ON THE FORMATION OF GLASS MICROELECTRODES

HUAXIONG HUANG*, JONATHAN J. WYLIET, ROBERT M. MIURA#, AND PETER D.
HOWELLS$

Abstract. Glass microelectrodes are used widely in experimental studies of the electrophysiology
of biological cells and their membranes. However, the pulling of these electrodes remains an art,
based on trial-and-error. Following Huang et al. (2003), we derive a one-dimensional model for the
stretching of a hollow glass tube that is being radiatively heated. Our framework allows us to consider
two commonly used puller designs, that is, horizontal (constant force) and vertical (variable force)
pullers. We derive explicit solutions and use these solutions to identify the principal factors that
control the final shape of the microelectrodes. The design implications for pullers also are discussed.
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1. Introduction. Glass microelectrodes have played an essential role in cell
electrophysiology for decades and will continue to be an important tool in the future.
These micropipettes are used to measure membrane potentials and inject electric cur-
rent and dyes into cells. This is done by inserting the electrode tips through cellular
membranes or by ‘patching’ the electrode tip to the membrane. The data collected
by these techniques provide crucial information about the electrical properties of the
membrane, e.g., the voltage-gated and receptor-gated ion channels, under various
conditions, including during drug applications. Laboratories generally produce these
microelectrodes on a daily basis using commercially available glass tubes and mechan-
ical microelectrode pullers. For more descriptions of the medical applications of these
electrodes, we refer interested readers to [14], [13], and references therein.

Electrode pullers vary in design, but all have the same basic features. They
start with a uniform glass tube and heat a small section using a radiative heating
element. As the glass is heated, a pulling force is applied along the axis of the
tube. When the glass temperature becomes sufficiently high, its viscosity decreases
dramatically and the glass tube stretches rapidly. The tube then becomes extremely
thin, ultimately breaks, and each half of the tube can be used as an electrode. Pullers
are designed to achieve this result in different ways. For example, the pulling force
may be achieved using electromagnets or by simply attaching a weight to one end of
the tube. Electrodes may be formed in a single pull, or the glass can be stretched,
allowed to cool, and subjected to a second pull that then breaks the tube. Designs
for three possible pullers are shown in Figure 1.1.

Glass microelectrodes can be characterized by four experimentally relevant pa-
rameters. These are the tip length, the tip diameter, the electrode resistance, and
the electrode capacitance. Tip length is significant because it determines the phys-
ical strength of the electrode and the ease with which it can penetrate tissue and
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F1G. 1.1. Three possible pullers. a) Horizontal puller with free-moving ends and equal forces. b)
Horizontal puller with one fized end and a single force. c¢) Vertical puller with mass under gravity.

cells. A short steeply tapered tip is robust but does not penetrate tissue easily. The
converse is true of long gently tapered tips. The tip shape also affects its electrical
resistance and capacitance. More information on the relevance of the tip shape to
physical parameters can be found in [7] and [17].

During the actual manufacturing process, the exact relationship between the vari-
ables (heater geometry, rate of pulling the glass tube, length of first pull (for a patch
electrode), rate of the second pull, etc.) and electrode properties is usually deter-
mined empirically by trial-and-error. Although some work has been done towards
understanding how the final electrode shape is influenced by the heater geometry and
width ([7]), in general the process is not well determined. In a previous paper, [10],
we developed a basic mathematical model for the formation process of these glass mi-
croelectrodes and, through computer simulations, showed that the model was capable
of predicting, relatively closely, the breakup process observed in the laboratory.

The results in [10] illustrate several features that are fundamental in understand-
ing the pulling process. Firstly, the glass tube initially stretches very little due to
the large value of the viscosity at room temperature. As the portion of the tube
that is being heated by the heating element increases in temperature, the viscosity
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of the glass tube decreases dramatically and the extension and breakup of the glass
tube occur very rapidly. During this time, the temperature of the glass tube locally
remains approximately constant, i.e., the effects of thermal diffusion and radiation
are negligible.

In this paper, we derive a simplified model that captures the principal physics
underlying the electrode formation. Using a dimensional analysis argument, we show
that the conductive heat transfer is small compared to the radiative and convective
heat transfer, and therefore, conduction can be neglected in the temperature equation.
We develop a general method to solve the model equations, and in some special cases,
compute explicit solutions to the time-dependent equations. We carefully investigate
the effects of the parameters on the final shape of the microelectrodes. Our results
are relevant to existing pullers and have important implications for the future design
of devices to fabricate microelectrodes.

There are certain similarities between the pulling of the glass microelectrodes and
the drawing of optical and polymer fibers, which have been studied extensively in the
literature [5, 6, 3, 2]. For example, the governing equations for the extension of the
tube or fiber can be obtained by taking the long wave limit of the Navier-Stokes equa-
tion for incompressible fluids. However, most of the fiber drawing literature focuses
on the steady state solution and its stability (drawing resonance) under isothermal
conditions, cf. [5, 6, 2] and references therein. Non-isothermal cases also have been
considered [9, 8, 20], but the focus is on the effect of the temperature variation on
the drawing resonance. On the other hand, in the case of making glass microelec-
trodes, the problem is inherently transient. Another distinctive feature in the elec-
trode pulling case is that the puller normally imposes a constant or variable force,
instead of a fixed drawing speed.

Finally, the pulling of microelectrodes also has similar characteristics to exten-
sional flow and break-off of viscous drops, which has been studied extensively, cf. [18]
and references therein. However, these studies generally assume that the viscosity
of the fluid remains constant, whereas in electrode production temperature-induced
viscosity variations are critical.

The rest of the paper is organized as follows. In Section 2, we state the basic
assumptions and give the model equations. Details of the control-volume approach
used in this derivation are similar to those used in [10] and [5] and, therefore, will be
omitted. However, some issues, which have not previously been considered, such as
the effects of surface tension on the inner and outer radii during stretching will be
carefully addressed on the basis of dimensional analysis. A general methodology for
solving the model equations based on the method of characteristics is given.

In Section 3, we obtain analytical solutions for a horizontal puller with fixed
pulling force and uniform heating. For more general cases, approximate solutions are
obtained using a simple numerical method. The role of parameter values is thoroughly
investigated, and a particularly appealing and simple approximate theory is developed
to predict the radius of the tip at breaking. The consequences for puller design and
other applications are discussed in Section 4.

2. Model for Glass Microelectrode Formation. The basic equations used
in this paper to describe the stretching of the glass tube are similar to those derived
in [10] for heated tubes and in [5] for isothermal tubes. In this section, we address
the assumptions made in [10] and show that the flow equations reduce to those given
in [10] when surface tension is negligible, and can be further simplified using dimen-
sional analysis. We also will show that the simplified model leads to a Lagrangian
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formulation, which can be used to compute the solution much more efficiently than
the method used in [10] .

2.1. Model formulation. We let p be the density of the glass and assume that
variations in the density with temperature are negligible. We assume the tube is
axisymmetric with length ¢ and inner and outer radii, r and R, respectively. In the
one-dimensional approximation, the velocity of the glass along the axis of the tube,
which we denote by wu, is independent of the radial position. When the pressure inside
and outside the tube are equal, the momentum, mass, and energy conservation laws
lead to the following equations:

(2.1)  p(R* —1?) (% + u% — g) = (% (3N(R2 — 7‘2)% +v(R+ T)) ,

ot Ox
(2.2) 8a—lf+u%}i2+R2%——%,
(2.3) aa—f+u%—i +r2%=—%,
(2.4) PCp <% + u%) = Egr

where ¢ is the gravitational constant, «y is the surface tension coefficient, ¢ is the time,
x is the coordinate measured along the axis of the cylinder, p is the viscosity of the
glass, 6 is the temperature, ¢, and k are the specific heat and thermal conductivity
of the glass, respectively, and Egr represents the transport of thermal energy to the
glass tube by radiation. This thermal radiation term is given by

™ EpQ
B = 2oy oy [P ey =)
(2.5) + B, v (08— 0%)

1—(1—-a)(1—-ep)

where s = m(R?—7?) is the cross-sectional area, 3 = 7/ R is the ratio of the radii, kp is
the Boltzmann constant, « is the absorptivity of the glass to radiative thermal energy,
en, and €, are the emissivities of the heater and background, respectively, and 8, (z, t)
and 0y (x,t) are the temperatures of the heater and the background, respectively. The
quantities Ep, and Ej are geometric factors between the heater and the glass tube and
between the background and the glass tube, respectively. These geometric factors
can be derived by integrating over the surface of the heater (and surrounding body)
visible to the element of the glass tube. The details can be found in [10]. The heating
is usually applied to a highly localized region of the tube of length ¢5 > Ry.

These equations are valid if the glass tube is long and thin with a small radii
to length aspect ratio, as shown in Table 2.1. In addition, they also require that
the viscosity variation in the radial direction is small compared to that in the axial
direction, which is justified since the viscosity is temperature dependent and the radial
variation of temperature is small, compared to that in the axial direction, as shown
in Appendix A. The derivation of equations (2.1)-(2.3) can be found in [5].

The above equations are subject to the following initial and boundary conditions.
Initially, we assume that the glass tube has a uniform temperature 6y, length £, inner
and outer radii 79 and Ry. The tube is being pulled at one end with force F'(t), i.e.,

(2.6) 3ur(R? — T2)% +m(R+71) = F(t)
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at « = ¢(t), which is a moving boundary with speed

sl
2.7 -
(2.7) o =Y

where v = u(f,t) is the velocity of the glass at * = ¢. For symmetric pulling, we
apply the condition of symmetry at x = 0. For asymmetric pulling with a fixed end,

we simply have
(2.8) u=0

at z = 0.

For pulling of glass electrodes, we also apply a terminal condition. If the pulling
process is successful, the glass tube breaks in the location where the stress exceeds
the ‘breaking stress’. The breaking stress is a material-dependent parameter that
also depends on the temperature. For example, for the glass used in this study, the
breaking stress, Sy, is given by the empirical formula [16]

B
Vo

where B is an empirically determined constant.! The glass tube breaks when the
stress in the tube is greater than S,. We note that this empirical law indicates that
it becomes easier to break this type of glass as the temperature increases.

The difference between horizontal and vertical pullers only appears in the bound-
ary conditions. For vertical pullers, one end of the tube is attached to a fixed location
while a weight is attached to the other end. In this case, as the tube stretches, the
weight accelerates, and so the force experienced by the end of the tube is decreased.
We denote the weight by Fy, gravity by g, the distance along the tube from the fixed
end by z, and the location of the end attached to the weight by x = £(¢). We obtain
an expression for the force applied to the free end of the tube, F(t), given by

(2.9) Sy =

Fy d?¢
2.1 Fit)=F— ——.
(2.10) 0=F--20;

For horizontal pullers, the situation is simpler, and the force applied to the ends of
the tube is simply F(t), a specified function of time.

IThe concept of breaking stress used in this paper is the same as the strength of glass, explored
by Coenen [1]. From observations of the processes in a glass melt during the formation of cavities
and of new surfaces, the following formula was given

o~ 27 x 10%4/~3/0

in [16], page 272. Here o is the applied stress (in N/m?), « is the surface tension coefficient (in N/m),
and 6 is the temperature measured in K. The weakening of the glass melt strength is partially caused
by the decrease of elastic modulus when the temperature increases. The dominant factor, however,
is due to the surface damage that occurs upon heating, which leads to spontaneous fracture. This
mechanism is different from the pinch off of viscous jets where surface tension is the dominant factor
and normally the inner radius collapses. On the other hand, the functional glass microelectrodes
produced by the pullers have open annuli at the tips formed by breaking.

By neglecting the temperature dependence of the surface tension coefficient [16] and using
~v = 0.33 N/m for a soda-lime glass melt at 800° C, we arrive at the equation (2.9) with B given in
Table 2.1.
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TABLE 2.1
List of the physical parameters relating to the glass tube.

) Cp k kp En | ey | «@
gem ™ | Erg K 'g™ ! | Ergem™ ' s ' K™' | Ergem 257! K™
2.23 7.538 x 10° 1.130 x 10° 5.67 x 10~° 1 (1104
4y Ry 7o 1o 0, B ¥
cm cm cm gem ' s7! | K | dyn em™3 K2 | gs72
7.56 | 8.66 x 1072 | 4.33 x 1072 10° 50 5 x 1010 300
TABLE 2.2

List of the geometrical parameters relating to the puller.

éh Fo 90 - 9b 9h
cm | g cm s? K K
0.3 ] 2x10° 300 1000

Equations (2.2) and (2.3) can be combined to give an equation for the cross-
sectional area, s, which is essentially the equation of mass conservation,

Os Os ou

The equations (2.2) and (2.3) also imply that the ratio of the radii, 8 = r/R, satisfies

op  9p (1 +5)
(2.12) 5 +u8:1: = SR
In the rest of the paper, we will use (2.11) and (2.12) instead of (2.2) and (2.3).

In a certain range of glass temperatures, the viscosity varies rapidly, and this
plays a fundamental role in controlling the dynamics. Empirical data for soda-lime
[15] shows that for temperatures below 900K, which generally will be the case for
electrode formation, the viscosity has an exponential dependence on temperature
given by

(2.13) w(0) = poexp [—M]

Oa

where g is the viscosity at the ambient temperature, 6y, and 6, is the ‘activation
temperature change’ required to change the viscosity by a factor of e ™.

The parameters for the glass tube and heater are given in Tables 1 and 2, respec-
tively. The other parameter that is relevant to the puller is the maximum length that
the glass can be extended. This is generally constrained by the physical size of the
device. If the device does not allow the tube to be extended sufficiently, then the tube
may not break, and so no electrode will be formed. In later sections, we will carefully
examine how the required amount of extension is related to the other parameters.

In the following sections, we will consider the most complicated case of the vertical
puller where the force on the glass tube is due to a weight that is accelerating under
the influence of gravity. The other cases of specified time-dependent forces are simpler,
and we will explain how to treat these cases in Section 2.5.
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2.2. Dimensional analysis. For the vertical puller, we nondimensionalize the
variables using the following scales:

lo F 3
u=—0y s=s05, x=14la, t= uosot’, F = FyF',
3poso Fy
(2.14) R=RoR,{=10ul', 0=00+0,0", and u(0) = pop' (6')

where the dimensionless variables are labelled with primes. Here ¢y, sg, Rg, and r¢
are the initial length, cross-sectional area, and the outer and inner radii of the glass
tube. Note that we have used
bolp
Uy =
31080

as the velocity scale, by balancing the pulling weight Fj with the viscous force in the
glass tube using the elongation viscosity. After substitution and dropping primes, the
momentum equation, (2.1), mass conservation equation (2.11), equation for the radii
ratio (2.12) and heat equation (2.4), become

ou ou 1 10 ou
(2.15) Re <§ +uz- = E) =<7 <,us% + AR(1+ 5)) :
ds ds ou
B o _ 3. o, (1+5)
(2.17) o Fuz— =5 (1= G R

H(,CC,G) 1_63
(2.18) o +ub, = H—177 ‘/1—62'

(The derivation of (2.18 is given in Appendix A.) The dimensionless boundary condi-
tions for the vertical puller are

(2.19) u=0 at =0
and
ou d*¢ e
2.2 au 1 —1-rf 4= — /.
(2.20) S5 + AR(1 + 5) = T g at v =1

The initial conditions are
(2.21) u=0, s=1, 6=0, £{=1 at t=0.

The terminal condition is the nondimensional breaking criterion

(2.22) max us% +AR(1+8)— ——, =0
X

0<z<t

where
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The dimensionless parameters

_ phl r _u A=
ugso’ gly’ Fy

7T’7R0

Re

are the ratio of inertia to viscous forces, the inertia to the gravity forces, and surface
tension forces to the external pulling force, respectively. Gy = ro/Rp is the initial
value of 3 and

H— 6[1,0\/%k36ha9ﬁﬁ
pepbalor/ (1= B[ = (1 = a)(1 - en)]

is the dimensionless heater strength, and

H(z.0) = By(x) [ 1 (90 + 99a)4 el = (1= a)(1 = &)l Eo(2)(0; = (60 + 0a0)")
9h €h[1 — (1 — a)(l — Eb)]eﬁ

(2.23)

is the dimensionless radiation distribution. In the case when heater temperature is
much higher than that of the glass and the background, then H(z,6) can be ap-
proximated by a given function of x. The dimensionless heater strength, H, can be
thought of as the heat absorbed by a thread being pulled with constant force Fy as
it passes through the heater divided by the heat required to significantly change the
viscosity. Small values of H imply that the viscosity remains almost constant, and
so the solution will be similar to the isothermal case. Large values of H imply that
significant viscosity gradients will occur in the thread. The dimensionless radiation
distribution is the normalized radiative heat flux.

We now can further simplify the governing equations based on the parameter
estimates at two of the most relevant stages: the beginning of the pulling and when
the glass tube breaks. Initially, the tube is cold and the viscosity is large, whereas near
breaking, the tube will have absorbed a significant amount of heat and the viscosity
can be reduced by several orders of magnitude. As a consequence, dimensionless
variables describing the flow can vary dramatically. Therefore, we need to consider
the relative sizes of inertia, gravity, surface tension, viscous and pulling forces at both
stages.

Using the typical parameters in Tables 1 and 2, we see that dimensionless param-
eters

Ax~4x107%, Re~1.6x107'° and Re/F, ~ 1073

are small, and therefore, initially surface tension, inertial, and gravitational forces
can be ignored. Typically, H = O(200); therefore, initially the heating of the tube
dominates the advective term, and the tube temperature increases with very little mo-
tion. However, when the tube is heated, the viscosity decreases dramatically, the tube
stretches quickly, and the tube diameter decreases rapidly. These large changes mean
that the above dimensionless parameters may not adequately characterize the sizes of
the surface tension, inertial and gravitational forces when the tube is close to break-
ing. We therefore must also compare the inertial, surface tension, and gravitational
forces with the size of the imposed force near breaking.

Assuming that the stress in the tube can be approximated by the pulling force
divided by the cross-sectional area, the dimensionless breaking criterion for the vertical
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puller is given by

2
(2.24) 1 (1 — Frd—f> = L.
S dt 9+2_2

We first must obtain order of magnitude estimates for the diameter at which the
tube breaks, the highest temperature that the tube reaches and the viscosity of the
tube near breaking. The tube starts to stretch significantly when the advection and
radiative heating terms are of the same order of magnitude. This means that the
viscosity must drop by a factor of order H = 200. Hence, the viscosity near breaking p
will be of order 1/200 and the dimensionless temperature must rise by approximately
6 (which corresponds to a dimensional temperature change of approximately 300K).
Knowing the temperature, 6, and using the breaking stress formula (2.24), we can
obtain an order of magnitude estimate for the dimensionless cross-sectional area at
which breaking occurs, s, yielding s, = 1072 (which corresponds to a dimensional
cross-sectional area of oder 10~% cm?).

We are now in a position to estimate the dimensionless ratios near the breaking
time. Using (2.15) and (2.20), we see that the characteristic sizes of the surface
tension, inertial and gravitational terms compared to the imposed force are given by

s2X=0(107%), ——Re=0(10"%) and sb% — 0(1079),

HySb r

respectively. Therefore, we can conclude that surface tension, inertia, and gravity can
be neglected during the entire pulling process. The acceleration term, F,. d2(/dt?, is
negligible initially because it is O(10~7), but near the breaking time, this term may be
O(1), and so we must retain this term. Similarly, the ratio of the initial stress to the
breaking stress, Cj, is O(102) indicating that the tube is initially far from breaking,
but eventually the tube will become sufficiently thin that the stress will approach the
breaking stress.

We note that the above discussion only considers the case of successful pulling of
microelectrodes, i.e., the breaking criterion is met during the extension of the glass
tube. In practice, this is not always the case, and it is possible that the glass continues
to extend without breaking. When this occurs, the glass may become very heavily
extended and the acceleration term F,. d2//dt?> may approach unity. In this case, the
inertia, surface tension, and the gravity may become important. Even though this
is an interesting problem, it is not really relevant to successful production of glass
microelectrodes and will not be pursued in this paper.

2.3. Eulerian formulation. If the surface tension terms are neglected in (2.17),
we immediately see that ( is conserved following material elements. We will make
the natural assumption that the initial radii, rg and Ry, of the tube are uniform, and
therefore, B will be a constant throughout the pulling process.

As a result of neglecting inertia, surface tension, and gravity, equation (2.15)
becomes

(2.25) (u(0)su,), = 0.
Since 3 is constant, the heat equation (2.18) reduces to

H(z,0)

(2.26) b, 4+ ubs = H—73
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Equations (2.25) and (2.26), combined with the mass equation
(2.27) St +usy + su, =0,
form a closed system. The glass tube does not break as long as the inequality

1 420 C
(2.28) - (1 — Frd—z) <«
s t 0 + 5

is valid for all z. If this criterion is violated, then the tube will break and the stretching
process is terminated.

For vertical pullers, a mass is attached to one end of the glass tube. Thus, the
pulling force F(t) is determined by Newton’s second law, in nondimensional form as

d?¢
2.29 Ft)=1-F.—.
(2.29) 0 »
The boundary condition is
(2.30) p(O)sus, = F().

For horizontal pullers, the pulling force F(t) is externally prescribed. For a con-
stant force puller, this is equivalent to setting F, = 0 in (2.29).
The momentum equation (2.25) can be integrated as

d?¢

(2.31) p(@)su, =1— FTF.

Dividing this equation by su(f) and integrating from x = 0 to £ gives an expression
for the velocity of the free end, denoted by v,

de dv ‘ dn
ew)  wo=wen=5=(-rF) [ Gt

This can be rewritten as a differential equation for v,

do (o dp B
(2.33) By =1 (/0 s(n,t)u(9(77,t))> '

Using (2.31) and (2.33), the mass equation (2.27) can be reduced to

N N B
(2.34) St use = (/0 s(n,t)u(e(n,t))> '

Finally, the temperature equation is unchanged as

H(z,0)

(2.35) 0+ uby = H—

Equations (2.33)-(2.35) can be solved subject to the initial conditions

(2.36) s=1,0=0¢=1,u=0,v=0 at t=0.
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2.4. Lagrangian formulation. As shown in [19, 11, 18], the system of equa-
tions becomes significantly simpler if expressed in Lagrangian coordinates (£, 7). The
relationship between the Lagrangian and Eulerian coordinates is given by x = X (£, 1)
and t = 7, and

(2.37) Ty = W =u

When there is no ambiguity, we will use x as both Eulerian coordinate and the La-
grangian variable X, which is the spatial coordinate of a material point which was at
the location x = £ at the initial time 7 = 0.

For a function f(z,t) defined using Eulerian coordinates, its Lagrangian deriva-
tives are

(2.38) fr=fi+ farr = fr +ufa,  fe = fare.

It follows immediately that

(2.39) uy = & — L€

Te @
Using (2.38) and (2.39), the conservation of mass equation (2.16) can be rewritten as

Sr s =0 — (sze)r = 0.

Te
Integrating and applying the initial conditions, s(£,0) =1 and x(&,0) = &, gives
(2.40) Te = l
s
Writing u(6) = e~? and using Lagrangian coordinates, equations (2.33)—(2.35) become

-1

(2.41) Ervp(7) = 1—0(7) </01 8(77,7)269("’7)0177) :

—1

1
(242) s7(6,7) = —v(r)e" &7 (/ S(nﬁ)_2ee("’”dn) :

0

and

H{(x(E,7),0(6,7))
sV

2.5. Horizontal puller with a specified time-dependent force . For the
horizontal puller, we need only specify the time-dependent force, F'(t), applied to the
ends of the tube. We use the same nondimensionalizations specified in (2.14), except
now Fy would be the maximal value of F'(t) over the entire time period of application.

The dimensionless (2.22) then is replaced by the simpler expression

(2.43) 0.(6,7) =H

F(t) Cy
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where on the left side, F(t) is a dimensionless specified function of time. We note
that for a horizontal puller with a constant force, the dimensionless force is given by
F(t)=1.

In the constant force case, setting F;. = 0 in (2.41) leads to an equation for the
velocity at the free end, which is given by the algebraic equation

¢ dn
(2.44) o) ‘/0 SO (00, 0))

In Lagrangian coordinates with p(6) = e~?, the velocity at the free end is given by

1
(2.45) U(T)z/ s(n,7) "2y,
0

Then (2.42) and (2.43) reduce to

_ L
(2.46) Sy = 0
and
(2.47) 0 = ﬂH(df(&TW)-

NG

2.6. Numerical method. For a general heating profile or for time-dependent
pulling forces, no explicit solutions can be obtained and we must resort to numerical
methods. For an arbitrary heating profile, H(z, ), the equations (2.41)-(2.43) can
be used as the basis for a simple numerical method. The Lagrangian description of
the system allows us to implement a very simple numerical method that completely
avoids the problem of numerical diffusion, which arises in finite difference methods.

In order to solve this problem, we discretize the domain in both £ and 7. At
any given time 7, we use the trapezoidal rule to compute the integral fol s~2eld¢.
Having done this, we then integrate the system of equations given in (2.41)-(2.43)
using an ODE solver, e.g., a simple Euler method. Since the heater profile is given in
Fulerian coordinates, we need to know the location of the material point, which can
be computed using a numerical quadrature of (2.40). We note that this method can
cope easily with generalized heating profiles, asymmetrical pulling, variable pulling
forces, and the inclusion of heat exchange terms, 62 /6}.

3. Results. In this section, we consider a number of possible configurations for
the puller and heating profiles. We begin with a symmetric puller with a heater
that supplies spatially constant heating. In this case, we can derive an analytical
solution of the equations, and this allows us to understand many of the important
features leading to the shape formation of the electrode. We then go on to consider a
symmetric puller with non-uniform heating, an asymmetric puller with non-uniform
heating, and finally a vertical puller.

3.1. Symmetrical pulling with constant force and constant heating. In
this section, we consider the case when the pulling force is a constant, that is, a
horizontal puller. We assume the pulling and heating are symmetric about z = 0,
and so the velocity at £ = 0 is zero by symmetry. Therefore, the point that is initially
at the centerline, £ = 0, will always correspond to the point x = 0. Since there is no
direct coupling between the breaking criterion and the shape evolution, we will derive
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the solution by initially computing the shape profile and then determining the time
at which the breaking criterion is first satisfied.

In order to obtain an explicit solution, we make a physically relevant assumption
about the heater profile that provides a number of important insights into the problem.
We will assume that the tube is initially located in the region —1/2 < x < 1/2 and
the heater is localized to the region, —£5,/2 < x < ¢, /2 where 0 < £}, < 1 is the length
of the heater. We also assume that the geometric factor, Ep(z), is a constant in the
heater region and zero outside of the heater region. This is appropriate if the radius
of the heater element is not much larger than the outer radius of the tube. Since the
glass achieves a peak temperature that typically is significantly less than the heater
temperature, we will neglect the terms that are O(62/6}). Hence, we approximate
the heating in the heater region by a constant. After the tube absorbs a significant
amount of heat, it is stretched rapidly before it breaks, and so there is very little time
for cooling to occur outside of the heater region. This means we can safely neglect
the cooling terms.

Therefore, the heater profile is assumed to be piecewise constant, that is,

o o= {4 15

We now discuss the solution of (2.40), (2.46), and (2.47) when H(x) is given by
(3.1). For any time 7, there are three parts of the solution that need to be considered
separately.

A

v v,
& &) & I & -

Fic. 3.1. Symmetrical pulling with constant force and constant heating. Lagrangian trajectories.

Region (i): We first consider material points that are initially in the heater
region and remain in the heater region at time 7. We define 7, () to be the solution
of x(&, 7 (§)) = £r/2, which represents the time that a material element that starts at
x = £ exits the heater region (see Figure 3.1). When 7 < 75,(&), the material element
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is subject to constant heating; thus, we need to solve the following equations
(3.2) s;=—c’, 0, =%, and sze=1,

subject to s =1,0 =0, and z =€ at 7 = 0.
From (3.2), we obtain

ds V/se?

(3.3) 20— 7
Integrating and applying the initial conditions yields
1+2H —¢€f
3.4 —_ s -
(3.4) Vs o

Substituting (3.4) into (3.2), we obtain

2H?

These two equations can be integrated again, and after applying the boundary con-
ditions, we obtain

(3.6) (2H +1)0 — e’ +1 = 2H>?7,
(3.7) \/E—1+2H+1

In (2H + 1 — 2H\/s) = Hr.

These equations can be solved explicitly in terms of the Lambert-W function that
satisfies W (z)e" ®) = z to give

2H2r—1
2H*r — 1 eXp ( H )
(3.8) PRl et S B S
2H+1 2H +1
and
9 2HT—1 2
2H+1 eXp ( A1 )
. - (=1 1 [
(3.9) i < oM > W 2H + 1
The Lambert function is defined only for values x > —e~!. At the point z = —e™!,
its value is W = —1 and its gradient becomes singular. If the glass tube is allowed to

extend, this singularity occurs at the finite time

(2H + 1) In(2H + 1) — 2H
27H?

(310) Tpinch =

and corresponds to a pinch-off. However, in the case of pulling electrodes, pinch-off
does not happen for the following reason. Note that at pinch-off, the cross-sectional
area tends to zero while the extension tends to infinity. In Figure 3.2, we plot the time
at which pinch-off occurs as a function of the heating rate H. We see that increasing
the heating rate, H, causes the viscosity to decrease, and so the tube pinches off more
quickly. In fact, this pinch-off will never occur because the stress in the tube will tend
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F1G. 3.2. Dimensionless time to pinch-off as a function of the dimensionless heating rate.

to infinity hence exceeding the breaking stress. This means that the tube will always
break before a pinch-off can occur. The time for pinch-off represents an upper bound
on the duration of the pull. We will return with a more detailed discussion on the
breaking of the glass tube after presenting the solutions for Regions (ii) and (iii).

We note that in Lagrangian coordinates, the cross-sectional area, s, and the tem-
perature, 6, are functions of 7 only. Therefore, at time 7, we can use (3.2) to find the
location of a material element that started at x = £ to obtain

3
(3.11) 2(6,7) :/O %dn: Sf—ﬂ

Hence, a material element that started at x = £ will exit the heater region at a time
71 (), which can be found by solving

(3.12) s(1n(£)) = 7=

Substituting the above equation into (3.7), we find that

(3.13) () :% [\/?—f—u 1;3H In <2H+1—2H %)] .

Note that points that were initially arbitrarily close to the center will exit the heater
region when the time is sufficiently close to the pinching time.

In order to obtain the solution in the next region, we need the temperature of the
material element that exits the tube at 7 = 71,(£). This can be obtained by solving
(3.4) and (3.12) to yield

(3.14) 0(h(€)) = In (2% +1-2H —) .
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Region (ii): We now consider material points that are initially inside the heater
region, but exit the heater region before time 7. In other words, this region contains
particles ¢ for which 74(£) < 7. In this case, we can obtain the solution in a way
similar to Region (i). Over the time interval (0,7, (&)], the solution for these particles
is as given in Region (i), while for the time interval (73, (£),7), the solution can be
obtained as follows. Since the heating rate is zero, the temperature remains constant
at 0(m,(€)). Therefore, the equations reduce to

(3.15) 5; = =) and sz =1,

subject to s = 2¢/¢p, and x = £5,/2 at 7 = 7,,(§). These can be solved easily to obtain

Ly,

(3.17) s(&, 1) = % — <2H +1-— 27‘(\/%) (1 —1(9))

where 71,(§) is given in (3.13). At time 7, we can find the location of a material
element that started at x = £ using

(3.16) 0, 7)=1In <2H +1-2H 2—€> ,

12 /f 1
3.18 (& 1) =—+ dn
( ) ( ) 2 En(T) 8(7777—)

where s is given in (3.17) and &, (7) is the original location of the material point that
exits the heater at time 7. An explicit expression for £,(7) can be obtained by solving
(3.13) to yield

(3.19) &n(7)

9 2H27r—1 2
b (2H+1 LW eXP( 2HF T )
2 2H 2H + 1

Region (iii): We finally consider material points that are initially outside the
heater region, that is £5,/2 < £ < 1/2. These points are never exposed to the heater;
therefore, the temperature remains at zero. Thus, the equation for the cross-sectional
area (2.42) becomes s, = —1, which can be integrated once to yield

s=1-r7.
Finally, (2.40) can be integrated to yield

§—€h/2'

#(€,7) = ol /2,7) + 2

Breaking criterion: In order to successfully make a microelectrode, the glass
tube must break before the end of the tube reaches the maximum travel distance,
lmaz- We begin by computing the time at which breaking occurs, 7,. We use the
solution obtained above along with the breaking criterion

1 0
— 1[0+ 2 = Cy.
Sb 9(1
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In the symmetric pulling case, the minimum cross-sectional area and maximum tem-
perature occur at all the material points that have not yet exited the heater region
at 7, (Region i). So in principle, the tube can break at any of these material points.
Since this region has the same radii and the length of the region is small, of the same
length of the heater, the ambiguity has little effect on the final tip radius of the elec-
trode. For simplicity, we assume that the breaking will occur at x = 0 even though
our model predicts that the glass tube can break anywhere in the heater region since
the stress is the same. This is due to the fact that we have assumed that the heater
strength is the same and the tube has uniform initial radii. In practice, of course, the
middle of the heater is most likely to be the hottest, therefore, the glass will probably
break in the middle. Using the solution obtained earlier (3.4), the cross-sectional area
at which breaking occurs, s, can be found by solving

(3.20) [C§s§ - Z—ﬂ =In[2H(1 —/sp) +1].

If the tube is pre-heated such that 6y > 6,, then this equation can be solved explic-
itly. Otherwise, it must be solved numerically, and this does not pose any serious
challenges.

Having obtained s, we can compute the electrode profile at breaking. We first
compute the time at which the tube breaks, 7,

1

27;+11n(2H+1—2H\/5) .

Given 73, the initial location of the material element that is exiting the heater as
the breaking occurs, &,(7), is obtained from (3.19). At breaking, the cross-sectional
area profiles in the three different regions can be obtained using the formulas given
earlier.

(i) In the heater region, 0 < & < &,(7), the cross-sectional area is independent

of location and is given by s = s;.
(ii) For points that were initially in the heater region, but exited before breaking,
En(mp) < &€ < £1,/2, the solution is given parametrically by

(3.22) S(f,Tb) = % — <2H+ 1-— 27‘(\/%) [Tb - Th(f)] ,

b, [f 1
G2 aem=p+ [
2 Jeun) S(0,7)
where 7,,(€) is given in (3.13) and &, (73) is given in (3.19).
(ili) For material elements that were initially outside the heater region, ¢5/2 <

& < 1/2, the cross-sectional area is also independent of location and is given
by

8(577—17) =1- Ty

The total extension of the glass tube is given by

1—14,

(E(l/2,7—b) = (E(Eh/2,7’b) + m
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With the analytical expressions for the solution, we are in a position to discuss how
to control the final electrode shape. Firstly, we must ensure that the apparatus is long
enough to allow sufficient extension so that breaking can occur, that is £y, > (1, 7).
If breaking occurs, then each resulting electrode is composed of three parts: a region
of length ¢5,/2 near the tip of the electrode with constant cross-sectional area sp, a
region from z(¢p/2,7) to the end of the electrode with constant cross-sectional area
1 — 7, and a region of width z(¢,/2,7) — £3,/2 that connects these two regions. All
of these quantities can be easily computed, and this allows one to determine puller
settings to control the shape of the resulting tip.

In the following figures, we consider a heater with dimensionless length, I, = 0.5,
with a constant heating rate. In Figures 3.3 and 3.4, we plot the outer radius of the
glass tube and the temperature, as functions of the distance along the axis at various
times before breaking and at the time of breaking. Initially, the glass is cool and the
viscosity is relatively high, and so the glass tube deforms very little. However, after
some time, the glass in the heater region becomes heated, and therefore, the viscosity
in this region drops. The dots in the figure show the evolution of material points
that initially were spaced uniformly along the tube. From this, it is clear that the
vast majority of the deformation occurs to material elements that initially were in the
heater region.

0.9

Outer Radius, R
o o ° o
w o ~ [e-]

N
IS

[=}
w

[ t=0.0274

o
N

0.1} t=0.0277

Location,

F1c. 3.3. Outer radius of the glass tube as a function of position. The heater is located between
=0 and x = 0.25 as indicated by the dotted line. The dots in this and subsequent figures show the
evolution of material points that initially were spaced uniformly along the tube.

We also see that as the breaking point is approached, the stretching occurs very
quickly. This can be seen even more clearly in Figure 3.5, where we plot the minimum
radius, which in this case occurs at the centerline, as a function of time. For the
majority of the time, the material thins slowly, but once stretching begins, it occurs
extremely rapidly. If we had ignored the breaking criteria, a pinching event would
have occurred when the radius became zero. From this, it is clear that the breaking
time can be well approximated by the time at which pinching occurs.

In Figure 3.6, we plot the dimensionless stress in the glass tube and the dimen-
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F1c. 3.4. Temperature of the glass tube as a function of position. The heater is located between
=0 and x = 0.25 as indicated by the dotted line.
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F1G. 3.5. Minimum radius of the glass tube at the origin as a function of time.

sionless breaking stress at the centerline as a function of time. As the glass tube
thins, the stress increases dramatically, but breaking also is aided by heating, which
acts to decrease the breaking stress. Nevertheless, during the time near breaking, the
dynamics is dominated by increases in the stress.

3.2. Approximation of tip cross-sectional area. A distinct feature of the
glass electrode formation process is the existence of two different regimes if the heating
rate H is large. At early times, the glass is heated, but the viscosity is sufficiently large
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Fic. 3.6. Dimensionless stress in the glass tube and the dimensionless breaking stress at the
centerline as a function of time.

that little stretching occurs. When the glass has absorbed sufficient thermal energy,
the viscosity drops dramatically and the glass stretches rapidly before breaking. This
is largely due to two facts: the relatively large heater strength H and the exponential
dependence of the viscosity on temperature. In the following, we will explain briefly
how to use a local asymptotic analysis to obtain approximate solutions for these two
regimes.

We start by examining equation (3.7) for the cross-sectional area s. For a more
general case with non-uniform heater strength, we could apply the same local analysis
to the set of governing equation (3.2). For simplicity, we will only discuss the case of
constant heater strength. When H > 1, we can distinguish two cases, i.e., s &= 1 and
s 1.

3.2.1. Case 1: s ~ 1. When s ~ 1, or more precisely, /s = 1 — o(H™!), the
first two terms in (3.7) essentially cancel and the remaining two terms are in balance

In[l 4+ 2H(1 — /5)] = HT
which yields
(3.24) sl
This approximation is valid from H7 = 0 up to H7 = O(In 2H). Using equation (3.6),

we find that during this regime, the temperature rises from zero to 6 ~ In(2H).

3.2.2. Case 2: s < 1. Near breaking, the glass tube has stretched significantly
at the center and the cross-sectional area s tends to zero. Use of (3.7) yields the
following approximation

2H\/s
\/§—1+1n(1—|—27'()—|—1n<1— 1+2H) =Hr.
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Expanding the logarithmic function in /s yields
(3.25) s~ 2In(l+2H) — 2(HT + 1).
If the tube were not to break, it would pinch off at time

In(1 +2H) — 1
-

Hence, rapid stretching occurs within a relatively short period of time of O(H™1!).
This is much shorter than the initial phase which lasted for a time on the order of
O(H~'In(2H)). Based on the approximate pinching time, temperature at pinch-off
can be approximated by 6 =~ In(2H + 1). Thus the temperature variation during
rapid stretching is much smaller than the In(2H) variation that occurred in the initial
phase.

In Figure 3.7, we have plotted the approximate solutions (3.24) and (3.25) and the
exact solution (3.7). The local asymptotic solutions approximate the exact solution
well in each regime.

3.2.3. Cross-sectional area at breaking. We now can find approximations
that allow us to easily control the shape of the tip. The minimum area of the electrode,
sp, will be significantly smaller than the initial area of the tube; therefore, the breaking
time occurs quite close to the pinch-off time. As discussed earlier, at the pinching
time, the temperature is given by 6 ~ In(2H + 1). This temperature is also a good
approximation for the temperature near the breaking time because in the time between
breaking and pinch-off, the change in temperature is small. Hence, the breaking
criterion is well approximated by

_VIn@H +1) + 600/,

Sh
Cy

Also, the area far from the tip, 1 — 7, can be approximated by 1 — Tpincn as the
difference is O(H™1).

In Figure 3.8, we plot the final shape of the electrode along with the approxi-
mations to the tip width and the width far from the tip. They can be seen to be in
excellent agreement, and this is the case over a wide range of parameters, especially
for the tip width. We also have computed the difference between the two solutions
and the difference is less than 2%.

3.3. Symmetric pulling with constant force and nonuniform heating. In
this case, we also consider a tube that is initially located in the region —1/2 <2 <1/2
and a puller that is the same as in the above section except that the heating is spatially
non-uniform. Rather than use a constant heating profile, we use the profile

H(z) = exp(—4nz?/12).

This has the property that the maximum heater intensity and the integrated heat
intensity, [ H(z)dz, are the same as for the piecewise constant heating used in the
previous section.

In Figure 3.9, a numerical solution of the final shape of the electrode at the
breaking time (solid line) is plotted along with the approximate theory for the tip
radius and the radius far from the tip (horizontal dotted lines). In Figures 3.10
and 3.11, we plot the evolution of the outer radius and temperature. We see that
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Fic. 3.7. The cross-sectional area s is plotted as a function of the scaled time HT for a
large value of H = 105. The solid curve represents the exzact solution while the dashed curve
represents the local asymptotic solution for 1 —s < 1 (8.24) and the dotted curve represents the
local asymptotic solution for s € 1 (8.25). The thread heats up with little thinning for a period of
time T = O(H ™1 In(2H)) and then thins over a period of time T = O(H™1).
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Fic. 3.8. Microelectrode shape at the breaking time. Also included are the approzimations for
the tip width and the width of the glass tube far from the tip.

the evolution of the glass tube profile is somewhat similar to that for the constant
heating case. Of particular interest is the fact that the approximate theory for the
uniform heating case still gives an extremely accurate approximation to the final tip
radius. This can be understood by again dividing the dynamics into two stages: the
first stage in which the glass heats up with little deformation and the second stage
in which significant deformation takes place. We consider material elements near the
location of the maximum in the heater intensity. In the first stage these points heat
up with very little motion of the glass tube. Thus, the temperature in the uniform
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Fic. 3.9. Final shapes at the breaking times of the microelectrodes for nonuniform heating.
Profiles are given for the symmetrical pulling case (solid curve) and for the asymmetrical pulling
case (dash-dot curve for the microelectrode formed from the part of the glass tube that remains
attached to the fized wall, dash curve for the microelectrode formed by the part of the tube which is
being pulled). Also, the tip radius and the radius far from the tip (horizontal dotted lines) are given
by the approximate theory.
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Fic. 3.10. Outer radius of glass tube during the evolution of the microelectrode formation under
symmetric pulling with a constant force and nonuniform heating.

and nonuniform calculations are almost identical. Then, since there is very little
heating in the second stage, the breaking criteria will be achieved at approximately
the same radius in both the uniform and nonuniform cases. The only significant
difference between the uniform and nonuniform cases is that uniform heating means
that a larger section of the glass will be heated enough that it will significantly deform.
Hence, the total extension of the glass tube before breaking is significantly longer.

3.4. Asymmetric pulling with constant force and nonuniform heating.
We now consider the case of a tube that is initially located in the region 0 < x < 1, is
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Fic. 3.11. Temperature of glass tube during the evolution of the microelectrode formation under
symmetric pulling with a constant force and nonuniform heating.

fixed at one end (x = 0) and is pulled at the other end with constant force. The tube
is heated in the same way as in the previous section, but with the maximum intensity
centered on the mid-point of the tube,

H(z) = exp (_M> .

i

In Figure 3.9, we plot the final shape of the electrodes at the breaking time. The
dash-dot curve represents microelectrode shape of the section of the tube that remains
attached to the fixed wall (reversed in z for comparison purposes), and the dash
curve represents the shape of the section to which the force was being applied. The
horizontal dotted lines represent the approximate theory for the tip radius and radius
far from the tip. In Figures 3.12 and 3.13, we plot the evolution of the outer radius
and temperature. Again, the approximate theory gives an excellent approximation
for the breaking tip radius as explained in the above section. The difference between
the electrode shapes to the left and right of the breaking point can be explained
by the small differences that occur during the second stage of the evolution. Both
microelectrode tips in the asymmetrical pulling case extend further than the tip for
the symmetric case because the hottest part of the tube moves relative to the heater
maximum. Therefore, more of the glass tube near the breaking point is significantly
heated and can stretch more easily.

We note that for spatially uniform heating, an analytical solution may be obtained
using a procedure similar to that used in Section 3.1. There are a number of cases to
be considered, and the solutions become slightly complicated. Therefore, we present
the results in Appendix B.

3.5. Variable pulling force. We now consider the case of a variable pulling
force. We take a tube that is initially located in the region 0 < z < 1, is fixed at
one end (z = 0) and whose other end is attached to a mass that falls under gravity.
In this case, the situation is slightly more complicated. For the vertical puller, the
dimensionless stress is given by s~1(1— F,. d2//dt?). If one ignores breaking, it is easy
to show that this solution will never pinch off and that ¢ — t2/(2F}) as t — oo. This
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F1c. 3.12. Outer radius of glass tube during the evolution of the microelectrode formation under
asymmetric pulling with a constant force and nonuniform heating.
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Fic. 3.13. Temperature of glass tube during the evolution of the microelectrode formation under
asymmetric pulling with a constant force and nonuniform heating.

corresponds to the weight simply falling due to gravity, and the glass thread exerts a
negligible force on the weight. It is instructive to consider the case with no heating,
i.e., the glass tube has a spatially uniform radius. In this case, it is easy to show that
the stress is given by dIn(¢)/d¢. Therefore, in the limit when ¢ — oo, the stress tends
to 2/t, which is a decreasing function of time.

At early times, the behavior is similar to the constant force cases. This is because
the initial viscosity is high and so the deformation, and hence the acceleration of the
weight, are negligible. However, when the material becomes hot, it deforms rapidly.
Thus, the stress increases due to thinning in the tube thickness. Therefore, the
acceleration terms reduce the effective force experienced by the glass. Even though
the glass is thinning, the overall stress decreases because the force experienced by the
glass is reduced by the acceleration of the weight in the same way as in the isothermal
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F1G. 3.14. Dimensionless stress and dimensionless breaking stress in the glass tube closest to
the location of breaking as a function of time. No breaking case.
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F1G. 3.15. Dimenstonless stress and dimensionless breaking stress in the glass tube closest to
the location of breaking as a function of time. The tube breaks when the two curves first intersect.

case. Therefore, we expect that the stress will attain a maximum value at finite time.

In Figures 3.14 and 3.15, we plot the dimensionless stress and the dimensionless
breaking stress at the location that is closest to breaking as a function of time. For
large values of H and C}, as in Figure 3.14, the maximum stress is always less than
the breaking stress. However, for smaller values of H and (%, as in Figure 3.15,
the stress may reach the breaking stress. This explains why vertical pullers typically
require two pulls to break the glass tube. The first pull decreases the radius, which
means that the new values of H and C} for the second pull will be reduced. This
implies that breaking will be more easily achieved in the second pull.

We caution that in the case when breaking does not occur, the tube becomes very
thin and inertia will ultimately become important as shown by Stokes and Tuck [18].
Nevertheless, the inclusion of glass inertia will further reduce the viscous stress which
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FiG. 4.1. Dimensional tip radius as a function of the applied force.

makes it even more difficult to reach the breaking criterion. Therefore, the general
conclusion reached based on the simplified model remains useful. As we noted earlier,
in this paper we focus only on successful pullings of microelectrodes and the free-fall
case will not be pursued here.

4. Discussion. We now discuss the effects of the parameters and puller designs
on the shape of the final electrode. In order to do this, we will focus on the analytical
solutions and results from the numerical method discussed in the previous section.

4.1. Shape control. There are two parameters that are relatively easy to vary
continuously in an experimental context. These are the dimensional force, Fy, and
the dimensional temperature of the heater, 8;. In practice, one can use a graph of
Tpinch against H to choose the appropriate value of the heater strength H to achieve
the required maximum area, 1 — Tpinch. One then can choose Cy to give the required
minimum area, s;. Once the desired values of C, and H are known, one simply
chooses the dimensional force, Fy, to achieve the Cj value and then chooses 6} to
obtain the H value. This means that the appropriate operating conditions can be
well approximated by simply using the universal graph of 7incn against H.

While it is relatively easy to set the values of applied force and heater temperature,
we also need to make sure that the glass breaks while the extension of the tube is
within the physical length of the puller. This can be achieved by choosing the correct
heater length, after the tip radius and other parameter values are determined. In
Figure 4.1, we show how we can control the final tip radius by varying the applied
force. We vary the applied force and use values of the other parameters from Tables 1
and 2. The simulation results (circles) and the approximate theory (solid line) show
excellent agreement over many orders of magnitude in the applied force. By reducing
the applied force, effectively, we can reduce the stress in the tube, and this allows the
tube to reach a smaller radius before exceeding the breaking stress.

4.2. Sensitivity analysis. In order to determine the relative robustness of the
symmetric and asymmetric methods, we performed a sensitivity analysis of the fi-
nal shape with respect to changes in the parameters, H and C,. We found that the
sensitivities are almost identical over a wide range of parameter values; therefore nei-
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ther parameter has a significant advantage with regard to robustness. The symmetric
puller has the advantage in that it can create two identical electrodes in a single pull.
However, the asymmetric puller may be cheaper to build and easier to operate since
it only requires a force to be exerted at one end.

The sensitivity of vertical pullers to changes in parameters can be quite strong.
This is particularly true if the glass breaks while the extension of the tube occurs near
the maximum stress level. Then small increases in H or Cj, may prevent the stress
from reaching the breaking value and no electrode would be formed. Even if this does
not occur, the sensitivity of the variable force method is still substantially larger than
for the constant force methods. The fact that a double pull is required also means
that the procedure is much more difficult to implement, and therefore, less robust.

4.3. Concluding remarks. In this paper, we have simplified a model proposed
in an earlier study (Huang et al, 2003) for glass microelectrode formation. Using a
dimensional analysis argument, we have shown that the conductive heat transfer is
small compared to the radiative and convective transfer, and therefore, can be ne-
glected in the temperature equation. We have developed a Lagrangian-based method
to solve the model equations and compute explicit solutions to the time-dependent
equations for some simple cases. By investigating the effects of the parameters on the
final shape of the microelectrodes, we have shown that vertical pullers are much less
robust than horizontal pullers.

By considering the simplified models, we have been able to understand a number
of important features of the resulting electrode. Firstly, for typical parameter values,
the surface tension is much smaller than the applied force, and we have shown that the
ratio of the inner to outer radius will remain constant. Therefore, if a specified ratio
is required in the final electrode, the only way to achieve this is to start with a tube
that has that required ratio. Secondly, the length of the electrode tip is of the same
order of magnitude as the length of the heater. This means that the tip length can be
controlled by controlling the portion of the glass that is heated significantly. Thirdly,
using our approximate theory, we have shown that an excellent approximation to
the tip width can be obtained from a very simple formula. This gives an extremely
practical and straightforward method of determining the parameter values required
to achieve a given tip radius.

In some cases, controlling the tip radius may not be sufficient, and the user
may wish to control the entire tip profile. This can be achieved either by using a
spatially-dependent heater profile or by allowing a time-dependent pulling force. By
choosing different heater profiles or pulling forces, one can produce a tip shape close
to a desirable one. Since our method is simple, robust, and extremely efficient to
implement numerically, it can be used to estimate the tip profile when the heating
profile and/or pulling force are given. By using standard optimization techniques on
this function, we then can achieve an approximation to the required profile.

Finally, the analysis and solution methodology presented in this paper are not
restricted to glass microelectrode formation and may have a number of important
applications in other glass formation processes. For example, the pulling of optical
fibers uses a similar setup even though the objective for optical fibers pulling is rather
different. Instead of seeking the conditions to break the glass tube under stretching,
a good optical fiber pulling device must ensure that the glass stretches without being
broken. However, our model and the numerical method can be readily applied to fiber
pulling, with minor adjustments on the handling of boundary conditions.
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APPENDIX A. Derivation of the Temperature Equation (2.18). In the
long-wavelength limit of small radii to length aspect ratio, axial conduction can be
neglected and the heat equation is given by

k10 ([ 08
Al 9 +u91:———( —)
(&) ! peyy 0y \V oy

where y is the axisymmetric radial position and ¢, and k are the specific heat capac-
ity and the thermal conductivity of the fluid, respectively. The radiative boundary
condition is given by

06

A2 k= —0,

(A.2) 5l

(A.3) 90 _ kpEBrena (6, —60")  kpEbera (6 —0%)
6y y=R 1—(1—a)(1—5h) 1_(1_a)(1_5b)

where kp is the Boltzmann constant, « is the absorptivity, and 6}, is the heater tem-
perature. We have assumed that the axial conduction is negligible and the radiation
heat exchange only occurs on the outer surface of the glass tube, as in [20].

We now nondimensionalize the heat equation (A.1) and the boundary condition
(A.3) by using the scalings

loF,
u=uou', s=s08, y=Roy', ©="Llox', t="Loug't, 0=00+0.0, ug= 070
3poSo

Dropping the primes, the heat equation becomes

o0 90 10 [ 06
A4 pe(0 L, %29 (,%
(A-4) e<3t+u3$> y3y<y3y)
where
2
(A.5) pe— PU0lo o g
lok

is the transverse Peclet number which represents the ratio of heat advected along
the thread to heat conducted across the thread. The radiative boundary condition
becomes

00 00

(A.6) it =0, = = BiH(z,0)
dy y=i Jy =i
where
4
(A7) Bi= akyby Roc =35x107"

kb1 — (1 —a)(1 —en)]

is the Biot number. The dimensionless function

00+ 00, \"\ | ell = (1 — ) (1 — )] Ep(@)(0f — (60 + 0.0)*
H(z,0) = Ep(x) (1_ (%) >+ b[1-(1 6h%l(l_ (1h—)]§§((1)—(:b)]9%0+ )4
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represents the magnitude of the net heat flux that is absorbed when the temperature
is §. We now assume that both Bi and Pe are small, and from (2.2), note that

_ 2Bi
(A.8) H = (1_7602)%.

We assume that the temperature has an asymptotic expansion of the form
(A.9) 0 =0+ BiO, + -,

then substituting this into (A.4) and (A.6) and collecting the terms to zeroth and
first-order in Bi yields

10 6@0) . (9@0 860
A.10 S (yE2) =0 with 222 =0, =X =0
(4.10) y Oy (y dy 0y ly=z 0y |y—p
and

10 ([ 00y 2 009 009

A1l - =
( ) y@y(y 8y> (1—68)7’(([% +u8:1:)
with
(A12) Pl o, ) (e

Equation (A.10) implies that at leading order Oq is independent of y. Therefore,
using (A.11)-(A.12), we see that O¢ satisfies

690 690 o ‘HH (JJ,@Q) 1-— ﬁg
(Al?)) ot +u Oz = \/g 1 _62

where 8 = r/R. For notational brevity, we use 6 to denote the leading order term,
Oy, and obtain the equation in the final form as (2.18).

At the leading order, the viscosity is independent of the radial coordinate because
the viscosity is a function of the temperature.

APPENDIX B. Exact Solution for Asymmetrical Pulling. In this Ap-
pendix, we obtain the exact solutions for the microelectrode shape and the tem-
perature distribution for a glass tube undergoing asymmetrical pulling with uniform
heating from a finite length heater. The initial velocity at each point in the glass tube
is zero and the other initial and boundary conditions are

(B.1) 6(£,0)=0, s(£,0) =1, x2(£,0)=¢, 0(0,7) =0, s(0,7) =1, z(0,7) =0.

The heater is located between £ = £ and & = 5. Let 7, be the breaking time and 7,
be the time when the material point £ = ¢; has passed location /5.
We need to consider two different cases: 7, < 7, and 7, > 7.

B.1. Case 1: 7, < 7. Let & (7) and &(7) be the initial locations of the
material points that are at ¢; and f5 at 7,. We have &1 (1) < €1 < &2(mp) < 2. Thus,
there exist five regions: (1) 0 < & < &1(m); (2) &1(m) <€ < fy5 (3) £y <€ < & (mp);
(4) fg(Tb) S 5 S fg; and (5) fg S 5 S 1.
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B.1.1. 0 < £ <& (7). In this region, for 0 < 7 < 75, we have
0, =0, s, = —e’, ste =1,

which, combined with (B.1), gives

6‘120, 8121—7', xr =

1—7"

Thus, at 73, the solution is

(B.2) 01=0,s1=1-7, 1 = < )
1—7

from which we obtain & (1) = (1 — 75)¢1.

B.1.2. &(m) <€ <. (D). 0 <7 < 71(§) where 71(€) is the time when the
material point that is initially at £ crosses the point ¢;. The solution is

£—&(m) €

0y =0, 55 =1—7, ) = ﬁ—i_‘rl@l(ﬂ?)ﬂ—) 1

from which we obtain

€
lHh=—"+
G
or

£
—1- >,
71(£) ‘.

(I1). 74 (&) < 7 < 7. In this region, we have

0, = %, sr = —é’, sre =1,

from which we obtain

PTG e (T8 - )|

= V1-71(8) — /55 +H[r —71(€))],
(2HVT=7(© +1) 65 +1 - =227 = 7i(©))

& 1
ot =0, + / -
? &) 53 (11(n))

Therefore,

(B.3) QHVl;;(@Hln [1+2H (m—@)]

=/1—-71(8) — /53 +H[n —7(E)],
(B.4) (2H\/1 o)+ 1) 0F +1— e = 212[n, — 1y (6)),

¢ 1
(B.5) zy =l +/ —dn.
2 &1(7p) S;(Tl (77))
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B.1.3. /1 <& <&(m). For 0 <7 <7, we have

0, = %, s, = —é’, sze =1,
from which we have
9H + 1
¢§4+§;hm+%—mﬁ3:
(2H +1) 605 +1 — % = 2H>7,
5_ gl +
= 0,7).
B T
At 7, we have
9H + 1
(B.6) Vi -1+ 7‘2{; In (14 2H — 2H\/53) = Hr,
(B.7) (2H +1) 03 + 1 — e = 2H?7,
(B.8) T3 = (-4 +£C;_(f1,7'b).

53(7p)

From the above equation, we determine &2 () to be

(B.9) Ea(mp) = b1 + [be — 2 (01, 75)]s3(7).

B.1.4. &(1) <€ < 4ly. (). 0 <7 < 15(§) where 72(€) is the time at which the
material point & crosses the point /. In this case, we have

0, ==, s, =—é’, sze =1,
from which we have

\/§—1+2H; <1+2H 2H\/7)

(QH+1)0; +1 — e = 2K,

Ty = £~ 52(7_{7) +$3(§2(7‘b),7').
54 (7)
From the last equation, we obtain
£ —&a(m)
B.10 by == >———= .

From this equation, we can find the value of 75 (¢).
(I). 72(§) < 7 < 7. In this case,

0, =0, s, = —e’, ste =1,
from which we have

01 (&,7) = 01 (12(6)) = 07 (12(6)),
SI@J%Z@@)—T+%( 2(§)) = 2(§) — 7 + 51 (12(6));

€ 1
T :€+/1 dn.
=6 e ST )
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At 7, we have

(B.11) 01 (€, m) = 01 (12(€)) = 0 (m2(€)),
(B.12) 51 (&m) = 2(€) — 7 + 54 (12(8)) = 72(€) — ™ + 55 (12(8)),

¢ 1
(B13)  af(Em) =L+ / L
€2(ry) 51 (10, Tb)

B.1.5. /5 < ¢ < 1. In this region,

is valid for 0 < 7 < 73, from which we have

./
05 =0, s5 =1—r1, 565:%7_2"'551(52,7)-
At 7, we have
-/
(B.14) 05 =0, s5=1—1m1, x5 = i—TZ +.’L‘I(f2,7'b).

B.2. Case 2: 7, > 7. In this case, there are also five regions: (1) 0 < & < & (7);
(2) &i(m) <E<&a(m); () La(m) <E<Ly; (4) €y <E <Ly and (5) fo <E < 1.

B.2.1. 0 <& <& (7). In this region, for 0 < 7 < 7, the solution is the same as
that in Case 1

91207 31:1_T7 1= -—")
1—7

and at 73, the solution is

(B15) 6‘1 = O, S1 = 1-— Ty, T1 =

1-— 7'57
from which we obtain & (1) = (1 — 75)¢;.

B.2.2. & (1) <€ < &(1p). (I). When 0 < 7 < 71(§), the solution is

9; = Oa S; =1 -7, x; = %1(7_77)) +I1(€1(Tb)77) = 157_7
from which we obtain
3
g =
G
or
§
T =1-—.
1(6) ‘.

(IT). When 71(§) < 7 < 7, in this region, we have

H
0, = —, s, =—é’, sze =1,

\/57 T
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from which we obtain

2H\/W+lln[l+27i(m_\/§)}

1—71(8) —\/s3 +H[r —11(8)],
(2H\/71—71(§)+1) 0 +1—e% = 2H%[r — (9],

£ 1
vy =1 +/ ——dn.
2 L7 83 (11(n))

Therefore,

(B.16) 27Vl ;7;1(5) o [1 +2H <\/1 —71(6) — \/5)]
=+1-7(£ sy + Hlm — 18],

(B.17) (2HVT= € +1) 6F +1- e = 2H2[n, — m (€],
(B.18) x3 = +/5 S
| 2T oo s

The value of £3(7) can be obtained from the following equation
( ) £2(7s) 1
B.19 0y =10 +/ .

fl (Tb) S;’_ (Tl (77))

This is a nonlinear equation for &(7,), which can be obtained using an iterative
method, after replacing the integral by a numerical quadrature.

B.2.3. &(1) <€ <41 (I). When 0 < 7 < 71(), the solution is

_ - _ €
05 =0 =1- = .
3 » 53 T, I3 1—,
(IT). When 71(§) < 7 < 7, in this region, we have
0, = %, sr = —é’, sze =1,

from which we obtain

(B.20) 2Hvl_ﬁ(§)+1 [1+2H(W \/_)}
iy JFE 4 M- 710,

(B.21) (2H\/1 — () + 1) 05 +1— % = 2H2[r — i (€)],
€ 1
ot =gt .
(3.22) i=wi @) [
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(III). When 7. < 7 < 73, in this region, the solution is

03 (€, 7) = 03 (€, m2(€)) = 03(&, 72(6)),
s3(6,7) = 5§ (& 72(8)) + 72(§) — 7 = 53(§, 2(8)) + 72(8) — 7,

3 1
fenone [ 1
@ =b i) S5 7))

where 0% (&, 72(£)) and s5(&, 72(§)) are from (B.21) and (B.20) with 7 replaced by 72(€)
and 72(&) is obtained by applying (B.22) at {2

£ 1
(B.23) Sl e R (3)

This is a nonlinear equation for 7 (), which can be solved using an iterative method.
At 7, we have

(B.24) 05 (& m) = 05 (& 72(8)) = 05(&,72(9)),
(B.25) s;f(g,n,) 53 (&, 72(8)) + 12(8) — 7 = s3(&, 72(8)) + 72(8) — 7,

¢ 1
(B.QG) I;_ (f, Tb) Uy + / 76&!7.
& () S3 (777777)

B.2.4. {1 <& < /{5 (I). When 0 < 7 < 74(€), in this region, we have

2 1
\/s; — 1+ 7-2(7__; ln<1+2H—2H SZ):HT,

(QH +1)0; +1 — e = 2K,
.y

x; = 57 L ai(l, 7).

84 (7)

From the last equation, we obtain

R !
(5:27) R EATS)

From this equation, we can find the value of 75(§), which is the time that the material
point which was initially at £ crosses ¢2. Note that 75 is different from 7 in region
(3) since the solutions in the two regions are different.

(IT). When 75(§) < 7 < 7, in this region, we have

01(8,7) = 03(15(8)) = 05 (2(¢)),

s3(6,7) = 13(8) — 7 + s4(13(8)) = 13(§) — 7+ 54 (12(6)),
] 14 ‘ 1 d
1'4(6, )_ 2+/52(7—) 84( ) UB

(III). When 7. <7 < 73, in this region, we have

91(577—) = ei(Té(f),T*),
st (& 7) =7 — 7+ si1(13(6)),

£
I+ = $+ R E—
4 (557-) 3 (6157-) + /Zl SI(T],T)

+ 2501, 75(8))-

dn.
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At 7, we have

(B.28) 05 (&, m) = 05 (12(6),7),

(B.29) si(&m) =7 — T+ s5(15(8)),

(B.30) vf(&,m) =ad (b, 7) + /ﬁ #dn
' o . o si(mm)

B.2.5. /5 < ¢ < 1. In this region, we have

§—10

05 =0, s5 =1—7, 25 = >—— + 25(l2,7)
1—71
for 0 <7 <7, and
—/
6‘5—0,S5—1—7’,,’E5—g 2+$4(€2,T)
1—7
for . <7< 7.
At 7, we have
—/
(B.31) 05 =0, ss5=1—mp, x5 :g 2 +xy (62,7'5)
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