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Abstract

In this paper we study two related multiphase models for simultaneous heat and
mass transfer process during bread baking. Our main objective is to provide an expla-
nation and a remedy to the observed erroneous and/or divergent results associated with
the instantaneous phase change model used in the literature. We propose a reaction-
diffusion model based on the Hertz-Knudsen equation, where the phase change is not
instantaneous but determined by an evaporation/condensation rate. A splitting scheme
is designed so that a relation between these two models can be established and the
non-intuitive numerical instability associated to the instantaneous phase change model
can be identified and eliminated through the reaction-diffusion model. The evapora-
tion/condensation rate is estimated from balancing these two models and reasonable
and consistent results are produced by using the estimated rate. For the evapora-
tion/condensation rate beyond the estimated value oscillation, solutions with multiple
regions of dry and two-phase zones is observed. We show that these are caused by
an instability intrinsic to the model (which we call diffusive instability) and the effect
of the diffusive instability to the bread-baking simulation is also explained through a
linear stability analysis and supported by numerical tests.

Keywords: Multi-phase Modeling, Heat and Mass Transfer, Phase Change, Reaction-
Diffusion Equation, Diffusive Instability, Finite Difference Method, Linear Stability Analysis.

1 Introduction

Bread baking process is difficult to model, partly due to the fact that simultaneous heat
and mass transfer are involved during the process. During baking, heat transfer in dough is
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a combination of conduction/radiation from band or tins to the dough surface, convection
from air to the dough surface in the absence of baking tins, conduction in the continuous
liquid/solid phase of the dough, and evaporation-condensation in the gas phase of the dough.

De Vries et al. [8] described a 4-step mechanism for the heat transport inside dough: (1)
water evaporates at the warmer side of a gas cell that absorbs latent heat of vaporization;
(2) water vapour then migrates through the gas phase; (3) when meeting the cooler side
of the gas cell, water vapour condenses and becomes liquid; (4) finally heat and water are
transported by conduction and diffusion through the gluten gel to the warmer side of the
next cell. The water diffusion mechanism becomes important to heat transfer, because dough
tends to be a poor conductor that limits the heat transfer rate via conduction.

The above described mechanism of diffusion together with evaporation and condensation
in dough was subsequently adopted by Tong and Lund [19] and Thorvaldsson and Janes-
tad [18]. With this mechanism, liquid water moved towards the loaf centre as well as the
surface by evaporation and condensation, reducing the partial water vapour pressure due to
the temperature gradient. As a result, crumb temperature increasing was accelerated.

In the model by Zanoni et al. [20], an evaporation front inside the dough was assumed
to be always at 100oC. This evaporation front progressively advanced towards the centre as
bread’s temperature increased. Crust was formed in the bread portion above the evaporation
front. With similar parameters, Zanoni et al. [21] developed a 2-dimensional axi-symmetric
heat diffusion model. The phenomena were described separately for the upper and lower
parts (crust and crumb). The upper part (crust) temperature was determined by equations
including heat supply by convection, conductive heat transfer towards the inside, and convec-
tive mass transfer towards the outside. The lower part (crumb) temperature was determined
by the Fourier’s law. In addition to the Cartesian co-ordinate models, a 1-dimensional
cylindrical co-ordinate model was also established by De Vries et al. [8].

Among the various models, the internal evaporation-condensation mechanism well ex-
plains the fact that heat transfer in bread during baking is much faster than that described
by the conduction alone in dough/bread. It also supports the observation that there is
an increase in the liquid water content at the centre of bread during the early stage of
baking (Thorvaldsson and Skjoldebrand [17]), rather than a monotonous decrease resulted
from having liquid water diffusion and surface evaporation only. Therefore, a promisingly
good model for bread baking might be a multiphase model which consists of three partial
differential equations for the simultaneous heat transfer, liquid water diffusion and water
vapour diffusion respectively, together with two algebraic equations describing water evapo-
ration and condensation in the gas cells. Indeed, Thorvaldsson and Janestad [18] used this
multiphase model to describe a one-dimensional case where baking tin was absent.

In [18], a slab of bread crumb being baked in a conventional oven was considered. The
model assumed that the vapor and liquid water diffused separately and the phase change
(evaporation and condensation) occurred instantaneously, i.e., the vapor content V was
directly proportional to the saturated vapor content Vs at the same temperature at any
given time, provided that there was enough liquid water available. The authors showed
reasonably good agreement between the numerical results predicted by the model and the
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experimental measurements. However, further investigations using the same model revealed
that the numerical procedure for solving the model became a serious issue as the time step
size is refined [15, 22].

Zhou [22] demonstrated that numerically solving the model presented a big challenge.
Although various schemes of finite difference methods (FDM) and finite element methods
(FEM) were applied, the corresponding solutions were all shown to be highly sensitive to
the time step and satisfactory results were only yielded over a limited range of time step.
Erroneous and/or divergent results were produced when the time step size was either too
small or too large. While it is reasonable to expect that large time step may lead to instability,
failure of the numerical methods due to small time step sizes is non-intuitive.

The main objective of this paper is to provide an explanation as well as a remedy to
this highly non-intuitive outcome of the instantaneous phase change model. We start by re-
examining the model and the numerical procedures used in [18, 15, 22]. In order to identify
the source of instability occurred in the instantaneous phase change model, we construct
a reaction-diffusion model by assuming that the phase change follows a modified Hertz-
Knudsen equation, which can be derived using statistical mechanics principles [12]. We
show that the two models are equivalent from a numerical point of view, when a special
time stepping scheme is used for the reaction-diffusion model, by selecting an evaporation
rate reciprocal to the time step size. Therefore, reducing the time step size in the instanta-
neous phase change model is equivalent to refining the time step as well as increasing the
evaporation rate in the reaction-diffusion model.

The reaction-diffusion model allows us to study the effects of the evaporation rate in more
details by separating two types of instabilities, i.e., instability associated with the particular
numerical scheme and an intrinsic diffusive instability associated with the model. Combin-
ing numerical tests and linear stability analysis, we show that the diffusive instability is an
intrinsic feature of the model, which does not disappear as the time step is reduced. As a
result, the two-phase region where vapor and liquid water co-exists, may become unstable.
For the parameter values used in [18, 15, 22], the constant state solution in the two-phase
region is linearly unstable even though the solution is stable when the phase change and
diffusion are considered separately. Furthermore, the rate of growth depends on the evapo-
ration rate. A larger evaporation rate leads to faster growth of the disturbances. Oscillation
in solutions can occur in the two-phase region before the dry region completely takes over.

We show that the reaction-diffusion model does not lead to numerical instability when
sufficiently small time step size is used. In the instantaneous phase change model, reducing
the time step size is equivalent to increasing the evaporation rate while keeping the ratio of
the time step size and the evaporation rate fixed. Therefore, systematic refinement of the
time step size induces faster growth of error, which eventually causes numerical instability
observed in the computations in [15, 22].

In order to put the problem we study in this paper in a broader context, we shall give
a brief overview of some relevant applications whose mathematical description has certain
similarity to the bread baking models discussed here. A general feature of these problems is
the coupling of thermal diffusion and phase change. We refer to [3, 4, 5, 6, 9] for treatments of
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phase change and heat transfer phenomena in general. A closely related application is given
in [14, 13], where a moisture transport model for the wetting and cooking of a cereal grain
is considered. The temperature is decoupled from the moisture model and it is used as a
parameter in their model. In [11, 10], the condensed phase combustion or gasless combustion
is considered. The model has applications in synthesizing certain ceramics and metallic alloys
and involves a reaction-diffusion system for the temperature and the concentration of the
fuel, where the diffusion coefficient of the fuel concentration is set to be zero. In [2], a
model for the aggregate alkali reaction in fluid leaching processes, which is similar to the the
gasless combustion, is studied numerically. All these models are similar to the one studied
in [18, 15, 22], with some differences in the way the phase change is handled and in the
parameters and coefficients. Numerical techniques used in those studies are also similar,
where either finite difference and finite element methods or pseudo-spectral method are used
for the spatial discretization.

The rest of the paper is organized as follows. In section 2 we revisit the instantaneous
phase change model used in the literature for bread baking application and show its incon-
sistent result when the time step is reduced. In section 3, we propose a reaction-diffusion
model based on the Hertz-Knudsen equation. The relationship between the two models will
be explored in section 3.2 when the numerical method is discussed. Numerical results of the
reaction-diffusion model are given in section 3.3. In section 4 we carry out the linear stability
analysis of our new model. We finish the paper by a conclusion and a short discussion on
future directions in section 5.

2 The Instantaneous Phase Change Model

The multiphase model used and studied in [18, 15, 22] assumes that the bread can be
treated as a homogenous porous medium with density ρ, specific heat capacity cp, thermal
conductivity k. While both cp and k are assumed to be constants, density ρ is given as a
function of the liquid water content. The main variables are T , V and W , where T is the
temperature in K, W and V are the liquid water and water vapor content (defined as the
percentage of vapor and liquid water mass, compared to that of the mixture including the
bread) inside the bread with respect to the total weight (unit-less). Thus the total vapor
and liquid water masses per unit of volume can be computed as ρV and ρW , respectively.
The vapor and liquid water can be generated via evaporation and condensation, respectively,
determined by the saturated vapor concentration Vs(T ), which is temperature dependent.
The evaporation and condensation is assumed to be instantaneous. The vapor and liquid
water can also be transported via diffusion, with coefficients DV and DW , respectively. We
note that only vapor and liquid water in the pore are being considered in this model and as
well a modified model to be discussed.

It is assumed that the bread has certain moisture content W0 (liquid water) at the
room temperature T0 initially. At time zero, the bread is placed in an oven pre-heated at
temperature Ta by a radiator at temperature Tr.

Based on these assumptions and the conservation laws, the governing equations can be
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written down as

ρcpTt = (kTx)x + λΓ, (1)

Vt = (DV Vx)x, (2)

Wt = (DWWx)x (3)

where λ is the latent heat of phase change and Γ is the mass rate of phase change. We
note that rate of change in vapor and liquid water included in the above equations is due to
diffusion only with the assumption that the local equilibrium is maintained by instantaneous
phase change in the two-phase region.

To be more precise, consider a time instant when vapor and water content, denoted
by V and W , with temperature T , which are not at an equilibrium. This leads to either
evaporation or condensation and the equilibrium state will be restored and the vapor content
is given by

V ∗ = cVs(T ) (4)

if there exists sufficient amount of liquid water in the case of evaporation. Here c is a phase
change constant whose value is determined by comparing the computational result and the
experiment result given in [18]. The amount of phase change (mass) can be computed as

Γ = ρ(V ∗ − V ) ≡ ρ[cVs(T ) − V ]

as long as Γ < ρW . The amount of liquid water after the phase change is given by

W ∗ = W − Γ

ρ
.

On the other hand, if Γ ≥ ρW , the phase change (mass) is given by

Γ = W

with W ∗ = 0 and V ∗ = V + W .
An implicit assumption made in the model described above is that the phase change

occurs at a much shorter time scale than the diffusion, which is valid in general. When a
numerical method is used to solve the model equations, instantaneous phase change also
implies that the time scale for phase change is shorter than any time step sizes taken in the
computation, which may not be valid as the time step size becomes small. In Figure 1, we
have reproduced some of the computations based on the geometric and boundary conditions
in [22]. Initially the vapor and liquid water content as well as the temperature are assumed
to be uniformly distributed within the bread slab. As a higher temperature is imposed at the
boundary x = 0, the temperature inside the bread will rise, causing water to evaporate near
the boundary. The vapor diffuses towards the center of the bread (x = L) and condenses
as the temperature is lower there, which leads to an increased amount of liquid water. In
Figure 1, we plot V , W and T at three locations x = 0, L/2, and L. The computational
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Figure 1: Computational results of V , W , and T obtained by using the instantaneous phase
change model. Time step sizes are (a) ∆t = 10 seconds; (b) ∆t = 1 second. In this figure as
well as in Figures 3 and 4, the dotted lines represent the quantities at the surface of the slab
(x = 0), the dashed lines are for those located in the middle of the domain (x = L/2) and
the solid lines represent the values at the center of the slab (x = L). The time is measured
in minutes.
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results show that a perfectly reasonable solution can be obtained when the time step is
∆t = 10 sec (Figure 1a). A systematic refinement of the time step eventually causes the
solution to diverge (e.g. ∆t = 1 sec depicted in Figure 1b). The solution blows up when the
time step size is further reduced to ∆t = 0.5 sec.

The results in Figure 1 are obtained using an implicit Euler time stepping scheme while
the second order center finite difference scheme is used to approximate the spatial derivatives.
These results are consistent with those observed earlier where both first order and second
order time stepping methods were used [22]. Relatively coarse grids (16 points) are used in
the x direction since a finer grid also leads to numerical instability.

In Figure 2, we provide more numerical evidence by plotting the maximum norm of the
computed water content W as a function of time, as the time step size and spatial grid size
are systematically refined. As shown in the figure, the numerical solution grows as the time
and spatial step sizes are refined. Eventually the solution grow out of bound when the step
sizes are further refined, indicating instability in the numerical solution.

The instability due to spatial step size reduction is likely to be numerical. However, the
loss of stability by reducing the time step size is counter-intuitive. From numerical analysis
point of view, reducing time step size normally stabilizes time step schemes. Therefore, the
loss of stability is likely due to other effects. As revealed by our analysis in the subsequent
sections, the numerical instability observed in the computations can be attributed to an
intrinsic feature of the model, due to the interplay of heat and mass diffusion and the phase
change. We note that the numerical results presented here are in dimensional form, for easy
comparison with those given in the literature. It is worth pointing out that the scale of the
time step sizes is much smaller than the diffusive time scale, which is on the order of 103

seconds. The time scale for the phase change, one the other hand, should be smaller than
the time step sizes in order for the phase change to be “instantaneous”.

3 A Reaction-Diffusion Model

Since the instantaneous phase change model does not seem to lead a satisfactory solution,
we now consider an alternative model which does not assume instantaneous phase change.
In particular, we shall study the following reaction-diffusion model which is similar to that
in the previous section except that the phase is not instantaneous. The governing equations
of the model are again the conservation of mass and energy.

ρcp

∂T

∂t
=

∂

∂x

(

k
∂T

∂x

)

+ λΓ, (5)

∂V

∂t
=

∂

∂x

(

Dv

∂V

∂x

)

− Γ

ρ
, (6)

∂W

∂t
=

∂

∂x

(

Dw

∂W

∂x

)

+
Γ

ρ
(7)

7



0 20 40 60 80 100
0

0.1

0.2

0.3

0.4

0.5

0.6

t (min)

||W
|| ∞

0 20 40 60 80 100
0

0.2

0.4

0.6

0.8

1

t (min)

||W
|| ∞

(a) (b)

Figure 2: Maximum norm of the computed water content is plotted as a function of time
(measured in minutes). (a). The solid, dashed and dotted lines are solutions obtained using
time step sizes ∆t = 5, 2.5, and 1.25 seconds while the number of grid in x is fixed at N =
16; (b). The solid, dashed and dotted lines are solutions obtained using N = 8, 16, 32 grid
points in x while the time step size is fixed as ∆t = 0.625 seconds.

for 0 < x < L. Here Γ is the rate of the phase change (mass per unit volume per unit time).
It is through Γ that our model differs from the one in the previous section. We assume that
it is given by the modified Hertz-Knudsen equation (See [12] where this equation is used for
studying evaporation phenomenon).

Γ = E(1 − φ)

√

M

2πR

(Pv − cPs)√
T

(8)

where E is the condensation/evaporation rate, φ is the porosity of the bread slab, M is
the molecular weight of water and R is the universal gas constant, Pv and Ps are the vapor
pressure and saturation pressure, and c is another phase change constant same as the model
in the previous section. For simplicity we have included the pore surface area in E, which
is inversely proportional to the pore size of the porous sample. Even for a unit pore surface
surface, the value of evaporation rate E is subject to debate [12]. In this study, we will
estimate the value of E by comparing the current model with the instantaneous phase change
one in the next section.

Assuming the ideal gas law,

Pv =
RρV T

φM
, Ps =

RρVsT

φM
(9)
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we can re-write (8) as

Γ =
E(1 − φ)ρ

φ

√

RT

2πM
(V − cVs) . (10)

Following [18, 15, 22], the boundary conditions are mixed condition at x = 0:

−k
∂T

∂x
= hr(Tr − T ) + hc(Ta − T ) − λρDw

∂W

∂x
, (11)

−∂V

∂x
= hv(Va − V ), (12)

−∂W

∂x
= hw(Wa − W ) (13)

and symmetric condition at x = L:

∂T

∂x
=

∂V

∂x
=

∂W

∂x
= 0. (14)

Here hr, hc, hv and hw are the radiative, convective heat transfer coefficients, vapor and
liquid water mass transfer coefficients. Va and Wa are the vapor and liquid water content in
the oven air. The values of parameters relevant to bread baking are given in the Appendix.

3.1 Nondimensionalization

We now proceed to nondimensionalize the equations by choosing the following scaling

θ =
T − T0

T̄
, τ =

t

t̄
, ξ =

x

L
, ρ′ =

ρ

ρ̄
.

Here T0 = 298.15 K is the initial temperature and T̄ = Tr − T0 is the difference between the
radiator and initial temperature. ρ̄ = 284 kg/m3 is the density of the flour. We choose the
diffusive time scale for the temperature equation

t̄ =
ρ̄cpL

2

k
.

Drop the prime for simplicity and we have the following equations

θτ =
1

ρ0 + W
θξξ + S, (15)

Vτ = D1[(θ + θ0)
2Vξ]ξ − αS, (16)

Wτ = D2Wξξ + αS (17)

where ρ0 = ρ(0)/ρ̄,

D1 =
DV 0ρ̄T̄ 2cp

k
, D2 =

DW ρ̄cp

k
, α =

T̄ cp

λ
.
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The source term for the phase change is now

S = β
√

θ + θ0 (V − cVs) (18)

where

β = λE(1 − φ)
ρ̄L2

φk

√

R

2πMT̄
,

the saturated vapor content is

Vs =
Vs,0e

γθ − Vs,1

(ρ0 + W )(θ + θ0)
,

with the parameters

Vs,0 =
Ps,0M

ρ̄T̄R
, Vs,1 =

Ps,1M

ρ̄T̄R
, γ = κT̄ .

Note that we have fitted the saturated vapor pressure data [16] by an exponential function

Ps = Ps,0 exp[κ(T − T0)] − Ps,1. (19)

The nondimensional density is given as

ρ = W + ρ0.

The boundary conditions at x = 0 and x = L are nondimensionalized similarly. At ξ = 1
(x = L), we have

θξ = Vξ = Wξ = 0. (20)

At ξ = 0 (x = 0), we have

θξ = (h3 + h4)(θ − 1), (21)

Vξ = h1(V − Va), (22)

Wξ = h2(W − Wa) (23)

where

h1 = hV L,

h2 = hW L,

h3 =
σT̄ 3L

k

[(1 + θ0)
2 + (θ + θ0)

2](θ + 1 + 2θ0)

ǫ−1
p + ǫ−1

r − 2 + F−1
sp

,

h4 =
hcL

k
.

Here we have assumed that the air temperature Ta equals to the radiator temperature Tr.
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Remark 1. Based on the parameter values relevant to bread baking given in the Appendix,
we note that the diffusivity for vapor D1 is bigger than that for the temperature by a factor
of 5 while the diffusivity for liquid water is three orders of magnitude smaller. Thus, water
is essentially immobile compared to that of vapor and temperature. In addition, transfer
coefficients at the boundary is much smaller for liquid water than vapor by three orders of
magnitude, while it is comparable for temperature. Thus, liquid water loss at the boundary
can be neglected as well.

Remark 2. We have ignored the phase change at the boundary since its effect is small.

3.2 Numerical Method

We now turn our attention to the numerical solutions of the two models. In the following,
we first describe a splitting scheme for the reaction-diffusion model.

3.2.1 Splitting scheme

When the instantaneous phase change model is used, we treat the diffusion equations of T , V
and W and the phase change processes separately. For easy comparison we adopt a splitting
method for the reaction-diffusion model by separating the diffusion from the phase change
(reaction) term and solving the equations in two steps 1. We first solve the vapor and liquid
water equations by

Vτ = −αS, (24)

Wτ = αS. (25)

The second equation for liquid water can be replaced by an algebraic constraint

V + W = V 0 + W 0

where V 0 and W 0 are the values at the beginning of the splitting step. Diffusion of vapor
and liquid water as well as the temperature equation are solved in the second step by

θτ =
1

ρ0 + W
θξξ + S, (26)

Vτ = D1[(θ + θ0)
2Vξ]ξ, (27)

Wτ = D2Wξξ. (28)

1From the numerical method point of view, there is also a benefit to use the splitting. Since we can
obtain an explicit relation between W and V in the phase change stage, W can be computed using V

without treating the source term S in the W equation (or with that relation the source term in the W

equation can be written in terms of W and is dissipative). As a result, the algorithm is more stable. We
note that time splitting schemes have been used in the literature for reaction-diffusion equations and we refer
interested readers to [1, 7] and references therein
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3.2.2 Time stepping scheme

The numerical procedure in semi-discrete form can be described as follows.

1. We solve for vapor content first using

Vτ = −αS,

or
V ∗ − V (n)

∆τ
= −αβ

√

θ + θ0(V
∗∗ − cV (n)

s ) (29)

where ∗ denotes the solution updated due to phase change alone and ∗∗ indicates an
average to be defined below.

2. Evaporation can only occur if there exists sufficient amount of the liquid water. In
other words, liquid water content must remain non-negative. Therefore, liquid water
content is updated using the constraint

W ∗ = max{W (n) + V (n) − V ∗, 0}. (30)

3. As a consequence, vapor content is corrected using the constraint

V ∗ = W (n) + V (n) − W ∗. (31)

4. Phase change is computed using

αS =
W ∗ − W (n)

∆τ
. (32)

5. V (n+1) and W (n+1) are updated using the diffusion equations

V (n+1) − V ∗

∆τ
= (DvV

(n+1)
ξ )ξ, (33)

W (n+1) − W ∗

∆τ
= (DwW

(n+1)
ξ )ξ. (34)

6. Update the temperature

θ(n+1) − θ(n)

∆τ
= (DT θ

(n+1)
ξ )ξ − β

√

θ + θ0(V
∗∗ − cV (n)

s ). (35)
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3.2.3 Model comparison

Note that the diffusion part of the reaction-diffusion model (26)-(28) are the same as that
for the instantaneous model (1)-(3), in dimensionless form. The only difference between the
reaction-diffusion model and the instantaneous phase change model lies in the way the phase
change is computed, or more precisely the way vapor concentration V ∗ is computed. In the
instantaneous phase change model, instead of solving (29), we set

V ∗ = cVs. (36)

We now show that this is a special case of the reaction-diffusion model.
When V ∗∗ is computed using arithmetic average, i.e.,

V ∗∗ =
V ∗ + V (n)

2
, (37)

we obtain
V ∗ − V (n) = −ν(V ∗ + V (n) − 2cV (n)

s )

where

ν =
∆ταβ

√
θ + θ0

2
.

When ν = 1, or

β =
2

∆τα
√

θ + θ0

, (38)

which yields
V ∗ = cV (n)

s .

Therefore, we show that the instantaneous phase change model is numerically equivalent to
the reaction-diffusion model with a variable β inversely proportional to the time step size
∆τ .

3.3 Numerical Results

To simulate the moisture transport during bread baking we need to determine the evapora-
tion/condensation rate E or its nondimensionalized quantity β. Since the main objective of
the paper is to reveal the cause of the numerical instability associated with the instantaneous
phase change model, we will not attempt to estimate the true value of E for bread baking.
Instead, we first choose a time step size for which the instantaneous phase change model
generates the “right” solution (comparable to experimental measurement). We then use (38)
to determine evaporation/condensation rate. From numerical experiments in section 2 we
choose the time scale ∆t = 10 sec. Other parameter values may be found in Tables 1 and 2.
We can thus estimate the value of β as

β ≈ 2t̄

∆tα
√

θ0

= 781,
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and the corresponding evaporation rate is E = 4.5× 10−3. We can now carry out numerical
computation with E fixed while refining the grid size in x and reducing the time step size
until solution converges. In Figure 3, the numerical results based on this evaporation rate
is given for two time step sizes ∆t = 10 and 0.2 second using a coarse grid (16 grid points
in x) and a fine grid (128 grid points in x), respectively. The numerical procedure remains
stable as the time step is refined for a fixed grid size in x, contrary to the instantaneous
phase change model. We note that the non-smoothness of the solution in Figure 3a is due
to the coarse spatial and temporary grids used in the computation. When we refined the
spatial grid, the solution becomes smooth, as shown in Figure 3b. In comparison to Figure 1a
we also notice that the reaction-diffusion model and the instantaneous phase-change model
indeed produce the same result when β satisfies (38).

Recall that reducing the time step size in the instantaneous phase change model is equiva-
lent to increase the value of E in the reaction-diffusion model. Therefore, we can understand
the mechanism of the instability associated with the instantaneous phase change model by
carrying out the computations using a larger value of E. In Figure 4, computational results
using the reaction-diffusion model with E = 0.0045 and E = 0.045 are presented. Here we
plot the snap shots of the water content at various times in order to show what can happen
with the model if we increase E. The results are obtained using 128 grid points in the x vari-
able and a time step size of 0.2 second. We have also done further refinement tests but the
results remain virtually the same, indicating convergence of the numerical solutions. Since
we have decoupled the evaporation rate from the time step size, we can use a much smaller
time step size while keeping the evaporation rate unchanged, which is not possible for the
instantaneous phase change model. From Figure 4, it can be seen that the solution for the
larger evaporation rate starts to oscillate. However, this is not due to numerical instability.
In the next section we will provide an explanation of the oscillation and the instability caused
by large E in the reaction-diffusion model (or small ∆t in the instantaneous phase change
model when the numerical procedure is still stable).

4 Linear Stability Analysis

Consider the stability near a steady state solution of the nondimensional model (15)-(17) in
an infinite domain. It is easy to see that the constant state V0, W0 and θ = 0 satisfies the
equations as long as

V0 =
c (Vs,0 − Vs,1)

θ0(ρ0 + W0)
.

To verify the stability of the constant state solution, we carry out linear stability analysis
by assuming that

θ = θ̂ exp(sτ + imξ), V = V0 + v̂ exp(sτ + imξ), W = W0 + ŵ exp(sτ + imξ).
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Figure 3: Computational results of V , W , and T obtained by using the reaction-diffusion
model: (a). Time and spatial step sizes are ∆t = 10 sec and ∆x = 2−4×10−2 cm; (b). Time
and spatial step sizes ∆t = 0.1 sec and ∆x = 2−8 × 10−2 cm.
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Figure 4: Snap shots of the water content computed using the reaction-diffusion model for
two values of the evaporation constant: (a). E = 0.0045; (b). E = 0.045. For the smaller
value of E, the water content remains monotonic in x and the interface between the dry and
wet regions is clearly defined. For the larger value of E, disturbance from the interface grows
and eventually leads to multiple dry-wet regions.

The equations for θ̂, v̂ and ŵ are

sθ̂ = − m2

ρ0 + W0
θ̂ + β̄

(

−V1θ̂ + v̂ +
V0

ρ0 + W0
ŵ

)

, (39)

sv̂ = −θ2
0D1m

2v̂ − αβ̄

(

−V1θ̂ + v̂ +
V0

ρ0 + W0

ŵ

)

, (40)

sŵ = −D2m
2ŵ + αβ̄

(

−V1θ̂ + v̂ +
V0

ρ0 + W0
ŵ

)

, (41)

where β̄ =
√

θ0β and

V1 =
c (Vs,0 − Vs,1)

θ0(ρ0 + W0)
− cVs,0γ

θ0(ρ0 + W0)
.

Rearrange in the matrix form, we obtain

My = sy

where

y =





θ̂
v̂
ŵ



 , M =







− m2

ρ0+W0

− β̄V1 β̄ β̄ V0

ρ0+W0

αβ̄V1 −θ2
0D1m

2 − αβ̄ −αβ̄ V0

ρ0+W0

−αβ̄V1 αβ̄ −D2m
2 + αβ̄ V0

ρ0+W0






.
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4.1 A Special Case

We want to find out whether instability would occur in this system. This requires us to
consider eigenvalues of above system. To avoid complexity in calculation we consider a
special case where the linearized diffusion coefficients of temperature and liquid water are
same, i.e.

1

ρ0 + W0
= θ2

0D1. (42)

For our choice of parameters in this bread-baking problem these two coefficients are of same
scale. So we expect that this assumption would not influence much the stability result of
the system. Under this assumption the eigenvalue satisfies the following equation

(θ2
0D1m

2 + s)

[

s2 +

(

D2m
2 + θ2

0D1m
2 + β̄V1 + αβ̄ − αβ̄V0

ρ0 + W0

)

s

+D2m
2(θ2

0D1m
2 + β̄V1 + αβ̄) − αβ̄V0

ρ0 + W0
θ2
0D1m

2

]

= 0. (43)

The three eigenvalues can then be calculated easily.

4.1.1 Reaction-only

When there is no diffusion, we have m = 0, and the eigenvalues are s1 = s2 = 0 and

s3 = −αβ̄ −
(

V1

V0

− α

ρ0 + W0

)

β̄V0.

For our problem, α = 0.2864, γ = 9.662, ρ0 = 0.5986, θ0 = 1.6116 and W0 = 0.4. Thus,
s3 < 0 and the constant solution is stable. Note that for this case the assumption that
diffusion coefficients of temperature and liquid water are the same is satisfied.

4.1.2 Reaction-diffusion

We can easily see the eigenvalue associated with the first factor of above eigenvalue equation
is negative. Note that the coefficient of s in the second factor

C1 = D2m
2 + θ2

0D1m
2 + β̄V1 + αβ̄ − αβ̄V0

ρ0 + W0

> 0.

The signs of two eigenvalues associated with the second factor is determined by the sign of
the coefficient of s0:

C0 = D2m
2(θ2

0D1m
2 + β̄V1 + αβ̄) − αβ̄V0

ρ0 + W0
θ2
0D1m

2

since the eigenvalues from the second factor is given by −C1 ±
√

C2
1 − 4C0. So if C0 < 0

and C2
1 > 4C0, we will have a positive eigenvalue and indicates instability of the system.
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Figure 5: Plot of the normalized eigenvalue s̄ v.s. the normalized wave number m̄. The circle
indicates the most unstable wave number m̄max = 0.09. The square indicates the up-limit of
the unstable modes, m̄b = 0.4469.

If D2 is comparable to D1 then C0 will be positive and both eigenvalues will be negative
and then the system is stable. But for our case D2 is much smaller than D1. Hence C0 will
be negative if m is not sufficiently large, that is, we will have one positive eigenvalue which
causes instability. That is why we observe instability in our computation.

Remark. It is interesting to note that in this case diffusion is actually destablizing! From
the analysis this instability depends on the diffusion coefficients D1 and D2 and thus may
be very much related to the oscillation observed in the computation.

4.2 The General Case

In the case when diffusion coefficients for the temperature and vapor equations are not the
same, analytical expression can still be obtained. However, the formula is too complicated
to provide useful insights. We can nevertheless find the eigenvalues numerically by using a
Matlab routine eig.m. Again, for the relevant parameter values two of the three eigenvalues
have non-positive real parts. The real part of the third eigenvalue is plotted in Figure 5 where
both the wave number and the eigenvalue are normalized as s̄ = s/β̄ and m̄ = m2/β̄. It can
be seen that there exists a range of wave numbers between zero and a finite value in which
the perturbation will grow. Higher frequency disturbances beyond the critical wave number
will not grow. Furthermore, there exists a frequency which grows the fastest, indicated by
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Figure 6: Computational results of liquid water content subjected to disturbances. (a) E =
0.0045 with ω = 0.5, 1.5 and 4. (b) E = 0.045 with ω = 1.5, 4 and 10. The dashed lines
indicate the initial states and the solid lines are the final solutions.

the circle in the figure. Finally, the range of unstable frequencies increase linearly with
√

β̄ and the growth rate increases linearly with β̄. Therefore, a larger evaporation rate E
(implies a larger β̄) leads to a wider range of unstable modes and faster growth rates for all
the unstable modes.

We now verify the linear stability analysis by solving the reaction-diffusion model with
the Dirichlet conditions which permit the constant solution θ = 0, V = V0 and W = W0.
In Figure 6a, the computed liquid water content at the end of 100 minutes is shown. The
solutions are obtained by superimpose a small disturbance in the form of ǫ cos[m(ξ − 0.5)]
to the constant liquid water content W0 with m = 2πω and ω = 0.5, 1.5, and 4. The
evaporation rate is E = 0.0045 and the range of unstable frequencies is 0 < ω < 2.9738.
The most unstable mode is given by ω ≈ 1.3345 and the rate of growth is approximately
exp (3.5056 × 10−4t). The results show that even though the disturbances with wave numbers
below ω ≈ 3 grow with time, it takes a relatively long period of time (on the scale of 80
minutes for the fastest growing mode) to develop. On the other hand, the evaporation of all
the liquid water takes about 60 minutes (Figure 3). So our simulation is completed before
the instability develops and takes effect.

In Figure 6b, the computed liquid water content at the end of 10 minutes is shown for
a larger evaporation rate E = 0.045. In this case, the range of unstable frequencies is
0 < ω < 9.4. The most unstable mode is given by ω ≈ 4.22 and the rate of growth is
approximately exp (3.5056 × 10−3t). The results show a much more rapid growth for the
most unstable mode, on the order of 10 minutes. The difference in the growth rates for the
two evaporation rates can be seen in Figure 7 where the liquid water content in the middle
of the domain is plotted. The prediction using the linear stability analysis is also plotted.
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Figure 7: Damping rates for (a) E = 0.0045 and (b) E = 0.045. The liquid water content in
the middle of the domain where the growth is the fastest is plotted for wave numbers ω = 0.5,
1.5 and 4 in (a) and ω = 1.5, 4 and 10 in (b). The circles are predictions by the linear
stability analysis.

Note that the linear stability analysis is only valid near the constant state. Nevertheless,
the two sets of data are not too far off. Thus, subject to random perturbation, the initially
uniform two-phase region will become unstable. The fastest growing mode eventually causes
a multiple region of dry and two-phase region, as shown in Figure 4.

Remark. From the analysis we see that the diffusive instability occurs for any positive β.
However, for relatively small β computational results in the previous section are satisfactory.
The reason is that the positive eigenvalue is small as β is relatively small and the disturbances
develop slowly. In addition, the oscillation (diffusive instability) is only visible when the wave
length of the unstable modes are shorter than the domain size in x. This explains why no
oscillation occurs for the case of the smaller E.

5 Conclusion

In this paper we have re-examined the multiphase model for bread baking proposed in [18].
This model allows simultaneous heat, vapor and liquid water transfer by assuming that the
phase change is instantaneous. However, previous study [15, 22] showed that this model only
produces reasonable solutions for specific choices of the grid and time step sizes. Reducing
the grid and time step sizes usually lead to numerical instability and cause the solution to
blow up.

By constructing a reaction-diffusion model and establishing a link between the two mod-
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els, we have identified the source of the instability associated to the instantaneous phase
change model. We have shown that the instability observed in [15, 22] is a combination of
two factors: the numerical instability as well as a diffusive instability. Using the reaction-
diffusion model, we showed that the numerical instability can be eliminated by using a
sufficiently small time step. This is due to the fact that the reaction-diffusion model sep-
arates the numerical instability from the diffusive instability. The diffusive instability, on
the other hand, is an intrinsic feature of the model, as demonstrated by the linear stability
analysis and numerical tests. For relatively large evaporation rate, the diffusive instability
leads to a oscillation of solutions with multiple regions of dry and two-phase zones.

Our analysis of the reaction-diffusion model also reveals that the diffusive instability is
related to the value of the evaporation rate, which is affected by the properties of the porous
medium, such as the surface area of the pore space. This suggests that the phenomenon re-
lated to diffusive instability may be realized in the physical process of bread baking. Further
experimental investigation is necessary to validate or invalidate the models studied in this
paper.
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APPENDIX. Parameters for Bread Baking

The radiative heat transfer coefficient hr is given by the following formula

hr =
σ(T 2

r + T 2)(Tr + T )

ǫ−1
p + ǫ−1

r − 2 + F−1
sp

(A.1)

where σ is the Stefan-Boltzmann constant, ǫp and ǫr are the eimissivities for the product
and radiative sources. The shape factor is given as

Fsp =
2

πab

(

ln

√

a1b1

1 + a2 + b2
+ a
√

b1 arctan
a√
b1

+ b
√

a1 arctan
b√
a1

− a arctan a − b arctan b

)

,

(A.2)
where

a =
asp

Lsp

, b =
bsp

Lsp

, a1 = 1 + a2, b1 = 1 + b2.

Here Lsp is the distance between the radiator source and the sample surface, asp and bsp are
the length and the width of the sample.

Most of the parameter values are given in Table 1. The condensation/evaporation rate
E is not included in the table since its value is not known.

Using the parameter values listed in Table 1, the values of the nondimensional parameters
can be computed and are given in Table 2.
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Table 1: Parameter values for bread baking.

unit initial value value at T and W
λ J/kg 2.2e6 -
k W/m K 0.07 -
ρ kg/m3 284 170 + 284W
cp J/kg K 3500 -
hc W/m2 K 0.5 -
σ J/K4 m2 s 5.67e-8 -
ǫp - 0.9 -
ǫr - 0.9 -
R J/mol/K 8.31 -
M kg/mol 1.8e-3 -
Dw m2/s 1.35e-10 -
Dv m2/s 8e-7 9e-12T 2

hv 1/m 120 3.2e9 T−3

hw 1/m 1e-2 1.4e-3T+2.7e-1W -4e-4TW -7.7e-1W 2

Tr K 483 -
Ta K 483 -
T0 K 298.15 -
T̄ K 185 -
Va - 5.28e-5 -
Wa - 0 -
W0 - 0.4 -
L m 0.01 -
asp m 0.12 -
bsp m 0.12 -
Lsp m 0.056 -
κ 1/K 0.052227 -
Ps,0 Pascal 3.5655e3 -
Ps,1 Pascal 398 -
c - 40 -
φ - 0.5 -
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Table 2: Values of nondimensional parameters.

D1 4.3740
D2 1.9 × 10−3

h1 5.054(θ + θ0)
−3

h2 2.6 × 10−3θ + 2.7 × 10−3W − 7.4 × 10−4θW − 7.7 × 10−3W 2

h3 5.13 × 10−2(θ + 1 + 2θ0)[(1 + θ0)
2 + (θ + θ0)

2]
h4 7.14 × 10−2

α 0.2864
β 3.2085 × 107E
γ 9.662
ρ0 5.986 × 10−1

θ0 1.6116
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