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Abstract

We present a mathematical model for pre-fusion interaction between an influenza virus and a healthy
cell. The model describes the role of the force exerted by Hemaglutinin (HA) protein clusters in bringing
the viral membrane in close contact with the host cell membrane, as a first step of the fusion process
between the two membranes. We model the viral membrane as a lipid bilayer whose shape energy is
given by the Helfrich functional. Using the calculus of variation, we compute the deformation of the
viral membrane under the influence of the protein force. Our numerical results support the hypothesis
of dimple formation in the fusion-site proposed in the literature. We discuss the effects of spontaneous
curvature, protein-cluster radius, fusion-site radius and protein-cluster force on the dimple size/shape
and the energy stored. We also examine the effects of membrane incompressibility and the presence of
the host cell on the dimple shape. Our results on the effects of the membrane incompressibility property

and spontaneous curvature support the experimental results.
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tion.



1 Introduction

The first step for the invasion of an influenza virus into a healthy cell is the fusion of the membranes
mediated by Hemagglutinin (HA) protein. Despite variations in localization, timing and frequency in the
fusion process, due to varieties in fusion-protein, two lipid bilayers of the virus and the host cell eventually
merge in the end [2, 15, 19, 34, 39]. In order for fusion to occur, the two lipid bilayers have to be brought into a
close contact. On the other hand, when an influenza virus first attaches to the viral receptor containing sialic
acid of the target membrane with the help of HA-spike tip, the viral membrane and the target membrane
are separated by 13.5 nm (the height of the viral spike protein) [36, 39], which is too far for fusion to occur.
Understanding the pre-fusion mechanism in which HA-protein brings two membranes close to each other is
important for various purposes such as disease control and drug design.

In modeling the fusion mechanism, most efforts have been put into the study of an intermediate structure
called fusion stalk (a local lipidic connection between the proximal i.e. contacting monolayers of the fusing
membranes) [16, 17, 18, 21, 24, 39]. The main focus is on building models so that the predicted energy in the
stalk reaches a physically reasonable level (i.e. to make the energy required sufficiently low) while assuming
that there exists a source of energy required to form a stalk. In fact, the main source of the energy for the
stalk formation is the energy accumulated during the pre-fusion process. Therefore, it is important to study
of the dependence of energy on various parameters such as protein-force, protein-cluster size, fusion-site size
etc. during pre-fusion since that will shed lights on the possibility of stalk formation as an intermediate stage
of the fusion process and consequently, the possibility of a successful fusion process. The result will be useful
for the purpose of drug design as the general idea behind modern antiviral drug design is to identify viral
proteins, or parts of proteins, that can be disabled. Despite being an important component of the fusion
process, the pre-fusion process has not received much attention until recent years [15, 19].

In [15], it was hypothesized that the activated HA-protein can produce viral membrane dimples sur-
rounded by a ring-like cluster of HA. Assuming that the top of the dimple is a segment of perfect sphere

connected to a funnel of a catenoid form (an axisymmetric surface with zero total curvature), it was argued



that the energy involved in the process is sufficient to cause instability of the lipid bilayers. Similarly, per-
fectly spherical shape of the top of the dimple (nipple in their word) has been assumed in the calculation of
the energy [19]. Moreover, the dimpling has been accepted in [23] as the means for membranes to make the
intimate contact, which is required for fusion.

In this study, we propose a model for pre-fusion membrane deformation, in the form of an energy func-
tional. Our model incorporates the energy contribution due to the bending rigidity of the membrane and the
energy due to HA-protein. Our main objective is to verify the hypothesis of dimple formation [15, 19, 23],
without assuming a specific shape of the viral membrane. Our numerical results confirm the dimple formation
as well as the extra energy accumulated inside the dimple area.

The lipid bilayer is nearly incompressible and experimental work [23] has found that the tension created in
the membranes inhibits fusion. This shows that membrane compressibility, which was neglected in previous
studies [15, 19], may play a crucial role in the fusion/pre-fusion process. Therefore, we also examine the effect
of membrane compressibility during pre-fusion process by incorporating membrane compressibility into our
model. Our result is consistent with the experimental result in [23]. When the dimple forms, the presence of
the host cell membrane may also have an effect on the viral membrane deformation. We further extend our
original model to investigate the impact of the host membrane on the growing dimple as well as the effects of
spontaneous curvature, fusion-site radius, protein-cluster radius and protein-force on the dimple shape/size
and the energy stored inside the dimple. Effect of the spontaneous curvature predicted by our model is in a
good agreement with the experimental observations [23].

The rest of the paper proceeds as follows. We present the model in Section 2. Axisymmetric shape
equations of viral membrane (with and without incompressibility) and the extension to include cell-membrane
interaction are given in Section 3. A brief description of the solution method is given in Section 4, which is

followed by the discussion of results in Section 5. We conclude the paper in Section 6.



2 Model

Even though the influenza viral membrane consists of two types of protein, hemagglutinin (HA) and neu-
raminidase, it has been suggested that HA is the one which facilitates the fusion of the lipid bilayers [30].
Therefore, we consider only HA protein in our model. HA is a glycoprotein which consists of a trimer with
individual monomer having HA1 and HA2 subunits [2, 9, 15, 20, 22, 32, 33, 34]. It is believed that HA1 is
responsible for virus attachment to the cell surface via sialic acid binding cite and HA2 activates the fusion
process. During low-pH-activation (i.e. when the protein is exposed to pH 5) the hydrophobic fusion peptide
previously hidden within the trimeric stem is projected towards viral and/or target membranes [2, 8, 15, 29].
The subsequent refolding of the protein exerts a force on the fusion peptide inserted into the membrane.
Even though a similar process takes places in the target membrane due to protein force (via inserted fusion
peptide), for simplicity we focus only on the viral membrane in this study.

We assume that the viral membrane can resist bending and the shape of the membrane is determined
by minimizing a Helfrich-type energy functional. It was proposed in [15] that the protein clusters form a
ring. Within each cluster, the protein exerts a bending force on the membrane, causing the membrane to
deform into a saddle-like shape with two principle curvatures ¢; = —cz = ¢,. Thus the total contribution of
the protein cluster to the membrane energy is given by integrating 7,c, over the cluster area, where 7, is a
bending moment applied by the protein to the unit length of the circumference of the membrane fragment.
In this paper, we relaxed the assumption in [15], without imposing the saddle shape a priori. Instead, we
assume that the bending forces act on both principle directions and we consider the dependence of the energy
contribution due to protein force only up to the first order term of the curvature (i.e. linear dependence).
In principle, the forces acting on two principle directions need not be related. However, to simplify the

discussion, we assume that they are of the same magnitude and the energy functional takes the form

1
FE = §kb /(Cl —+ co — Co)QdA—i- kG/6102dA + /fp(cl — CQ)dA. (21)

Here the first two terms are Helfrich [11] energy due to the bending rigidity and Gaussian bending rigidity

of the membrane respectively. The last term is energy contribution due to the work by the protein force.



dA, ky and kg are surface area element, bending rigidity and Gaussian bending rigidity, respectively; c¢;
and cs denote two principal curvatures and ¢y denotes the spontaneous curvature which takes the possible
asymmetry of the bilayer into account; f, is the force exerted by HA-protein on the membrane. Motivation
for introducing the energy due to protein-cluster as the third term in (2.1) is that due to the force exerted by
the protein-cluster, we expect the tendency of curvatures c¢; and ¢ of the membrane segment in the protein-
cluster region to be negative and positive respectively so that the total work performed by the protein-cluster
J fo(c1 — c2)dA is negative. We note that as a special case of kg =0, ¢ =0, ¢c; = —c2 = ¢ and f, = —7,/2,
our model produces the saddle-like shape of the membrane fragment hypothesized in [15].

As shown by the experimental observations [23] that the tension developed in the membranes inhibits
fusion. This suggests that the compressibility of the lipid bilayer membrane may have considerable impact in
pre-fusion process. Exchange of molecules between the membrane and the environment takes place through
desorption and adsorption. However, these processes occur much slower than the prefusion events investi-
gated here. Hence the number of molecules in the membrane remains globally almost constant [14] and the
biological membranes consisting of lipid bilayers can be treated as two-dimensional nearly-incompressible
media [26, 27]. This results in a local surface area constraint which applies to the entire cell as well as mem-
brane fragment even though the individual lipid molecules can move almost freely. In reality there are also
factors such as transmembrane domains of the fusion protein restricting lipid delivery to the membrane [16].
However, this effect will not be considered here. Membrane incompressibility is incorporated by adding a

term into the model as follows

1
E = ikb /(01 +co — CQ)2dA + kc/clcgdA +/fp(01 —c9)dA +’Y/dA, (2.2)

where + is an in-plane tension developing to ensure membrane incompressibility, i.e., preserving the surface
area of the membrane. In this study, since the area of the membrane segment is not fixed in our setup, the
value of v will be given in the computation. The prescribed value of v can be viewed as a measure of the
compressibility of the membrane. In the following sections, we will discuss how to compute the pre-fusion

deformation of the viral membrane, based on the energy functional given by equations (2.1) and (2.2).



3 Axisymmetric shape equation of viral membrane

3.1 Shape equation without constraints

The deformation of the membrane shape without constraints can be computed by minimizing the energy
(2.1) directly. In this paper, we use an indirect method by deriving Euler-Lagrange equation (so-called shape
equation in the physics literature) first. Since our objective is to model and analyze the membrane behavior
during the pre-fusion state without the merging of the viral and the host cell membranes, the viral membrane
does not experience topological change. This allows us to drop the Gaussian curvature term in (2.1). We
now consider the axisymmetric viral membrane with the axis of symmetry along the z-axis and s, p, ¢ are
the arc-length of the contour, the distance to the symmetric axis and the angle made by the tangent to the
contour with the plane perpendicular to the axis of symmetry respectively (See Fig. 1). Here, the coordinates

z(s) and p(s) have to satisfy the geometrical relations:

% = cosvy (3.1)
d
d—z = —sine. (3.2)

There are a number of ways the axisymmetric shape equation can be derived. Obviously, one can try
to derive the general shape equation in 3D by modifying the approach in [38] and apply the condition of
axisymmetry. A more appealing alternative is to work with the axisymmetric form of the energy functional
before applying calculus of variation. However, there have been some concerns and confusions related to this
approach [4, 12, 25, 27] and it has been argued in [12] that the variation has to be performed in the normal
direction to obtain the correct shape equation. To clarify some of the confusion, we have addressed the
issue regarding the derivation of the correct Euler-Lagrange equation in this paper. We have shown that the
variation in the direction perpendicular to the axis of symmetry can also produce the correct shape equation
if the induced variation in other variables are obtained by using the geometric relations dp/ds = cosvy and

dz/ds = —sint. Therefore, the variation does not have to be in the normal direction. We have further
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Figure 1: Schematic diagram of the axisymmetric viral membrane.

proved that to obtain the correct shape equation of the axisymmetric membrane by finding Euler-Lagrange
equations, we need to maintain the geometric constraint cos(dz/dp) + siny = 0 while performing the
variation. We refer the readers to the Appendix for the proofs of the above mentioned results.

Therefore, we can obtain the correct axisymmetric shape equations of the viral membrane by using the

geometric constraint and obtaining Euler-Lagrange equations. Using axisymmetric curvatures
sin

d d
c1 =cosz/1—¢, cg = ——, and cosw—z +sinyY =0
dp p dp

via a Lagrangian multiplier n, the energy functional (2.1) can be written as

Py
F:w/ Ldp, (3.3)
0
where
dip\ 2 Cdy kysin® e dp  2f,siny
L = k — 2k, — 4 ofp—— — T
bpcosd}(dp) + bsmd}dp—i_ pCcos Y + fppdp cos Y
kppcd dy  2kpcosiny dz .
— 2cokyp . — HOPRY i 4
+cosz/1 co bpdp =" +7 coswdp—i-smdj (3.4)

and py is the maximum distance of the membrane considered from the axis of symmetry.



Using calculus of variation, from the energy functional (3.3), we can derive the following Euler-Lagrange

equations

d*)

2 —_
cos” 02

dz

cos wd—p

1 Ccos Y

sin 29 sin ¥
4p? 2p2 cos p dp

sin2i [ dy\?
i (d_p) "

cos v dfy, Mo ctsing  cosin® e
ky dp 2kppcostp = 2cosip pcost)
— sin,
Mo

where 79 is an integrating constant.

cos’pdyp

fp 1

iy (o )
(3.5)
(3.6)
(3.7)

For the fusion to occur, during conformational change at low pH, interaction between adjacent HA trimers

with high local density results in multiple trimer assemble around the fusion site [22]. These assembled HA

trimers can be assumed to form ring-like clusters surrounding the fusion site [1, 3, 6, 15, 39] and these

proteins perform concerted activation to synchronously release the conformational energy [22]. Moreover,

fusion peptide interaction among neighboring HAs has been hypothesized to be responsible for a measurable

decrease in lateral mobility of HA after activation [10, 22]. Based on these observation, we assume that HA

trimmers are axisymmetrically distributed on a ring formed about the axis of symmetry of the membrane.

Then the force f,, exerted by the protein is given by

fo(p) = FpH(p),

where Heaviside function H(p) is

1, if |p_pp| < I'p;
H(p) =
0, otherwise.

Here, F},, p, and 7, are magnitude of the force exerted by protein, average of the internal and external radii

of the protein ring and half of the thickness of the protein ring respectively. The derivative of the heaviside



function is a delta function, so the derivative of f,(p) is given by

0, 0<p<(pp—1p);
00, P = (Pp_Tp)§

dfy _
ap O () <p<(pp+7p);

—00, p=(pp+1p);

0,  (pp+mp) <p<ps.
3.2 Boundary conditions

Let py be the distance from the axis of symmetry where the membrane remains undisturbed i.e the membrane
remains horizontal (flat). To avoid a corner at the axis of symmetry, we use symmetry condition dz/dp =0
at p = 0. And dz/dp = —tant implies ) = 0 at p = 0. Membrane being horizontal at p = p; gives the
condition ¥(py) = 0. Therefore, to solve shape equations (3.5) and (3.6) we use the following boundary
conditions.

p=0: =0

(3.8)

d
p=ps: ©=0,9=0z=z,

where zy is arbitrary. Since we need an extra boundary condition due to presence of unknown ng, we have
added a no-flux type of boundary condition diy/dp = 0 for the point where membrane remains undisturbed

(horizontal).

3.3 Shape equation for incompressible membranes

Imposing the axisymmetric relations in the energy functional (2.2), we get the following action form

Pf
F, = 7r/ [£ + 2ypsect)]dp. (3.9)
0

This functional leads the following Euler-Lagrange equations

. 2 .

cost/JdZ—w _ sin2y (dy +s1n21/1+ sin 1) _coszw@_ﬁ cosp + 1

dp? 4 dp 4p? 2p2 cos 1 p dp  kyp cos
_ cosy % _ o 2 sinp < sin®1)  ysiney

ky dp 2kppcosyy  2costp pcosyy  kycostp’

(3.10)



costp— = —sine, (3.11)

necosy = o (3.12)

3.4 Presence of cell membrane

So far we have ignored possible interaction between the viral and the host cell membranes. As the two
membranes are brought into close distance, we need to consider the deformation of both. To simplify the
discussion, we assume that the host membrane is rigid. As a result, we have a contact problem, which
can be treated under our general framework by imposing an additional constraint. As a simple model, we

incorporate the presence of target membrane as an opposing surface for the viral membrane via an inequality
2 < zp. (3.13)

Here, zp, is the vertical height of the horizontal host cell membrane from the p-axis, where the virus meets
the host cell.

Following [28], we implement the inequality constraint by changing it into the equality constraint as
zn — 2z = &2, Again, we apply this equality constraint via a Lagrangian multiplier so that the energy

functional becomes
Pf
F, = / [TL 4 ((z — 2z + €2)]dp. (3.14)
0

The corresponding Euler-Lagrange equations are

, A% sin 2¢) (@)2+sin2¢+ sin cosw@_ﬁ(coer 1 )
cos Y

dp? 4 dp 4p? 202costy  p dp  kpp

_costdfy, c%sin1/1_cosin21/) (3.15)
ky dp 2kyp  2cosi pcost) '
d d
coswd—z = Q—l—nsinwd—i, (3.16)
d

coswd—; = —sinvy, (3.17)
z—zp, = =& (3.18)
e = o (3.19)
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Simple manipulations show that equations (3.17) and (3.18) can be replaced by the following equation
d
2§cos1/1d—i = sin. (3.20)

Equations (3.15), (3.16), (3.19) and (3.20) can be solved using boundary conditions (0) = 0,¢(ps) =

0,7(0) =0,&(ps) = \/zr — z5. Notice that 7 cos® is no longer a constant in this case.

4 Solution methodology

In this section we briefly explain how to solve Euler-Lagrange equations derived earlier. We will use sys-
tem (3.5) and (3.6) as an example as the method for (3.10) and (3.11) as well as (3.15), (3.16), (3.19) and
(3.20) are similar. To solve the system of ordinary differential equations (3.5) and (3.6) with boundary condi-
tions (3.8), we use the finite difference method. At the boundaries in which Neumann’s boundary conditions
are given, we determine numerically the boundary values by using Taylor expansion with the given boundary
conditions. We use the following numerical scheme to solve the system (3.5) and (3.6).

Let Ap = p;/(N + 1) be the spatial step-size so that p; = iAp,i = 0,1,2,....,(N + 1) is the partition

of [0, pr]. We assume that 1; and z; are approximations to ¢ and z respectively at the grid point p;,7 =

1,2,.....,N. In this uniform mesh grid we use the following discretization
612_1/1 i — 20 + i
2 - 2 ’
dp? |, (Ap)
dy A Bk
dp pi 2Ap
dz  Zipl — 2
dp n Ap

Pi

And the system (3.5)-(3.6) can be discretized as

cos? ) Vigr =20 +vic1 | sin2¢; (i1 — i 2 _sin2y;  singy
(Ap)? 4 Ap 4p7  2p7costy
_cos® 1 |:'l/1i+1 - wi—1:| n fo(pi) (coswi N 1 ) cos i dfy o
pi 2Ap kopi cos ; ky —dp|, = 2kppicosi;

0(2) siny;  co sin? P;
2 cos1; Pi COS Y;

11



i=1,2,...,N. (4.1)

Using the boundary conditions (3.8), this scheme produces a nonlinear system of 2N — 1 equations with
2N — 1 unknowns 1,99, ..... SN 1y 215 22 eeee ,ZN—1,Mo- This non-linear system of algebraic equations is

solved by the Gauss-Newton method with line search.

5 Result and discussion

One of the objectives of this paper is to confirm the hypothesis proposed in [15] that the distance between
the viral and cell membranes could be reduced significantly to facilitate fusion by forming “dimples”, due
to the bending force exerted by the protein clusters. We start by discussing the results for the case with no

constraints.

5.1 Deformation without constraints

In reality, the value of ps where the membrane becomes flat depends upon the density of the activated HA
trimers. As mentioned in [15], the contact area of radius ~ 25 nm can have ~ 10 dimples if all HA molecules
in this area are activated. This helps to estimate the range of py to be from 8 nm to 25 nm. Therefore, for
the purpose of our computation, we consider py = 20 nm.

For the comparison purpose, we have carried out the simulation with the same values k, = 20 kT,
fp =24x 107" N, ¢g =0, pp = 8 nm and r, = 4 nm, i.e., the radius of the fusion-site (p, — r,) = 4
nm as in [15]. By assuming that the dimple top is spherical, they predict that the angle ¢ at the end of
the dimple top is approximately 0.6 and that the top is the segment of the sphere of radius 7.0841 nm.
We plot this segment (dot-dashed line) along with the dimple top predicted using our model in Fig. 2(a).
It can be seen that the spherical shape gives a reasonable approximation of the dimple top. However, the
overall shape of the membrane deformation predicted by our model, differs from the sphere. This can be

seen more clearly in Fig. 2(b), where the two principle curvatures are plotted. Near the axis of symmetry

12



c1 and cg are close to each other showing the approximate spherical shape. However, the curvatures are
not constant and as it gets away from the axis of symmetry, the difference between them gets larger and
larger showing the deviation from the spherical shape. Moreover, the total curvature does not vanish in the
protein-cluster region, specially closer to the dimple-top. This result is contrary to catenoid shape of the
membrane in the protein-cluster region hypothesized in [15]. The distribution of the energy contribution by
the bending rigidity term and the protein force term is plotted in Fig. 2(c). Only term contributing in the
dimple-top is obviously the bending rigidity term due to absence of protein inside the fusion-site. However,

in the protein-cluster region, the dominating contribution to the energy comes from the protein force.
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Figure 2: (a) Comparision of the shape of the dimple top of the viral membrane with the spherical shape
(b) Principal curvatures distribution of the viral membrane (c) Energy contribution due to bending rigidity

and due to protein force.

In order to facilitate fusion, a significant amount of energy must be available for the merge of the
monolayers. Our computation shows that the energy stored in the dimple-top is 37.43 kT. Here, the height
of the dimple-top from the horizontal membrane plane is 9.8 nm. The energy predicted by our model is
reasonable compared to the energy required (= 37kT) for the merging of monolayers [19, 21]. Since the
sufficient amount of energy can be stored in the dimple-top to carry out the fusion process, the dimple
formation mechanism due to protein cluster to bring the membranes closer to each other during pre-fusion

is acceptable.
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Figure 3: Contour shape of the viral membrane for (a) the different fusion-site radius (b) the different

protein-cluster thickness (c¢) the different protein force.

In Fig. 3(a) we plot the membrane shape as we vary the radius of the fusion-site (p, — r,). The graph
shows that there is a maximum dimple height as a function of the fusion-site radius. It should be noted that
for some values of (p, — rp), the membrane even forms a small reverse dimple at the axis of symmetry. This
shows that the assumption of spherical top of the dimple is not acceptable all the times. For a successful
fusion to occur, there may exist an optimal value of (p, — rp,) for the HA-molecules to form clusters. This
can be illustrated further by examining the energy stored in the membrane. For f, =2 x 107" N, ¢g =0
and r, = 2 nm, the energy stored in the dimple and the total bending energy as a function of the fusion-site
radius (p, —7p) are plotted in Figs. 4(b) and 5(b), respectively. Here, the total bending energy stored in the
membrane is computed by integrating the bending energy on the entire membrane (i.e up to p = p,+7,) and
the energy stored in the dimple-top is obtained by integrating the bending energy up to the end of fusion-site
(i.e. up to p = pp —1p). As we can see, initially the total energy decreases quickly as the fusion-site radius
increases. However, for larger values of (p, — ), the total energy remains almost independent of the size
of fusion-site. The energy stored in the dimple-top reaches a maximum value at certain value of (p, — ).
The maximum energy stored in the dimple-top, which facilitates the fusion process, occurs for the radius
2.75 nm of the fusion-site. We got, for the maximum energy stored in the dimple, the fusion-site radius is

approximately equal to r,. This result is consistent with the discussion in [15] that the inner-radius of the
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cluster is comparable to the radius of HA-trimer forming the cluster.
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Figure 4: Energy in the entire membrane (i.e the membrane up to p = p, + r,) depending on (a) the

spontaneous curvature ¢y (b) the fusion-site radius (c) the protein-cluster thickness (d) the force by the

protein-cluster.

Now we examine the effect of the protein-cluster thickness (2r,) on the membrane deformation. We again
set f, =2 x 107" N, ¢g = 0 and the fusion-site radius (p, — 7,) = 4 nm. As shown in Fig. 3(b), increasing
the protein-cluster thickness increases the dimple height. While the total energy in the membrane (including
bending as well as that due to the protein force) increases (in its absolute value) as the protein-cluster

thickness increases, the bending energy in the dimple-top also increases with the protein-cluster thickness.
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This is shown in Figs. 4(c) and 5(c). This result is also consistent with the conclusion made in [15].

In Fig. 3(c), we show that the height of the dimple grows when the force exerted by the protein-cluster
increases. The total energy in the membrane and the bending energy in the dimple-top as functions of the
protein force, while keeping co = 0, 7, = 2 nm and (p, — rp) = 4 nm, are plotted in Figs. 4(d) and 5(d),
respectively. Again the magnitude of the total energy in the membrane is negative and the bending energy in
the dimple-top is positive. Absolute value of the energy in the membrane and the energy in the dimple-top

both increase with the force exerted by the protein-cluster.
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The effect of spontaneous curvature ¢y on the energy of the lipid bilayers is of very much interest for
experimental works. In Figs 4(a) and 5(a), the total membrane energy and the bending energy in the
dimple top are plotted for f, =2 x 107! N, p, = 6 nm and r, = 2 nm. The total energy in the membrane
decreases at first and then increases as ¢y increases. Also, the bending energy stored in the dimple is not a
monotonic function of ¢y. The maximum value of the dimple bending energy occurs at a small positive value
of ¢g. Therefore, the small positive spontaneous curvature favors the fusion to occur. This result is in a very
good agreement with the experiment [23]. In [23], it has been observed that the fusion does not occur in the
presence of too much agents with positive spontaneous curvature, such as lysophosphatidylcholine (LPC),

but the subsequent removal of LPC leads to fusion.

5.2 Incompressible membranes

To examine the effect of the incompressibility property of the biological membrane, we solve equations (3.10)-
(3.11) and the result for f, = 2.4 x 107! N, p, = 6 nm and r, = 2 nm is presented in Fig. 6. Graphs
are plotted for v = 0,3,6,10 x 107* Nm~'. The plot for v = 0 Nm™! corresponds to the case without
taking membrane compressibility into account. The graph clearly shows that there is an effect of the tension
~ on the height of the dimple as well as on the energy stored in the dimple-top. Increase in the in-plane
tension developed from 0 to 10 x 1074 Nm™!, i.e., membrane becomes less compressible, reduces the height
of the dimple as well as the energy stored in the dimple-top from 55.40 kT to 36.28 kT. Therefore, the
incompressibility nature of the membrane causes the formation of dimple less favorable and so opposes the
fusion to occur. This result strongly supports the experiment [23], which observed and concluded that the

membrane tension prevents dimple formation and, therefore inhibits fusion.

5.3 Presence of the host cell

As discussed earlier, the presence of the host cell imposes a constraint on the maximum height of the
viral membrane deformation. Fig. 7 (a) and (b), show the effect on the growing dimple when its height is

constrained by the presence of the cell membrane. In Fig. 7 (a), the shape of the viral membrane is plotted
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Figure 6: Contour graph of the viral membrane showing the effect of the membrane compressibility.

by setting the cell membrane constraints at the heights 4 nm, 3 nm, 2 nm and 1 nm from the p-axis. The
graphs presented here are for the same protein force. Due to the presence of the cell membrane closer to
the viral membrane, the dimple-top becomes flatter. In Fig. 7 (b), we vary the protein-force while fixing the
maximum height. The viral membrane shape begins to become flatter when the protein-force is increased.
With excessive force, the viral membrane leaves the cell membrane at the axis of symmetry forming a
small reverse dimple. Therefore, the shape of the viral membrane in the presence of the cell membrane is
determined by the height of the cell membrane location and the magnitude of the protein-force.

To understand the mixing of two membranes in detail two membranes in the bilayer have to be considered
separately as monolayers with their coupling condition because during the fusion the outer and the inner

monolayer of the bilayer behave in the different manner.
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Figure 7: (a) Contour graph of the viral membrane with the cell membrane constraint at different heights.
(b) Contour graph of the viral membrane for the different protein-forces under the fixed cell membrane

constraint.

6 Conclusion

We present a mathematical model for the pre-fusion process in which HA-protein cluster brings the viral
and cell membranes in close contact for fusion. A correct shape equation is derived using the method of
Lagrangian multipliers.

Our results on dimple formation confirm the hypothesis in literature that the pre-fusion deformation can
be mediated by the HA-protein clusters. Moreover, the energy stored in the dimple-top predicted by our
model is at a physically reasonable level to facilitate the merging of the contacting monolayers. There exist
values of the fusion-site radius and the spontaneous curvature corresponding to optimal dimple height and
optimal energy stored in the dimple-top. The dimple height and the energy stored in the dimple-top have
positive correlation with the protein-cluster thickness and the protein-force. The incompressibility property
of the membrane also plays a role in determining the shape of the membrane as well as the energy stored
in the dimple-top. Less compressible membranes resist more strongly towards bending thereby reduce the

chance for the membranes to come closer and to fuse with each other. Effect of incompressibility property
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and spontaneous curvature produced by our model is in a good agreement with the experimental observa-
tions. The shape of the viral membrane constrained by the presence of the cell membrane depends upon
the location of the cell membrane as well as the magnitude of the protein force. For a more detailed under-
standing of the merging phenomena of two approaching membranes, our model needs to be generalized by

considering individual monolayers.
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Appendix. Derivation of the correct axisymmetric shape equations

For incompressible vesicles (closed lipid bilayer membranes) with a fixed area to volume ratio, the equilibrium
shape can be determined by minimizing the bending energy given by the spontaneous-curvature model of

Helfrich [11, 38]:

F= %kb f(cl + oo —co)2dA + kG?{clcgdA + )\?{dA + AP/dV (A1)

where dA, ky, kg, c1, co and ¢ are the same as in the viral membrane model and dV is the volume element;
A and AP are Lagrangian multipliers used to incorporate the constraints of constant area and constant
volume respectively. Physically A and AP can be interpreted as the tensile stress and the pressure difference
respectively. For vesicles with the same topological forms, the Guassian curvature term k¢ ¢ c1c2dA can be
dropped from (A.1).

The general shape equation derived by Ou-Yang and Helfrich [38], which is widely accepted as the correct
shape equation, is

AP —2\H + ky(2H + o) (2H? — 2K — coH) + 2k, V2H =0

where V2 is the Laplace-Beltrami operator on the surface. Substituting the axisymmetric curvature expres-

sions into the general equation, the shape equation can be obtained as [4, 12, 25, 27, 37]:

& Py d 1 dp\* s 2 ()
cos® d—pf = 4siny cosQibd—pg}d—i} — cost)(sin’ ¢ — 5‘3052 ) (d%f) + %pcosw (d_vﬁ>
_200531/1d2_2/1+ §_2cosmw+sin2¢+i_w coswﬂ
pdp? \ 2 p 20 ko P dp
JAP Xy i’y dsing  singcoty (A2)
Y 27 2p p’

A.1 Variation in p-direction

We derive the shape equation for axisymmetric vesicles by taking the variation of the axisymmetric energy

functional. The method used here is similar to [12] but the variation is performed along the direction
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perpendicular to the axis of symmetry (i.e. p direction) and the corresponding induced variations in ¢ and s
are obtained by using the geometric relations (3.1) and (3.2). The method used here is similar to the method
used to find the equation of geodesics in Riemannian geometry by means of the variational method [12, 31].

We start with the following axisymmetric shape energy functional with parameter s

dip  siny 2 5 .
Fs=m kpp | — + p —co | +APp°sinty + 2\p| ds (A.3)

ds

and introduce an arbitrary parameter t to get

Fo=r [ L (plt).0(0).5(0).5(0) . (A4)

where
. . 2
L (p(t),w(t),z/}(t),é(t)) = kup (% + S”;w - co> § 1+ APp?sin s + 2)pé, (A.5)
. d
i = &
. ds

Terms 2kb¢ siny and —2kpcp$sint) in (A.5) do not contribute to the shape equation [12], so we neglect them

and work with the following Lagrangian

kop() | ks sin®

+ kbpcgé — 2kbc0p1/.1 + 2\p$
5

L (p(0). (0. (0. 5()) =

+APp? sins. (A.6)

Let dp be the infinitesimal variation along the p-direction so that the variation along the z-direction is

dz =0 (See Fig. 8). From the geometric relation (3.1), we have dp = cosds which gives
—sinds(6)) + cospdds = ddp. (A7)

Similarly, from the geometric relation (3.2), we have dz = — sinds which, using déz = ddz due to indepen-

dence between operators d and ¢, gives
cos ds(1)) + sind(ds) = 0. (A.8)
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Figure 8: The variation in the direction perpendicular to the axis of symmetry (i.e in p-direction). AB = ds
is the segment in the original generating curve, C'D is the corresponding segment in the curve deduced by
the variation dp in p-direction and dashed curve is the curve deduced by moving the original curve from A

to C.

Solving Equations (A.7) and (A.8) for ¢ and §(ds), we get

sinddp
- A.
50 el (4.9)
d(ds) = cosyddp, (A.10)
and also

P d (sinyddp

i = (st i

. cosyddp
05 = T (A.12)
The shape equation is determined by the variational equation § F5 = 0, which gives

OL oL

—5p+ —61/; + 51/) + —55] dt = 0. A.13

e 1

Using Equations (A.9), (A.11) and (A.12) in (A.13) and performing integration by parts and simplification,

we obtain the following shape equation

oL sin 0L sinty d OL d oL B
8_+dt< ; aw) a( ; a@)‘a(cowﬁ—o- (A.14)
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After using Equation (A.6) in (A.14) and simplifying, we end up with the following shape equation

kyp d) Bkupd -« 2k - ky(8—peosd) -, kup

_ _ 3
()2 dt3 — (3)3 v (5)2 vt g sin ) 2(3')2(1/’)
ky(2 —3sin® ) kyp kpp(d®s/dt®)  3kyp(5)%  3kyps
[ - G G - B T
kyco  kpeg costpp kbc(%p] ;
_sinz/J $sin 2 v
. pcos P kpssiny  kysini cosyp
+APps + (sinz/J  sing > A 202 22
kycg(s — peosy)) | kpcop  kpcopd
2sin 5 (3)2 (A.15)

We now consider p as a parameter by taking ¢t = p. Then using ¢ = di)/dp, § = ds/dp = 1/ costp, p =1
along with their higher derivatives in (A.15), we obtain (A.2). Therefore, we have shown that the variation
does not have to be in the normal direction, the variation in the other direction than the normal direction
can also produce the same shape equation if the induced variations in other variables are obtained by using
the geometric relations (3.1) and (3.2). We note that the approach outlined here breaks down when the

surface is perpendicular to the axis of symmetry. More general approach is provided below.

A.2 The method of Lagrangian Multiplier

We include the geometric condition cost(dz/dp) = sint in the action form of shape energy functional via

an additional Lagrange multiplier n as follows:

F=r [ L (000020000, 5.5 ) o (A.16)

where the Lagrangian L (p,4(p), 2(p), n(p), di/dp, dz/dp) is

- dy d kyp (d ~ 2 AP o)
. (p,?/)(p),z(p),n(p), di; d_Z) B Col;pi/i (d_f cosvt e CO> " C[;Ssl/linw * Cosf/J
dz .
+n (d_p cosz/1+smz/1> . (A.17)

From the Euler-Lagrange equation
oL d oL
0%  dpd(dd/dp)
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for ® = 1, n and z, we obtain the following system of equations

o d*  sintcost <d_z[1)2+ sin 1) sin¢cos1/1+cgsin¢_cos21/1d_w_ co

dp? 2 dp 2p2 cos 22 2 cos p dp pcosi
L APp Asinty  cocosy n (A18)
2kycostp  kycosp p 2kyp’ '
dz sin
— = - A.19
dp cosp’ ( )
dn L
cosp— = msinyp—. A.20

We rewrite (A.18) as n = n (p, v, dv/dp, d*y/dp?) and find the expression for dr/dp. Then we substitute the
expressions for n and dn/dp in (A.20). After lengthy mathematical manipulations, we obtain (A.2), which

is the correct shape equation.
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