2 provides a numerical example of the payoff
withininsurance policies. Infact, some have argued, for from a GMWB rider, assuming a particular sequence
exampleBoyle and Boyle (2001 that the options em-  of quarterly investment returns for a typical variable
bedded within insurance policies are even more com- annuity (VA) policy. The example assumes an initial
plex than those in standard OTC and exchange tradedinvestment of $100 and a guaranteed withdrawal of
contracts. And, while the rationale for this phenomena $7 per annum—the most prevalent structure—which
requires some justification, the embedded options areis $1.75 per quarter. At the end of each quarter, an in-
at times quite challenging to price, value and hedge. vestment return is recorded and applied to the previous
Historically, they have been analyzed by a variety of end-of-quarter’s account balance. Thus, for example,
academics and practitioners under the label of equity- after the first quarter return of negative 12.24%, the
linked policies, starting with the extension®ick and balance in the VA policy was $87.76, and then $1.75
Scholes (1973by Brennan and Schwartz (197&hd was withdrawn. The next quarter resulted in a positive
Boyle and Schwartz (1977pr more recentlfPersson 10.06% return, and the account grew to $94.66, etc.
and Aase (1997s well agviilevsky and Posner (2001) We can decompose the GMWB payoff stream as ac-
andWindcliff et al. (2001) In fact, we count more than  count withdrawals plus ainsurance option that steps
60 published papers—most of them in the insurance in once the account is depleted (note: we will consider
literature—written on the topic within the last 10 years a different decomposition later, as a term-certain an-
alone. For a selected bibliography and recent books nuity plus aQuanto Asian put). At the end of the third
on the topic, we refer the interested readeHerdy quarter of the seventh year (i.e. after 27 quarters or 6.75
(2003) But as mentioned earlier, the contribution of years), the balance in the account is 0.17 dollars under
this paper is to take a financial economic approach to the above (randomly generated) sequence. This is not
the (new) GMWB features that differentiates between sufficient to finance the $1.75 payment then due, and
various forms of rationality and contrast these values so theinsurance option payoff starts. Under a standard
with actual pricing in the market. Our work is also in  systematic withdrawal plan there is no longer enough
the spirit of Pennacchi (1999), Sherris (199&) Cox to withdraw the requisite $1.75 per quarter and the
et al. (2004)where option pricing techniques are used policy is therefore ‘ruined’. In fact, under this partic-
to value guarantees embedded within certain pensionular state of nature, the total amount withdrawn prior
funds or structured insurance products. to the end of 6.75 years is $45.42, due to the mostly

The remainder of the paper is organized as follows.
Sectionl.1 provides a numerical example to explain
the mechanics of a GMWB. In Sectiéghwe provide
a stochastic modeling framework for the GMWB and
discuss the real-world probability the feature will end-
up in-the-money. Of course, under optimistic enough

poor performance of the investments during the first
few years. The insurance option kicks in and continues
to provide an income of $1.75 until the entire $100

has been returned. Note that the entire $ 100 will be
returned in exactly 10d.75 = 57.14 quarters which

is 57.14/4 = 14.285 years. At the end of 14.28 years

assumptions for future market growth rates, it is easy the entire sum is returned and the guaramtae:res.

to justify ‘ignoring’ the liability created by this option.
The probability of usage will directly impact the actuar-

The insurance company backing the VA policy and the
guarantee would be ‘on the hook’ for the remaining

ial insurance reserves held against the guarantee. Sec100— 45.22 = 54.78 dollars, albeit paid over the re-
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Table 2
Numerical example
Time period Investment return (%) Balance E.O.Q. ($) SWIP ($) GMWB ($)
0.25 —-1224 8776 1.75 1.75
0.5 1006 9466 1.75 1.75
0.75 —6.43 8694 1.75 1.75
1 —26.40 6270 1.75 1.75
1.25 —-17.30 5041 1.75 1.75
15 —14.22 4174 1.75 1.75
1.75 —-7.05 3717 1.75 1.75
2 —7.42 3279 1.75 1.75
2.25 695 3319 1.75 1.75
25 576 3325 1.75 1.75
2.75 579 3333 1.75 1.75
3 —-1.68 3105 1.75 1.75
3.25 313 2838 1.75 1.75
35 1657 2222 1.75 1.75
3.75 —1573 1725 1.75 1.75
4 347 1604 1.75 1.75
4.25 1440 1635 1.75 1.75
45 1402 1664 1.75 1.75
4.75 456 1857 1.75 1.75
5 8.67 1502 1.75 1.75
5.25 —-9.40 1202 1.75 1.75
55 0.70 1034 1.75 1.75
5.75 —4.59 820 1.75 1.75
6 577 682 1.75 1.75
6.25 175 516 1.75 1.75
6.50 005 341 1.75 1.75
6.75 1615 193 1.75 1.75
7 —6.83 017 0.17 1.75
7.25 1498 - - 1.75
7.50 033 - - 1.75
7.75 —4.33 - - 1.75
8 -122 - - 1.75
8.25 —3.88 - - 1.75
8.50 2384 - - 1.75
8.75 370 - — 1.75
9 2.36 - - 1.75
9.25 —18.28 - - 1.75
9.50 368 - - 1.75
9.75 831 - - 1.75
10 —-154 - - 1.75
10.25 1862 - — 1.75
105 —1557 - - 1.75
10.75 —9.92 - - 1.75
11 1066 - - 1.75
11.25 —1.58 - - 1.75
115 —-17.23 - - 1.75
1175 —1.05 - - 1.75
12 1394 - - 1.75
12.25 —5.09 - - 1.75
125 151 - - 1.75
12.75 —4.33 - — 1.75
13 1206 - - 1.75

1325 1985 - - 1.75
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Table 2 Continued)

Time period Investment return (%) Balance E.O.Q. ($) SWIP ($) GMWB ($)
1350 476 - - 1.75
1375 —-1318 - - 1.75
14 543 - - 1.75
14.25 —-9.83 - - 1.75

Hypothetical return, cash flow and end-of-quarter account balance comparing a regular systematic withdrawal plan (SWiP) against the payoff
from a Guaranteed Minimum Withdrawal Benefit (GMWB).

maining 7 years. Of cours@&able 2represents but one The insurance option appears quite novel upon first

of many millions of possible scenarios for the 14.28 inspection, since it starts paying-off at a randann

years of the guarantee’s lif€igs. 1-3illustrate three time for the underlying investment-net-of-withdrawal

other possible scenarios. process. A random maturity option was first analyzed
In the first case, the account is driven to a zero value by Carr (1998)—albeit in an attempt to price American

at the beginning of the fifth year, and the insurance put options—but our product specifics are quite differ-

company pays the remaining $1.75 per quarter until entsince the random maturity (ruintime) in our product

time 14.28. In the second case, the funds are exhausteds determined endogenously. We will discuss the pre-

in the middle of the 11th year and the insurance com- cise nature of the embedded option in SecBofhe

pany makes 3 years of additional payments. In the final next section will set-up the model notation and exam-

case the variable annuity survives a 7% withdrawal for ine the probability—under the real world measure—

14.28 years and the company is relieved of its obliga- that the GMWB feature will pay off, which is relevant

tions. In the first two scenarios the policy holder re- fortraditional insurance pricing and reserving. We then

ceives no refund of capital at the end of the payment contrast with a financial economic approach.

period. Whereas in the last scenario, there is a remain-

ing account balance to which the policy holder is enti-

tled at the end of 14.28 years. A more recent variation 2. Static modeling framework

on this idea is a GMWB for life which—assuming the

variable annuity is purchased and withdrawals are not  Let W; denote the market value of the underlying

made prior to age 65—implicitly guarantees anincome VA at any future timer > 0, with an arbitrary (but in-

stream akin to a life annuity. nocuous) assumption thaty = 100 dollars. The most
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Fig. 1. Example of policy value under 7% withdrawal and random investment returns.
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Fig. 2. Example of policy value under 7% withdrawal and random investment returns.

typical GMWB structure is that the policyholder is the life of the guarantee. Alternately, the policyholder
guaranteed to be able to withdrawleast G = gwp = could withdraw an amount greater thah= 7 dol-

7 dollars per annum. The guarantee remains in effect lars which would reduce both the valued life of the

until the entire $ 100 has been disbursed which, at mini- guarantee. These cases where the policyholder with-
mum, is a period of 100 = 14.28years. Thus,evenin  draws more or less than suggested by the guarantee—
the extreme scenario where the initiah = 100 col- which falls under the category of dynamic strategies—
lapses to a zero value 1 day after the policy is pur- will be carefully addressed in Sectigh In this sec-
chased, the investor will be made whole, albeit over tion, we proceed by assuming the policyholder with-
an extended period of 14.28 years. Of course, in any draws not more and not less than tbe= 7 dol-
given year the policyholder is entitled to withdraw an lars per annum. This is called thessive or static
amount less thay = 7 dollars, which would extend  approach. Most, if not all, insurance companies as-
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Fig. 3. Example of policy value under 7% withdrawal and random investment returns.
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sume this type of behavior on the part of policyhold- at least whileW; > 0. If the account valugV; ever

ers. reaches 0, it remains 0. That is, equat{Bhholds for
Following most of the option pricing literature, we ¢ < g andW, = 0 forz > 0.

assume the actual dynamics of the assets underlying Using standard techniques which can be verified

the VA policy—i.e. before the deduction of any insur- by Ito’s lemma—sedaratzas and Shreve (199@)r

ance fees—oabey the following stochastic differential details—the solution to the SDE in E@) can be writ-

equation (SDE): ten as:

dSt = MS, dr + US; dBt (1) >
WT — e(/,L*U(*(l/Z)(T )T+oBr max

The symbolB,; denotes a standard Brownian motion

T
with mean zero and variancelhe parameter (my) is x {0’ <w0 -G / g (n—a—(1/2)0%)—0B, dt)] .
the real-world expected growth rate of the asset class, 0

and (sigma)o represents the volatility of the invest- (4)

ment return. This assumption is critical to our valuation
model and we are obviously sympathetic to criticismof ~ The firstthing to note about the dynamics in E&.
the implicit lognormality assumption, which has been and (4)is that sinceG > 0, which means that the pro-
shown to be inconsistent with financial data. That said, cess includes a forced dollar consumption, the value of
our objective is not to provide a complete risk manage- W: can in fact hit zero at some point- 0. Although
ment system for these guarantees but rather to providethe exponential Brownian motion term is always pos-
a conceptual analysis of the product and provide some itive, as soon as the integral term in Hg) exceeds
initial estimates for the cost of hedging in capital mar- wo/G, the quantity in the brackets will become nega-
kets. tive. This is in contrast to a standard geometric Brown-
The valueW; of the VA sub-account incorpora’[es ian motion, which is the term multlplylng the brackets
two additional effects: proportional insurance fees and in Eq.(4) that can never hit zero in finite tim&Xx post,

withdrawals. In general, its dynamics will be the guaranteed ability to withdra®@ per annum until
timeT = wo/ G is of valueif and only if the proces$V;
dW; = (u — )W, dt — y, dt + oW, dB;, (2) hits zero prior tdr’. Indeed, for those sample-paths for

which the ruin time occurs aftef, the insurance op-
. e . tion has a zero payout since the minimum withdrawal
70 IS the first timeW; hits 0. Here the parametercap-

¢ the | fee that for th : d\;\‘/ould have been satisfied endogenouslyn without
ures the Insurance fee that pays for In€ guarantee, anc, , explicit guarantee provided by the insurance com-
0 < y, < W, represents the discretionary withdrawals

. pany.
from the account, which can range from a IOW.Of Zero, Given the importance of the ruin time in the classi-
toas highas thg actual account van,eThg |nd|V|du§| fication and understanding of this financial guarantee,
is assumed to invest an amoulp = wo in the vari- we introduce the following notation for the probability
able annuity. The dynamic model we have_selecte_d for of ruin of the proces#V;, within the time period [0r].
the underlying investment account is consistent with a The functiong, is:
large volume of research on “pricing insurance guar-
antees” such aSerber and Shiu (2008 Windcliff et

while W; > 0. Thatis, Eq(2) holds whiler < 7o, where

al. (2001)for example. _ =P { inf W, = 0]
In what follows next we assume that the withdrawal O<s<t
amount is exactly equal to the guaranteed amount ‘
y; := G, which is what we label thgassive or static =P {/ g (n—a=(1/2)0%)s—0B; g > %o
approach. Thus, in the passive case, 0 G
= PIX, = ], (5)

dW = (u — )W, dr — G dr + oW, dB;, where the new ternX; is defined equal to the inte-

Wo = wo, ) gral in the middle of Eq(5). The seemingly counter-
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intuitive relationship between the infimum of a pro-  dw, = ((0.086)W, — 7) & + 0.18W, dB;,
cess and the integral of an exponential Brownian
motion comes from the fact that E¢4) can only wo = 100 (6)

reach 0 once the integr&X; exceedswo/G. Note ) ) )
also the fact thak, is monotonically increasing in Using numerical PDE methods—described at greater

t. Thus, onceX, exceedswo/G, which means that !ength .in Appendix A—to obtain the ruin p.robabil—
W, =0, it can never recover and go back above 'Y during the firstT = 1428 years, we find that

zero. &1428 = 11.7%. In other words, there is approximately
It is quite easy to demonstrate that the probability " 88.3% chance thaten if the policy holder with-

of ruin & is increasing in the withdrawal ratg, and draws the maximum allowable amount each year, the

likewise, the greater the timethe higher the probabil- ~ Policy will survive to the end of the guaranteed hori-

ity of ruin. In fact, although it is beyond the scope of Z°N: But if we increase the investment return volatility
the current analysis, one can actually obtain a precise {00 = 25% perannum, the ruin probability increases to
analytic expression faj, whent — oo. Inthe current 51428 = 26.2%. And, if we reduce the exlpec.ted @”th'
context, the traditional insurance company is most in- Metic average) return ta = 6% and maintain a high
terested in the value & whereT = wo/G. In other o = 25% volatility, the probability of ruin increases to
words, we would like to know what the odds are that §1428 = 39.9%, which are clearly non-trivial amounts.
the investor would actually run out of money by the end Table 3d|spla_1ys t.he probabilities under various risk and
of the guaranteed period, assuming they withdrew the r€turn combinations.

guaranteed amount as part of a systematic withdrawal ~ Note that if the expected investment return is in-
plan. creasedtp = 12% and the volatility of the returnis set

to o = 10%, the probability the withdrawals 6f = 7

dollars per annum will actually exhaust (or ruin) the
2.1. So, what is the real-world probability of ruin? policy prior to timeT = 14.28 is less than one half of

a percent. Thus, an overly optimistic insurance actuary

Assume the arithmetic average return is expected focused on the real-world probability of an ‘insurance

(after management fees, but prior to insurance fees) to payout’ would likely ignore this event all together. Note
be u = 9% per annum jointly with a historical mar- that some insurance companies impose restrictions on
ket volatility of o = 18%. According to Morningstar  the asset allocation within the variable annuity policy.
Principia Pro, the median sub-account volatility for the For example, they might force 20-40% of the subac-
universe of variable annuity policies is 18%, with a counts into (less risky) bond and fixed income invest-
25th percentile of 16% and a 90th percentile of 25%. ments in order to limit the effective volatility and
Also, we letthe insurance fee for this particular GMWB hence the probability that the option will mature in the
rider be set tar = 0.40% per annum, which is consis- money.

tent with the current market pricing of these products. In any event, the probability of ex ante usage range
In this case, the parameterized dynamics of the invest- from 0.5 to 20% depending on the subjective asset re-
ment become (whiléV, > 0): turn assumption and characteristics, these will impact
Table 3
GMWB (SWiP) probability of ruin within 14.28 years (40 b.p. insurance fee with net investment refuam volatility ¢))

uw=4% n=6% n=8% n=10% n=12%
o =10% 19.0% 0% 17% 0.3% 0.04%
o =15% 31.4% 186% 3% 41% 16%
o =18% 37.8% 2%5% 155% 86% 44%
o = 25% 49.9% 3%% 305% 222% 155%

In absence of an explicit GMWB, the process of withdrawing $ 7 (per annum) for each $ 100 of original principal—which is sometimes called a
Systematic Withdrawal Plan—might drive the portfolio to ‘ruin’ within 14.28 year, the time over which the $ 100 would be recouped. The above

table computes the probability this event would occur under a variety of (real world) drift and volatility assumptions. Insurance reserves—in
contrast to financial economic hedging—would be based on the above tabkepSardix Afor algorithm used to compute ruin probabilities.
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the setting of traditional insurance reserves. The rel-
evant question to a financial economist interested in
the fair value of liabilities, isHow much does it cost

the insurance company to hedge this guarantee in the
capital market?

3. Static analysis

In this section we illustrate how to bifurcate the
product into a collection of strip-bonds (or a term-
certain annuity) and a Quanto Asian Put (QAP) option.
Note thatg = G/wp and by definition = 1/g (since
the product terminates or matures when all the funds
have been returned) and so we have that:

Wr = wo e(uiai(l/z)az)T‘HTBT max

1 /7 5
X l:o, <l — ?/ e_(ll-—ﬂl—(l/Z)G )s—o By ds):l '
0

)
The payoff of theDAP option is:
Option Payoff = Wr, (8)

since the holder of the variable annuity policy is guar-

anteed to receive any remaining funds in the account™ ™ T

at timeT = 1/g. Remember that the policyholder is
also entitled to the periodic income flow in addition to
the (possibly zero) maturity value of the account. Thus,
focusing on the future value of all cash-flows and pay-
ments, the maturity value of theriodic income is:
T wog , 1

wog/ dhdr = —=(¢" - 1) 9)

0 r
The (No Arbitrage) time-zero present value of the
GMWB cash-flow package is therefore:
e TEo[Wr] + 228(1—e'7), (10)

r

where Eg[-] denotes the expectation under tige
measure, under which the real-world dyifts replaced
by the risk-free rate. We refer the interested reader to
any standard textbook on derivative pricing to justify
this substitution of measures.

Finally, for the GMWB to be fairly priced we must
have, atinception, that the amount invested in the prod-
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uctwp, is equal to the value of the cash-flow package,
whereT =1/g
wo = €8 E[Wy/g] + %(l —e18), 1)

Eqg.(11)is a self financing condition for the GMWB
and is one of our main results. It states that for the
productto be fairly structured, the initial purchase price
must equal the cost of the term-certain annuity plus the
exotic option. For any givem,(o) pair we can locate the
(«, g) curve across which the product is fairly priced,
which implies equality in Eq(11).

The option component is effectively a Quanto Asian
Put (QAP) defined on an underlying security that is the
inverse of the account price process. To see this, define
a new (reciprocal) process:

Y, = S[—l — e—(r—a—(l/Z)az)t—ch,’

Yo=1 (12)

One can think oft; as the number of VA sub-account
units that 1 dollar can buy, similar to the number of
Euros or Yen than 1 dollar can purchase in the currency
market. The inverses; = Yt‘l, is the value of one VA
sub-account unit in dollars, similar to the price of one
Euro or Yen in USD.

Now let:

1

T
—/ Y, dt, Y = Y7, (13)
0
which is an average of the reciprocal account value.

The payoff from the QAP option at maturity is:
max[1— A, 0]

Y .
This representsug units of a Quanto (Fixed Strike)
Asian Put option. In sum, scaling everything by the
initial premium, a fairly priced productt inception
implies the relationship:

Option Payoff = wg (14)

max[1— A, 0]

e_r/gEQ |: Y

} +8(—efy =1
r

(15)

Given values of the other parameters, the fair insurance
feea can be obtained by solving this equation.

Our main qualitative insight is that under a static
perspective, this product can be decomposed into the
following items:
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1. aterm-certain annuity paying per annum for a
period of T = wo/G years, plus,

2. a Quanto Asian Put (QAP) on the above-
mentionedreciprocal variable annuity account.

For example, for an initial deposit afig = 100, a
guarantee withdrawal amount@Gf= 7 per annum, and
an interest rate of = 0.06, the time-zero cost of the
term-certain annuity component is.@3 dollars. The
remaining 32.85 would go towards purchasing the op-
tion, andx is determined so that this represents the fair
option value. One can think of a VA with a GMWB
as consisting of 67% term-certain annuity and 32%
Quanto Asian Put option. In contrast, at a (lower) inter-
estrate of = 0.05, the cost of the term-certain annuity
would be (a higher) 746 dollars, and only 28.54 would
go towards purchasing the required option.

Table 4 displays the required insurance fee that
would lead to an equality in Eqg11) or (15)un-
der a number of different volatility values. Note the
fixed-point nature of the problem. Once the volatility
o, interest rater and guarantee raté have been se-
lected, we must numerically search for a fee vals®
that we get equality in Eq15). We actually price the
(Quanto) Asian Put option using a numerical PDE tech-
nique which is described iAppendix A For example,
if the VA guarantees a 7% withdrawal and the pric-
ing volatility is 0 = 20%, the fair insurance fee would
be approximately = 73 basis points of assets per an-
num. Stated differently, a financial package which of-

fers a stream of $ 7-per-annum income (in continuous

time) plus a Quanto Asian Put that matures in exactly
T = 14.29 years is worth preciselyg = 100, when

Table 4
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the investment on which the option is struck is ‘leak-
ing’ a dividend yield of 73 basis points per annum. If
the guarantee is reducedgae= 4%, which implies the
product matures iff = 25 years, the fair insurance fee
is only 23 basis points. Likewise, if the guarantee is in-
creased t@ = 9%, which implies the product matures
in T = 11.11 years, the fair insurance fee is 117 basis
points. As we mentioned iSection 1 the most com-
mon GMWB guarantee (in mid-2004) being offered
on variable annuities ig = 7%, which (even) under a
conservatives = 15% volatility implies an insurance
fee of 40 basis points.

The identification of the GMWB as a term-certain
annuity plus a QAP is useful from several points of
view. First, though we use PDE techniques to value
it, this is not essential—there are a variety of other
well studied approaches to the valuation of Asian op-
tions and our identification opens these approaches up
for use in this case. For example, an alternative ap-
proach to (approximately) pricing Asian options is by
Dhaene et al. (2001yvhich could also be used in this
case. Second, there is an established market for Asian
options, which raises the possibility of hedging using
these products instead of via dynamic hedging. Finally,
there is a body of practical experience with the hedg-
ing of Asian options, which turns the QAP into a much
more familiar type of product than a GMWB first ap-
pears.

3.1. Impact of death and mortality

The inclusion of mortality—or death during the
T =1/g life of the product—will reduce the value

The impact of the GMWB rate and the volatility of the sub-account on the required fee

Guarantee rate, (%) Maturity (years)T = 1/g

Investment volatilityo

20% 30%

4 2500
5 2000
6 1667
7 1429
8 1250
9 1111
10 1000
15 667

23b.p. 60 b.p.
37b.p. 90 b.p.
54b.p. 123 b.p.
73b.p. 158 b.p.
94b.p. 194 b.p.
117b.p. 232 b.p.
140b.p. 271 b.p.
272b.p. 475 b.p.

Assumes a 5% pricing interest rate. The table displays the required insuranc®feedge the GMWB assuming everyone holds the product

to maturity (i.e. the static actuarial analysis). The maturity of the Quanto Asian Put (QAP) is the inverse of the guarantee withdrawal rate since

that is the time at which the original principal has been recovered.
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and hedging cost of the guarantee. Indeed, if we as-
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assuming policyholders are fully rational and lapse (i.e.

sume the guarantee will be terminated upon death of withdraw more or less from) the product when it works

the policyholder who is currently aged-and the ben-
eficiary of the VA only receives the market value at the
time of death—then the term-certain annuity should
be replaced with a term-life annuity that terminates at
T = wo/G. If we let the actuarial symbo] 4, ) denote
the probability an individual currently agedsurvives

for t more years, the time zero cost of the term-certain
component becomes:

cost of term-certain annuity
T T

= / G(pye"dt < / Ge " dt,
0 0

and thus, mortality will reduce the cost of providing
the guaranteed GMWB.

Thus, althougfTable 4provides a value (or passive
replicating cost) for the GMWB under the assumption

(16)

that everyone ‘behaves’ exactly as predicted, in reality
the insurance company can push the pricing to even

lower levels by assuming a fairly high (real world)
probability of death. This fact might explain the reason
why observed GMWB fees in practice appear lower
than dictated byrable 4 Of course, an alternative rea-

son for apparent underpricing is that the base insurance

fee on the VA product without the rider is enough to
subsidize the extra cost of the relatively more expen-
sive GMWB as well as the earlier-mentioned possibil-

ity that asset allocation constraints reduce the exposure.

All of this is predicated on thewatic approach that pol-
icyholders do not deviate from the = G dollars per
annum withdrawal. But, it might in fact make sense for
the policyholder to withdraw more or less than the min-

to their economic advantage. As we argued in the intro-
duction, the true ‘cost’ of the embedded guarantee lies
somewhere between thairic embedded option cost
and thedynamic hedging cost.

Itis important to note that once we include strategic
lapsation as an option for the policyholder, the contin-
gent deferred surrender charge (DSC) becomes an im-
portant factor in driving optimal behavior. Recall that
most variable annuities impose a penalty if the product
is lapsed or surrendered prior to maturity. This penalty
is calculated either as a fraction of the account value
at the time of surrender or the fraction of the original
premium, and can range from 10 to 0% depending on
the product, company, and the time that has elapsed
since the policy was acquired. In what follows we will
analyze products for which the DSC is imposed as a
percent of account value. And, while current practice
in the industry is such that the DSC goes exclusively
towards paying commissions and brokerage fees—and
is not used for risk management or hedging purposes—
this penalty does induce the policyholders to continue
holding the product and paying the ongoing asset-based
management fees, even though the embedded option is
far out-of-the-money. From a dynamic point of view,
we must work with a DSC curve or schedule in any
optimal stopping model that attempts to capture the
salient features of the product.

4.1. Borrowing the methodology of the American

put

We begin by presenting the American put option

imum, even if it reduces the base of the guarantee, if Pricing probleminaslightly different way, which leads

the account has performed sufficiently well, thus mak-
ing the original guarantee less valuable. It is not clear
a priori the conditions under which this would make

sense. This bring us to the next section which covers
the pricing of these guarantees in perfect and complete

financial markets where all counter-parties are fully ra-
tional and ‘option value’ maximizers.

4. Dynamic model and hedging

In this section we employmerican option pricing
techniques to obtain a dynamic model of the GMWB,

naturally to our methodology for the GMWB. In con-
trast to recent work byu (1998)r Carr (1998)or ex-
ample, on extending the theory and practice of Amer-
ican option pricing in a variety of directions, we go
back to basics and formulate the problem as a linear
complementarity problem—a.k.a. free boundary value
problem—Ieading to a partial differential inequality.
This approach is not novel within itself, see for exam-
ple Dempster and Hutton (1999Rather, we do this
short review to make clear the analogy between the
American Put and a GMWB.

Consider a contingent claim which depends on the
traded underlying security pricg. When exercised at
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time ¢, the claim pays off an amourfi(S;). Under the Equating the two expressions,
real-world measur@, the security price process obeys:
2¢2

= S

dS; = uS; dr + oS dB;. (17) v +rSiv, + 7o Vex — 10| Ry dt +[v — f(S)]dR,

. . 2

We can rewrite this as .

- = dM; — oS;vR; dB,. 24

dS[ = rS, dt + US[ dB[, (18) ! Tortx ! ( )

The RHS is a supermartingale in general, and a mar-

tingale under optimal exercise. Since the LHS is of

bounded variation, it must be 0 in general, ang= 0

under optimal exercise. That is,

whereB; = B; + 1(u — r)/o. Define a new probability
measure) by re-weighting the probabilities so that

is a Brownian motion und&®, which is the risk neutral
probability measure. It follows by dts formula that

e 'S, is a martingale undef. This implies that the o%x?
. . . . —— Uy — 1V <0, —-v<0
discounted value &’ Vt0 of any self-financing portfolio e S rEv o 2 twTIv= fovs
is a martingale as well. Equivalently (25)
0 0 _ . . . .
dv; =rV, dr +dM,, (19) with at least one expression holding with equality.
whereM, is aQ-martingale. This is a linear complementarity problem—a.k.a. free

In a complete market there is a perfect hedge for boundgryvalue problem—vx_/hose.solutiqn can be found
our contingent claim, which covers the option payoff numerically to give the option price. With this back-
at any exercise time, even the optimal time (the worst- 9round, we now return to the pricing of the GMWB.
case scenario). Lét; denote the value of this hedge at
timer. We will incorporate the cash flow resulting from ~ 4.2- Hedging the GMWB
exercising the option into the hedge, §ds no longer ] ]
self-financing. But a formula analogous (b9) will Let W; be the value of the variable annuity ac-
still hold. Write ; for the exercise time (which is not ~ count with a guaranteed minimum withdrawal benefit
necessarily assumed to agree with the optimal exercise(GMWB) rider. Associated with this extra guarantee
time 7). The cash flow from the hedge, if exercised at 1S the insurance fea% and the contingent deferred

the stopping timey is £(S;) dR,, where surrender charge (CDSC) o%. As in thestatic case,
these fees areimposed solely for hedging purposes. The
Lit<n, 5 GMWB allows up toG dr to be withdrawn in time d
t= 0,1>n. (20) so the CDSC applies only to withdrawals in excess of
G dt. The nominal withdrawal rat€ is set as being a
The hedge now satisfies fixed percentage, of the initial account valuey. The
dV, = rV,dr + dM, + £(S,) dR,. 1) terms of t_he GMWSB contract specify that as long as the
rate of withdrawals stays belo@, the account holder
With optimal exercise (i.e.n=71), M; will be may eventually accumulate withdrawals of an amount

a Q-martingale. In general—even with suboptimal 4, from the account, even if doing so would ordinarily
exercise—it will be a)-supermartingale. On the other  drive the account to zero. Initially the guarantee level
hand, the value of hedge should be a function of the equals the account valugy = xo (=Wo), but W; then

stock price, dropping to zero after exercise: fluctuates. Withdrawals decrease bath and A,. If
withdrawals ever occur at a rate higher th@nthen
Vi= ot SR (22) not only is the CDSC imposed, but a?fter the guarantee
Substituting into Id's formula gives: level and account value are debited by the withdrawal,
the guarantee level is reset to the smaller of its value
5252 and the account value. This reset provision acts as a
dV; = v + rSive + ?tvxx R;dt +vdR, disincentive to large withdrawals. As argued in the in-

3 troduction, these provisions are idealized versions of
+0S;v R, dB;. (23) those from several existing variable annuities. Other
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terms could be analyzed the same way, for example In principle this might give amx that depends on the
with a CDSC that varies with time or with provisions initial investment, but recalling thai is a linear func-

for resetting the withdrawal rat@. tion of wo, there is, in fact, a scale invariance in the
Mathematically, we use the same GBM model (as problem from which it can be shown that the same
in the static section) fow;: works for all levels ofwg.
o It turns out that the optimal withdrawal strategy
dW; = (r — )W, dr +- oW, dB; — y; dt (26) amounts to withdrawing at an arbitrary large rate when

W; lies above some valug(A;), and to withdraw at
the contracted rat& whenW, < L(A,). It should be
emphasized that thigtimal withdrawal strategy is not
necessarily optimal from the point of maximizing the

under theQ-measure, whild¥; > 0. Herey, models
continuous withdrawals from the account, which may
or may not equal the allowed amougit Similarly

dA; = —y;dt  providedy; < G = gxo, (27) investor's expected utility—rather it should be viewed
_ ) ) as the worst case scenario for the issuer (and hedger) of
but if y; > G dollars, thenA, jumps to min¢l,, W;). the policy. Again, the capital-markets cost s the price of

There are similar expressions in the case of luUmp- g|iminating all possibility of shortfall. If one is willing
sum withdrawalsAW; < 0, but for simplicity sake we 14 accept some positive shortfall probability or to make
will carry out the analysis in the continuous case only. odeling assumptions about sub-optimal withdrawal
In fact, the same optimum is obtained regardless of pepaviors, the hedging cost can be reduced.
whether lump sum withdrawals are permitted. We now derive the equations for As was the case

We wish to hedge this account. Writ&, = for the American option, we have two expressions for
v(A;, W;) for the value of the hedge. Insurance and V,, one from(28) and one from &’s lemma:
DSC fees are retained in the hedge, so

dv, = rv,dt +dM, — dr, 31
dV, = rV,dr +dM, — f(y,) dt, where (28) r=r 1= ) (31)

V43 |f0 S Vt < G,
) = _ Y (29) B 1
G + (1 K)()/t G) if Ve > G. dU(A[, Wt) = V4 dA[ + Vw dW[ + Vpw d(W)[

2
Here M, is a supermartingale, and a martingale under = — vy dt + (r — @) Wyvy, dt
the optimal choice foy,. . o2W2
An analysis similar to that of the American option + v W, dB; — vy y; di+——L v,y df,
lets us solve numerically for the hedging coét, w)
by solving a free boundary value problem numerically. (32)

In contrast to the classical American put, there is no
longer an initial fee on which to base the hedge—the
initial value of the hedge is constrained to equal the
initial account value, so the hedge must be financed
through the insurance fee and DSC. In fact, our real 2

roblem is to determine, for a given valuef the DSC, ~
\F/)vhat thex is that allows the gu?arantee tobe hedged. In /(") = vivw = yiva]dr = dM; — vyoX, dB;,
mathematical terms, we carry out an iterative solution (33)
and locate gixed point in terms ofe. This is the same
approach taken bBoyle (2005)as well. That is, for a where the RHS is a supermartingale, and a martingale
givena we first solve the free boundary value problem under the optimal choice of. Thus as before,
to give an initial hedging cost,(wo, wo). We then
adjusta, resolve the PDE, readjust etc., to converge 1,,
on the value ot that makes (r — Quvy + 29 W lww =1V

while W, > 0. Equating gives

o? W,2

(r — )Wy + Vyw — Fv| df

ve(wo, wo) = wo. (30) + [f(¥) = yvw — yva) <0 for everyy, (34)
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with equality for some. Becausgis piecewise-linear,  Table5

this reduces to three critical cases, namely 0,y = Static vs. dynamic
G, andy = oco. We arrive at the free boundary value \Volatility, o (%) Static,o* Dynamic,a* (DSC = 1%)
problem 15 40 b.p. 97 b.p.
s 18 59 b.p. 136 b.p.
w 20 73 b.p. 160 b.p.
- I —rv <
(r — cwovy + 5 Yww TIVZ 0, (35) 25 113 b.p. 320 b.p.
30 158 b.p. 565 b.p.
2 2 Assumes a 7% guaranteed withdrawal rate and 5% (pricing) interest
(r — a)wvy + ——vyw — v+ G[1 — vy — vg] rate. The expecteddmeasure) value of the account at maturity
2 is 58.29% of the initial investment. The discounted expected (i.e.
<0 (36) option) value is 28.53% of the initial investment. Under the static

actuarial case, 28.53% of premium is used to purchase the Quanto
Asian Put, while the remaining 71.47% should go towards buying a
(1—K)— vy —v, <0, (37) term-certain annuity paying $ 7-per-$ 100 for a period of 14.28 years.

ith lity | | . icul The purpose of this comparison is to note the higher required fees
with equality in at least one case. Note in particular e assume the individual will lapse the product if the option is

that the guarantee level plays the same role in the  ng longer worth paying for (dynamic) vs. if the investor holds the
second equation as timdid in the American putoption  product to maturity (static).
problem. The numerical techniques used to solve the

two problems are virtually identical. is lapsed or surrendered by imposing the 1% penalty.
The dynamic hedging strategy (i.e. delta-hedge) can In practice, if the risk management division within the
be read off from(32), namely that one holds,, units insurance company cannot ‘use’ or gain access to the

of W;, with the balance — v,,W, placed in a money- 1% fee, the required insurance fee would need to be
market account or bond. Of course, what one really even higher.

wants is a hedge interms of the traded sec\fitather

thanW,. This can also be obtained, and can be shown

to consist ofv,, W;/S; units of the securitys;, with the 5. Conclusion

balance in the bond. In other words, ong/sholdings

have the same valug, W; as theW, holdings had in In this paper we develop two approaches for analyz-
the delta-hedge. The values @f may be computed ing a novel type of derivative security that has become
numerically. quite popular in North America—called a Guaranteed
Minimum Withdrawal Benefit (GMWB)—which is an
4.3. Numerical comparison of static versus insurance rider offered on Variable Annuity (VA) poli-
dynamic cies. VA policies are a close cousin to mutual funds, but

offer additional performance-based guarantees. First,
Table 5provides some comparisons between the we take astatic approach that assumes individual in-
static and dynamic valuation assuming the contingent vestors behave passively in utilizing the embedded
deferred surrender charge/ot= 1%. guarantee. In this case, we show how the product can
For example, under g = 7% withdrawal rate and  be bifurcated into a type of Quanto Asian Put (QAP)
a pricing volatility ofo = 20%, the numerical solution  plus a generic term-certain annuity. At the other ex-
to the system of PDEs in Eq€35){37) leads to an treme we assume that investors are fully rational and
insurance fee of 160 basis points of assets per annum.seek to maximize the embedded option value by laps-
This can be compared to the 73 basis points requireding (a.k.a. surrendering or terminating) the product at
under the static actuarial case. When volatility is in- the optimal time, i.e. once the expected present value
creased ta = 30%, the required insurance fee jumps of fees exceed the present value of benefits. We label
to 565 basis points of assets. We remind the readerthis thedynamic approach, which leads to an optimal
that these numbers are derived under the assumptionstopping problem akin to pricing an American put op-
that« = 1% and that the insurance company can re- tion, albeit complicated by the non-traditional payment
cover a portion of the hedging cost when the product structure.
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Our main contribution lies in (i) bifurcating the

We conclude by offering a number of justifications

product into its respective (simpler) derivative com- asto why insurance companies (in mid-2004) might be
ponents, (i) managing the non-traditional payment pricingthe GMWB rider atlower than whatwe perceive
scheme, which is basis-points-of-assets versus up-frontto be the faircapital markets cost:

payments, (iii) introducing the distinction between two

extreme valuation approaches, and (iv) discussing the 1. The insurance company assumes a high level of

optimal policy in this case. The less ‘rational’ the in-
surance company believes its retail market is, the less
they have to charge for the guarantee. This is quite dif-
ferent from pricing an American option freely traded in
the open market, where the seller of protection cannot
afford the luxury of assuming less than full rationality
on the part of the buyer. In fact, the VA market in the
U.S.—which is a $1 trillion dollar industry—has not
had anywhere near the intense level of financial eco-
nomic analysis and scrutiny compared to the mutual
fund industry. Yet, this market provides a robust lab-
oratory for testing theories of incomplete markets and
frictions.

On a practical side, our numerical results indicate
that the current practice (as of mid-2004) of charg-
ing between 30 and 50 basis points of assets on an
ongoing basis for a typical 7% GMWB is not suffi-
cient to cover the capital market hedging (No Arbi-
trage) cost of the guarantee, assuming a 20% volatility.
This is regardless of whether we take a static actuarial
or dynamic financial approach to the problem. In fact,
given the long-dated nature of the embedded options,
it is quite likely that thepricing (implied) volatility
would be even higher, if the company chose to use
the capital markets to offset its risk. It is therefore
not surprising to see insurance companies impose re-
strictions on asset allocations to reduce the effective
portfolio volatility and hence the cost of the embedded
option.

And, although we used the ‘old technology’ of GBM
assumptions, we believe that more sophisticated mod-

irrational lapsation and possible mortality that
would somehow further reduce the required fee,
as we described in Secti@nl Intheory of course,
astute (young and healthy) buyers could purchase
the VA with a GMWB and guarantee a $ 7 payout,
thus arbitraging the insurance company.

. The GMWB rider/feature is being subsidized by
the basic insurance fee. This is consistent with the
over-pricing of standard features in VA policies.
Thus, a 50 basis point fee for the rider together
with a baseline 120 basis point fee might add-up
to 170 basis points, which is enough to cover the
risk.

. The company uses a reserving methodology to
manage the risk that differs from the capital market
perspective. In other words, they do not hedge the
risk using financial derivatives, but simply com-
pute a premium based on a real-world probability
of loss, as per our discussion is SectdA. In
the insurance (actuary) company mind, the finan-
cial risk is much lower since they are not con-
cerned with hedging payouts in every state of
nature.

. Finally, as we mentioned in a number of places
during the development of our model, portfo-
lio and asset allocation restrictions that some
companies have begun to impose might serve
to reduce the hedging cost of the embedded
guarantee.

Of course, neither of the first three explanations will

els of volatility and interest will only serve to increase protect the company in the event a secondary market
the value of the embedded put option (and of course, develops for these products and consumer rationality

complicate the problem of solving PDEs as well).

increases to the point where they exercise their options

This under-pricing result stands in contrast to work  at the optimal time. In sum, future research will con-

by Milevsky and Posner (2004yand widely cited in
the Wall Street Journal in Clements (20043-in which

they show that the standard return-of-premium rider ° In fact, a company by the name Gbvenrry First has recently
available on variable annuity policies is worth less than Started advertising aservice by which they *rescue” VAs whose own-
5 basis points of assets. Clearlv. then. these rider areers want to lapse or surrgnder the pollcy—_whlch only entitles them
. p > ’ Ys ! . “to market value—by paying them a fraction of the embedded op-
quite heterogenous in value and so-called death benefitSjon value. CF then holds these products to maturity, gaining any

must be distinguished from living benefits. intermediate cash flows, and thus arbitrage the insurance company.



M.A. Milevsky, T.S. Salisbury / Insurance: Mathematics and Economics 38 (2006) 21-38

37

tinue to examine an appropriate and realistic hedging ential equation which we can numerically solve by a

strategy for GMWBs—and other more recent innova-
tions on the economic border of life insurance and fi-

nancial markets—in the presence of the usual collec-

tion of market imperfections.
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Appendix A. Technical appendix

A.l. Pricing the quanto and computing the ruin
probability

Our model requires a quick and robust method of
computing two important quantities for which there
are no analytic expressions. They are:

A(w, 1) = E[W;|W; > 0, Wo = w],

P(w, t) := Pr[W, < 0|Wg = w], (A.1)
when W, obeys the following stochastic differential
equation (SDE):

th = (MW; — 1) o + O’Wt dBt, WO =w, (A2)
whereu, o are the drift and diffusion coefficients and
B; is the Brownian motion driving the process. We
now provide a high-level sketch of the algorithm. More
details are available iRluang et al. (2004)To start,
P(w, 1) in Eqg. (A.1) satisfies the Kolmogorov back-
ward equation

1
P+ (uw — 1)Py, + Z6%w?Pyy, =0

A.3
5 (A3)
with a terminal condition

P(wr,T)=1—- H(wr — y), (A.4)

where H(w) is the Heaviside function anay is the
wealth atT. This is a second order linear partial differ-

#-method that can be written as follows:

P(n+1) . P(n)
. 5 I+ (pw; — 1)
(n+1) (n+1) (n) (n)
pl+d) _ plrt P _ pt)
x (6~ 1 1+a—®-’“1>
w Sw
2 Sw?
(n) (n) (n)
P 4 p _ 2p!
+(1-6) - 5; ! >=o, (A.5)

where P}") is a grid function which approximates
P(w, t) on the grid pointsi ;, #,,). A uniform grid with
equal spacingr andsx is used in our algorithm. The pa-
rametep can be arbitrarily selected, butwhee= 1/2,

it corresponds to the well-known second order Crank—
Nickolson scheme. An upwind scheme is used for the
first order derivativeP,,, where the variablg* is either
jor j+ 1, depending on the sign of the coefficient.
For any implicit method where & 6 < 1, numerical
boundary conditions must be provided on the compu-
tational boundarieg = 0 andJ. This can be derived
as:

Pg=1 j=0 and P;=0, j=1J (A.6)
The caseg = 0 andJ correspond to thevg = 0 and

wy = W which are the boundaries of the truncated
computation domain for calculating the probability

is less than some value affiaed time. Likewise, for
calculating the probability; is less than some value
at any time, we usej = 0 andJ with respect to the
wo = y andw; = W. These are the boundaries of the
truncated computation domain. The terminal condition
is:

PY =1—Hw;—y). (A7)
With these boundary conditions and the terminal condi-
tions the discrete equations can be solved by matching
from timez, to t,1, starting fromn = 0. At 7,11, the
equations foer("H) can be arranged from E@A.5).

In this space, we can solve for all the probabilities by
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iteration. For the expected value, whichAgw, ) in Dhaene, J.M., Denuit, M., Goovaerts, R., Kaas, D., Vyncke, 2001.

Eq. (A_]_), we can app|y the same method. The concept of comonotonicity in actuarial science and finance:
applications. Insurance: Mathematics and Economics 31 (2),
133-161.
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