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Abstract: The modeling of a fully populated 3D tree able to regulate dynamically remains a relatively
unexplored field. A non-dimensional representation of “autoregulation” coupled with an asymmetric binary
tree algorithm has been developed. The tree has a defined topology as well as a spatial representation in 3D.
An analysis using a simple linearization shows the systems dynamics when perturbed away from equilibrium.
Results, based on previously published work by Karch and Schreiner are presented for a variety of
parameters which provide different shapes of the tree and indicate a possible mechanism for “growing” the
tree in specified directions. In addition the tree, through the use of local tagging has the ability to vary it’s
size locally via a coupled set of conservation and reverting differential equations.
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1 INTRODUCTION

Binary trees (in which a node has two children) appear in nature quite naturally. Tree roots, the vascular beds
of mammals (particularly the human brain, [1]) are physical examples. By virtue of their “living” condition
the trees we consider, in a significant number of cases have the ability to change their size (effectively the
radius of each segment of the tree). However the trees which we develop and analyse are defined from a
computational science point of view as full rooted binary trees
(http://www.itl.nist.gov/div897/sqg/dads/HTML/completeBinaryTree.html): but we do not consider here the
binary trees associated with purely computational science reasons as will be shown below.

The present model in determining the developed binary tree uses previous work by Olufsen [2] Karch [3] and
Schreiner [4]. In order to allow all parts of the tree to vary in its radius (and hence as will be shown
resistance) the model is non-dimensionalised enabling a single algorithm to be utilized throughout the
structure of the tree.

From a biological viewpoint mammalian tissue requires a constancy of both oxygen and nutrients. During
periods of pressure variation, which occur throughout the normal day as well as in cases of pathological
hypo- and hyper-tension, the body's cerebral (for example) autoregulation mechanism cause the arterioles to
vasoconstrict/dilate in response to changes in cerebral perfusion pressure over a certain range, thus
maintaining a relatively constant cerebral blood flow. These effects are of particular importance when
investigating how blood is redistributed not only via the circle of Willis but throughout the cerebral tissue.

In this paper we do not concentrate on the biological but investigate the dynamics of the binary tree from a
general sense.

Although the work presented here is based upon the staged growth algorithms of Karch [3] the main
differences are that the computational effort in producing a viable generic binary tree is much less than that
of Karch (due to their complex optimization algorithm). Indeed the binary trees presented here may be easily
parallelizable: so much so that a massively parallel architecture such as a Blue Gene can be utlised to its full
potential (this will be the subject of a further paper).
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2 THEORY AND METHODOLOGY
2.1  Asymmetric binary tree model

Basic Topology
The tree branching algorithm used is that developed for the abdominal fractal vascular network of Olufsen et
al [2] and is based on two variables: a power exponent k (describing the relationship between parent segment

Figure 1: A local area of the tree with variation in the production rate

radius 7, and daughter segments radii 7, and 7, , defined by the following relation,

K K K
T, =Tty Yl (1.1

and an asymmetry ratio Y (describing the relative ratio between two daughter segments) defined as

y = (rd_Z) (12)
Far

With the foregoing equations, relations can be derived between the radii of the parent and

daughters. These relations are,

Vg = T]Vp
(1.3)
Yy =VT,

With
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v=\/?n

For this particular study a binary tree emulates the values of k and ¥ change depending on the location of the

segment in the tree. The length and radius of a segment are related by a length to radius ratio (denoted lrr
and chosen as 20 for this model). Here we take values of k and y as those given in [2]. Figure 1 shows a

sketch of the basic network indicating an area of variable production rate. We call this particular tree an
asymmetric tree as opposed to that where 17 =V .

Figure 2: daughter segment angles and their corresponding plane

Additionally we are able to define trees in 3D by finding the coordinates of a daughter segment when it is
born. With volume minimizing considerations, Kamiya and Togawa [5] showed in their studies that the

angles 6, , (see Figure 2) between a parent and its daughters are a function of their radius as shown in

equation (1.5).

4 4 4
v, =Ty
cosf, = o
YTy
(1.5)
4 4 4
AR S
cosf, = o
YT

For each daughter, there are three unknowns (the coordinates of the upper extremity) so three equations are
needed. By fixing the length and this angle there are two equations. The last equation says that the two
daughters belong to the same plane (n is the normal of this plane) and the coordinates of n are drawn
randomly as described below in the section “Spatial Distribution of tree segments”. This randomization
allows for “forcing" the arteries to grow in particular directions as used by Schreiner et al [4]. Hence we can
write the following constraints

<d,n> =0
||, =L (1.6)
(p.d) =cos0|d], |p[,

with d the vector representing the daughter and P the projection of the parent on the plane of the daughters

Unfortunately, this system is non-linear and hence solved with an iterative method. The Newton-Raphson
method has been chosen in this case.

Now F (d) = 0 is solved using a Newton-Raphson algorithm where F : R®> — R’ is defined by
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X0+ yn, + zn X P, n,
F(d)= Xy -1 ;d=|y|.,p=|p, |andn=|n, (1.7)
xXp,+yp, + zp. —cosl9L||p||2 z D n

Spatial Distribution of tree segments

As explained above, the daughters are forced to grow in a plane with normal n. The components of this
normal are drawn randomly from a uniform distribution. In this study the components of the normal are
chosen such that the tree grows in a more controllable fashion. An algorithm, called staged growth and
published by Karch et al. [3], is used to develop this concept. The main idea is that the components of the
normal are drawn from a certain distribution (e.g. a normal distribution) such that the daughters are forced to
grow in a certain direction and the geometry of the tree can be controlled. Karch et al. [3] use the concept of
staged growth to create models of the coronary arterial tree. Some ideas of this concept are applied to the
models described in this study. The main idea is that a random variable, in this case one or more components
of the normal, are drawn according to a certain distribution. This distribution changes during the
development of the tree i.e. there are different stages of growth. Below we explain how the z-component of

the normal, 72_, is drawn according to this concept but it has to be mentioned that exactly the same can and

will be done to the components 7, and 7, .
Let’s assume one wants to draw 7, according to a certain distribution with probability density function

(PDF) g (nz ) Different stages of growth can be realized by making the PDF a function of a parameter | i.e.

g=g (nz,l) with AE[O,I]. By changing the value of A, the PDF of n, is changed. The parameter ,

determines the stage of growth the process is in, and gives for each stage of growth a PDF g = g(nz; ,). In
order to let a function be a PDF, the function has to be non-negative over the whole interval and the integral

over the whole interval has to equal one. Since the function g (nz ,},) is defined as a PDF, it satisfies these

conditions,

g(n,2)=0
and (1.8)

fg(nz,)t)dnz =1
R

If it is assumed that A is given according to a PDF p ()L) then

p(1)=0, [ p(2)dr=1 (1.9)

The overall PDF is written as

£(n)=[,p(2)g(n.,2)dr=0 (1.10)

With equations (2.13) and (2.15) it follows that



David et al., The Geometry and Dynamics of Binary Trees
ff(nz)dnz =fj;p()L)g(nz,)L)dA=l (1.11)
R R

hence f (nz ) is properly normalized and satisfies the conditions of a PDF. Equation (1.9) suggests that the
value of A | is chosen randomly from a distribution with PDF p ()L) This is in general not the case, since

the value for A | is generated by a protocol function A (t )
r:o1]—=[0,1] t—A(r) (1.12)

Constraints to this function },(t ) are that it has to be bounded and at least piece-wise continuous. The

parameter t can be seen as a normalized "time’, a value that changes from zero to one during the development
of the tree. The value of t has to be related to a quantity that changes during the development of the tree. The
only quantity of the final tree that is known in the beginning of the growing process is the radius of the

terminal segments, 7, , since this is used as the stop criterion for the algorithm. Therefore it is chosen to

relate the variable t to the radius r of a certain segment and a function is needed that maps the radius of a

segment to a value t,
t:[r.r = [01] r—=1(r)

0=
1 N

(1.13)

The concept of staged growth can be summarized as follows. For a segment with radius r, the value for t is
given by the function 7 (r),equation (1.13). The next step is to define the functions A (t ) and g (nz ,},).

An example of a protocol and probability density function
The functions g (nz R },) and A (t ) are initially chosen the same as that suggested by Karch et al. [20]. They

suggest functions that create an overall uniform distribution of the variable, i.e. f (nz )= 1. In this study it is
not necessary to aim for a uniform overall distribution of 7_ but the same functions for g(nz,},) and

A (t ) are used nevertheless as a starting point and the reader is referred to the work of Karch et al. [3] for the

motivation behind the choice of these functions.

To start with, the function g (nz R },) is defined as a powerlaw function,

2)LH;H()L—nZ) (1.14)

g(n.,A)=

In which H ()L -n, ) represents the Heaviside function. For the “protocol” function A (t ) a ramp function

is used such that
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2t for 0< El
At)= | 2 (1.15)
1 for E< =1

With equations (1.13), (1.14) and (1.15) a PDF g(nz,},)is defined for each segment of the tree. The next
step is to sample 7, such that it satisfies the probability density g(nz,l). This is accomplished by
choosing a random number & E[O,l) and an inverse transformation 1, = 1, (E ) [20]. This transformation
is found by using the cumulative distribution functions (CPDF) of #_ and §. Since & is uniformly
distributed, its CPDF F (& )is given by,

F(§)=¢& (1.16)

The CPDF g (n,, A ) is given by,

G(nz,)t)=ﬁnzg(u,)t)du
2 (1.17)
_ nz2_udu=nz

o A? A’

The transformation n, = n, (E ) is found by equating F (E ) to G (nz ,)L),

n, =MJE (1.18)

As a consequence of the transformation 7, (E ), the value for 7_ is always positive i.e 7, E[O,l). This
raises the question of the influence of the sign and magnitude of a component 7, on the direction of growth
of the daughters. To answer this question different options are proposed to scale the value of 7 . Two

options are given that scale n_ to n_ € (— 1, 1) and a third option is to use no scaling, 7, E[O, 1 ) The three

investigated options are,
Option 1:

n, =S)L\/€ nZE(—l,l) (1.19)

in which s € (— 1,1 ) The value of s is chosen as follows. A random variable ¢ E[O,l) is sampled from a

uniform distribution. If ¢ < 0.5, 5 = -1 else s =1
Option 2:
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n,=-1+2MJE, n €(-1,1) (1.20)

Option 3

n,=AJE n €[0,1) (1.21)

It has to be mentioned that these three options are chosen because they are expected to be illustrative for the
influence of different values of 7_, not because they are the only possible options. There are many other

ways to define the relation between 72, and , but these are not taken into account in this study. It is expected

that the magnitude of 7_ has more influence than its sign on the final outcome of the tree. This hypothesis

can be easily tested by comparing trees generated with the three options described before. The hypothesis
stated above can only be used when one of the components of the normal is varied. When more than one
component is varied, the direction of the normal changes in multiple directions and the stated situation above
is not valid.

With the foregoing steps, the components of the normal n can be drawn according to a distribution with PDF

g(nz,l). The protocol function },(t ) determines the different stages of growth. Thus far, only a

powerlaw PDF and a ramp protocol function are discussed but there are more possibilities for these
functions. These are described in the next section.

Other protocol and probability density functions

The powerlaw PDF (equation (1.14)) and the ramp protocol function (equation (1.15)) are chosen as
illustrative examples to get familiar with the concept of staged growth but there are many more possibilities
for these functions. Since these functions are expected to influence the final shape of the tree, different
functions are proposed to investigate this influence. To get more sense about the influence of the parameter

A, the protocol function A (t ) is defined as a simple Heaviside step function,

0 for O0< tsl
Alt)= | 2 (1.22)
1 for E< =1

Since the transition between the two stages is more emphasized in this protocol function than in equation
(1.15), it is expected that trees generated with this protocol function show a clearer transition between the

two stages. By choosing the function g(nz,},) to be a powerlaw function, the value of 7_ has a value
between zero and A . It would therefore be more reasonable to give n_ a mean value related to A, with a
certain deviation from this value. This can be realized by defining g(nz,},) as the PDF of a normal

distribution. By choosing the mean of the distribution equal to A ,, the value of n_ will be equal to A, plus

or minus a variation (whose value can be chosen a priori). The PDF of a normal distribution is given by,

2
g(nz,/l)=Lexp —% (1.23)
o2 20
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in which O is the standard deviation of the distribution. The normal PDF is shown for different values of

A, and 0 = 0.1. The next step is to sample n_such that it satisfies the normal PDF. This is done using the
same kind of transformation as used with the powerlaw PDF i.e. a transformation 7, (E ) in which & is a
randomly chosen value from a uniform distribution. The CPDF of & is given by equation (1.16). The CPDF
of g(nz,},) is given by ,

oo 1 u-A?
G(ﬂz,l)=ﬁmo— = eXp{—?}du

o)

(1.24)

in which erf (x) is the error function. This results in,

n, = A+~20erf™ (26 -1) (1.25)

The inverse error function, erf - (x) is not defined for x = 1. This gives constraints to the randomly

chosen variable &, since in equation (1.25), the value of (ZE - 1) has to be between -1 and +1. This subtle

difference with the situation of the powerlaw PDF has to be taken into account during the implementation.
There are again three different options to scale the value of 7, . These options are analogous to the three

options used with the powerlaw PDF above. The parameter £ denotes the deviation from the mean value.
Option 1:
nz=s)L+x/§0erf'1(2fg‘—1), nZE(—1—8,1+8) (1.26)

in which s €(=1,1), identical to option 1 of the powerlaw PDF.

Option 2:
n, =-1424+20erf " (26-1), n E(-1-¢,1+¢) (127)

Option 3:
n, = A+\20erf (26-1), n E(-1-¢,1+¢) (1.28)

The inverse error function is a function that cannot be defined explicitly, however many numerical
approximations are available. In this study the approximation proposed by Winitzki [6] is used which gives a

maximum relative error of 4 X107 . With the concept of staged growth, it is possible to change one or more
components of the normal n. This concept will be used to gain more control of the direction of growth of the
different daughter segments of the tree. In the results section, different trees will be presented, generated with
the PDFs and protocol functions as described above. One or more components of the normal will be chosen
according to the concept of stage growth in order to get an insight in the exact behavior of the trees under
different conditions.
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One final remark should be made. When one or more components of the normal are determined by using the
concept of staged growth, the other component(s) are chosen randomly from a uniform distribution and given
a value between -1 and +1.

The process described in the foregoing sections is implemented in C++, using the Lapack++ [7] library for
vector and matrix manipulations. A class segment is created which contains the following attributes:

¢ A pointer to the segments parent.

» Two pointers to the segments daughters.

* The segments radius.

* The coordinates of the segments end-point.

* The segments level i.e. the number of antecedents it has.

* A tag that will be used to distinguish segments from others.

Figures 3a) and 3b) show examples of trees grown in 3D with varying sizes of root segment (the terminating
segment size was always 10 um)

3000

-2000 2000

Figure 3a) 313 segments

x10*

Figure 3b) 13,987 segments
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2.2 Conservation “flow” Model

In order for the tree to change it’s radii under changes to an equilibrium state we require a differential
equation (or more than one) to model the dynamic state of the tree segments and that of the tree as a whole.
For the sake of simplicity we introduce a fictional “concentration” which can be thought of in a number of
physical manifestations such as water flow in a plant root or blood flow in an arterial bed [8]. We therefore
introduce a conservation differential equation (defined over a small domain, for this case a segment of the
tree) for this fictional concentration by allowing the concentration to be produced at some rate M, which we
will call the “production” rate. To balance this rate of production we also introduce a means of allowing the
concentration to “flow” away from the elemental domain in proportion to its excess above some nominal
value using the constant of proportionality as a “flow”, F. Hence the conservation of the concentration C can
be defined thus,

§=M+F(c -C) (1.29)

norm
t

In order to couple the variation of concentration with a change in radius of the segments of the tree we use a
reverting differential equation for the radius of the segment given by

%=%(Ceq—C) (1.30)

here Ceq is the steady state (7 = () solution to (1.29) whereT is a characteristic time for the segment
t

radius to react. We choose the following non-dimensionalisation

T r
C F, A

norm

where 7, is the leaf radius and f, is the value of the “flow” in the terminating segment (leaf) at some
prescribed conditions. With the above equations (1.29) and (1.30) become

dc
ﬁ= (’l/} —1)+Q(1—C);
dE (1.32)
_ = = —-C
dT ¢ (UJ )

With

F M C
=—; =l+——;  =—tom 1.33
Q E) w CnormE) TVOE) ( )
We generate a more appropriate time-scale to make the equations easier to handle such that
T=TC (1.34)

Then we have

10
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gg=a+ﬁgﬁ—q)
T

1.35
dr (1.35)
_T = ci - Ci,eq

Here the i’th subscript indicates the radius and “concentration” at the i’th branch level of the tree. We
introduce two additional terms into the radius equation. The first term allows only a certain bounded radius
whilst the second term ensures that there radius returns to its equilibrium value. So finally we have

dc.

j%=a+ﬁﬁ—q)

J lc,—l—Zl (1.36)
v (04

d_'Ll' = (Ci _l_ﬁ)([H(rz _rmin )] [H(rmax —7’;)] )+ yi (ri,eq —I’;)@Xp €

2.3  “Tagging” the tree

We may wish to investigate the dynamics of the tree when the values of M are varied in the tree, rather than
it being a global constant. The tree segments that have a changed value of M get a tag to distinguish them
from others and are therefore called ’tagged’ segments. There are two methods introduced to decide if a
segment is a tagged segment or not. The first method is based on the location of the endpoint of a segment in
the 3D space. A point is chosen in the 3D space and all segments whose end point is located within a sphere
around this point get a tag. The radius of the sphere can be varied to change the amount of tagged segments.
Because the tagging is only based on the location of a segment it is possible that not all segments
downstream of a tagged segment get a tag which might be incorrect from a physiological point of view.

A problem with this method is that it is unknown in which direction the tree will grow on beforehand, due to
the random element in the algorithm that generates the tree. This makes it impossible to choose a reasonable
center for the sphere before the tree is generated. This problem is solved by removing the random element in
the code (by not initializing the random number generator), resulting in the same tree every time the code is
executed. When the tree is generated, it is visualized and a point in the 3D space is chosen that will function
as the center of the sphere during the next execution of the code. With this method, segments can be tagged
in a controlled region of the tree. This method is called region-tagging. The second method used to tag
segments is based on the antecedents a segment has. A single segment in a certain level is tagged, together
with all of its offspring. This method will be called antecedent-tagging. The difference between the two
methods is that with region-tagging, the segments are located all in the same spatial region but are not
necessarily antecedents of the same segment. In the second case, the segments are antecedents of one single
segment, but they are not necessarily located in the same spatial region.

2.4  Resistance and pressure distributions in the tree

To find each individual resistance to flow of each segment in the tree it is convenient to use a Poiseuille flow
assumption such that the resistance of a tree segment is proportional to the inverse of the fourth power of the
radius. In order to find the flow and pressure distribution throughout the tree a single pass up and down the
tree is required. Starting at each terminal segment a total resistance is evaluated for the two daughters and the
parent segment assuming that the terminal segments are connected (essentially daughters in parallel with the
parent in series) together where a constant pressure is set. This parallel/series calculation is then done at each
bifurcation of the tree until there is a single value of resistance. The total flow into the arterial tree is known
and hence the total pressure drop can be evaluated or vice versa. Moving down the tree the pressure drop and

11
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flow rate at and through each arterial segment is calculated respectively. The trees used to produce the results
in this paper vary in size however we have been able to create trees that consist of approximately 1,000,000
segments of which 500,000 are terminal segments.

2.5 Dynamical Analysis

It is necessary to analyse the dynamics of the tree and to use these results to compare with the full non-linear
numerical solutions shown below in section 4. For this analysis we assume that the tree is symmetrical

(daughters have the same radii). Suppose that daughters branch with a parent/daughter radius ratio of @ s.t.

-1
r2,eq =¢ rl,eq

N-j N-j
Freg =9 Mg =9

since we have non-dimensionalised by the leaf radius. Turning to the “flow” in the tree we have in a similar
fashion to the radius that

(1.37)

N

1-i 1-i Rj
0 =2"0Q =2 2 - (1.38)
o 2/

1

Where R . is a resistance to “flow” such that Rj x — and N is the total number of branches in the tree.
7.
J

It is easy to show that the equilibrium “flow” can be written as

- (N Y Al B i 2¢3—1
Qi,eq =2 Ql,eq =2' Z(q)] N) 2! =2 W (1.39)

We can now turn to analysing the eigenvalues of the system which helps determine the dynamics of the tree
when perturbed away from an equilibrium state. Firstly we determine the Jacobian of the system by defining
the two equations thus,

2

a
d C,-—l—E
8 :=_’?= ci_l_g +}/i(rie —rl.)exp
dt B o £
(1.40)
dc,
=—t=a+pf(l-c
= B(1-c)

12
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o
d dg a-l-y
& |
o2& |
de dr | Y, €Xp .
’ (1.41)
d d, -a 90, 2¢° -1 Vi
% i dg2| -0l "iN—( ') =-9,
¢, Py Qe 971, (2¢°) -1
-_(7’1+A) 1 0
) .
. _(VNJ’;L) 1
: P) .
J-Al = : ~(B+A)-—t— : (1.42)
(B+2) G+ 7)
P)
0 0 — /3+A ___ N
(B+2) G+ )

By allowing the determinant of the matrix to be zero and thereby avoiding trivial solutions we find that the
eigenvalues of the system are given by

A, =%[_(Yi+ﬁ)iiwi]

W, =46i_(yi+ﬁ)2

Hence the perturbation solution has the form

(1.43)

y=e" =exp {— (yi +f )t}cos (\/;lt) (1.44)

Figure 4a) shows the profile of the radius of the tree leaf with ¥, = 0. There exists a small undershoot

(maximum at approx t = 5) before the radius is returned to its equilibrium value at t = 10.

13
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0.8

044!

Figure 4a perturbation solution for leaf (i=N) with y, =0

Figure 4b shows the radial profile for a leaf of the tree when ¥, = 0.2 . Here the undershoot previously seen

is greatly reduced as the exponential index has increased negatively due to the presence of the non-zero value
of y..

08 -

0.6,

04 H

Figure 4b perturbation solution for leaf (i=N) with ¥, = 0.2

3 NUMERICAL METHODS

The differential equations (1.29) and (1.30), were solved using MATLAB's ode23s routine (based on a
modified Rosenbrock formula of order 2.

3.1 Solution of autoregulation model with the asymmetric binary tree

All initial flow rates, pressure drops, and radii of all tree segments are calculated at the creation of the arterial
tree as described above and using a known value of the initial radius (in this case determined by the

branching level and the choice of a leaf radius which was constant at 10um) and a unit pressure. All

14



David et al., The Geometry and Dynamics of Binary Trees

pressures and flow are then recalculated throughout the arterial tree with these new radii values by traversing
up and down the tree to evaluate new pressures and flow rates. This process is then repeated until a simple
convergence criterion on the total peripheral resistance is met.

4 RESULTS

Visualisation of the binary Trees

There are three different methods used to visualize and describe a vascular tree generated with the concept of
staged growth. The first is a graphical view of the tree in which the viewpoint is positioned in any desirable
direction. In order to get a more quantitative description of the tree, the distribution of the z-coordinate of the
terminal segments is used (in some cases, the distribution of the y-coordinate of the terminal segments is
used). The third way of representing a tree is the distribution of the angles that the daughters make with their

=100um and a terminal radius of 7, =10um.

The root segment starts at the origin and points in the positive z-direction. Trees with a root- and terminal
radius as stated above, consist of 2061 segments, divided in 13 levels i.e. a terminal segment has maximal 13

parent. All trees have a root segment with radius 7,

00l erm

antecedents. Unless stated otherwise, the only component of the normal n that is varied is 7, . Because of the

random element in the algorithm, two trees generated with the same settings are never the same. Results are
shown of trees that are representative for certain settings but it has to be kept in mind that there is always
variation between different trees generated with the same settings.

4.1 Angles between daughter and parent

It can be shown that Option 2 produces trees that grow in negative z-direction and is in the sense of this
analysis a redundant case. Therefore, it is chosen to not analyze option 2 further and to focus on options 1
and 3. To investigate the difference between option 1 and 3 in more detail, ten trees are generated for each
option. For each tree, the mean and standard deviations for the angles between daughter and parent are
determined. For the angle distribution the kurtosis is computed as well. These values are averaged over the
ten trees generated with the same option. The results of this analysis is shown in Table 1

Table 1

0 (degrees) Option 1 Option 3
Mean 56.47 +£0.57 56.47 +£0.52
Standard Deviation 18.19+0.28 18.19+0.31
Kurtosis 18.95+£3.05 16.92 +4.65

The results in table 1 show that there is little difference between the angle distributions of option 1 and 3. The
mean and standard deviation of the distributions are surprisingly close to each other while the kurtosis is
lower for option 3.

4.2 Powerlaw PDF and normal PDF

In figure 5, a graphical view can be seen of trees generated with a powerlaw PDF (left) and a normal PDF
(right) both generated with the use of option 1, i.e the transformation between & and n_ is such that

n, € (— 1, l) for the powerlaw PDF and n, € (—1 -¢g,l+¢ ) for the normal PDF.
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Figure 5 Trees generated with a powerlaw PDF (left) and the normal PDF (right).

Two different protocol functions (ramp function, and step function) are compared. For each protocol
function, a tree is shown generated with a normal PDF and using option 1 for the scaling. In figure 6 the
graphical views of the two trees can be seen.
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Figure 6 Trees generated with the ramp protocol function (left) and the step protocol

function (right).

4.3  Varying multiple components of the normal

As a last variation, in this section multiple components of the normal n are varied. The first variation is a tree

in which the n,,n, components are chosen according to the concept of staged growth (with a normal PDF,

option 1 and a step function as the protocol function). The 7, component is drawn randomly from a uniform

distribution (as usual). During the first stage of growth, the segments grow in a plane with normal

n= (nx, £, 8) in which € is the deviation caused by the normal PDF. During the second stage of growth,
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the segments grow in a plane with normal n = (nx,l +¢&,1+ 8). This is summarized in the following

equation,

(nx,e,s) for O<ts%
n= 3.1
(nx,1+g,1+8)f0r %<tsl

in which t is defined by equation (1.13) and € is the deviation caused by the normal PDF. The component
n, is drawn from a uniform distribution. A graphical view of this tree in negative z-direction can be seen in
Figure 7, left.

80090 8000
6009 1 7000
4000 N . ! 6000 s
2000 5000
€ = 4000
i o
N §
N 3000
-2000
2000
4000
1000
6000
0
0%b00-2000-2000-1000._ 0 1000 2000 3000 4000 AOQY s

X (pm) X (um)

Figure 7 Two trees generated while multiple components of the normal are varied according to the concept of
staged growth. In the left tree, the n, and », component are varied, while in the right tree the 7, and n,

component are varied.

Another variation is a tree in which the 7, and n, components of the normal are chosen according to the

concept of staged growth (same settings as the previously mentioned tree) and the 7, component according

to a uniform distribution. The difference with the previously mentioned tree is the orientation of the planes in
which the tree grows, relative to the root segment. During the first stage of growth, the normals are given by

n= (E, E,n, ), forcing the segments to grow in a plane close to the (x,y)-plane. During the second stage of

growth, the segments grow in a plane with normal n = (l+£,l+£,nz). This is summarized in the

following equation

(s,e,nz) for O<ts%
n= 3.2)
(1+5,1+s,nz)for %<tsl
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The result can be seen in Figure 7, right, in which the point-of-view is positioned such that the viewer looks
in positive y-direction. Figure 7, left, shows that the tree generated with the 72, and 7, components chosen

according to the concept of staged growth, grows in positive and negative y-direction during the first stage of
growth. During the second stage, the tree spreads out in x-direction. In the right panel of the same figure, a

view in positive y-direction can be seen of a tree generated with the 7, and n, components chosen

according to the concept of staged growth. The segments created during the first stage, grow mainly in a
direction parallel to the x-axis. During the second stage, the segments spread out and grow in planes close to

the (y,z)-plane. So far, the different PDFs (powerlaw and normal) and the three different options to scale 7,

have been investigated. As a last step, different components of the normal n have been varied. All variations
have influence on the final geometry of the tree albeit some more than others. For instance, the difference
between the tree generated with option 1 and 3 is very small while a change of protocol function has a big
influence.

4.4 Variations in “Production” rate

In this section the results are shown for the simulations in which the “production” rate is changed by a factor
& for some of the segments between t = t0 and t = tl. As described there are two methods available to
distinguish segments with a changed production rate (the tagged segments) from the segments that have a
constant production rate (the non-tagged segments). The first method is to tag all segments within a sphere
around a defined point. This method is called region tagging. The second method is called antecedent tagging
and with this method all segments that are offspring of a certain segment are tagged.

To get more insight in the individual behavior of the vessels, Figure 8, shows a plot of the tree during the
simulation with a local increase of the “production” rate of 50%. The colors indicate the radius of the vessels
normalized to their initial value. The situation is shown at t = 15, the moment where the tree has reached a
steady state after the production rate is increased by 50%. The vessels are tagged with the method of
antecedent tagging.
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Figure 8 (left) relative change in radius, (right) relative change in radius with a compressed scale

Figure 8, left shows that the relative change in radius is largest in the smallest vessels of the tagged region.
The maximal increase is approximately 35%. Hardly any response is visible in the non-tagged vessels. To
investigate the response of the non-tagged vessels in more detail, Figure 8 right, shows the same situation
with a smaller scale. It can be seen that the biggest changes take place in the vessels that are closest related to
the tagged vessels i.e. the vessels that have the same antecedents as the tagged vessels. The largest relative
change in the non-tagged vessels is approximately 4%.
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To show the effect of varying the production rate locally we utilize a simple discontinuous function which
switches, at t = t0 the production rate that is proportional to a constant., At t = t1, the value of the production
rateis changed back to one i.e. to the initial condition. All values shown below are mean values (either
averaged over all tagged and non-tagged vessels) and normalized to the initial condition.
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Figure 9 profiles for tagged and non-tagged vessels when local production rate is increased by 50%

Figure 9 shows the results for the tree when the local production rate is increased by 50%. The new steady
state is reached at about t = t0+10 with little or no oscillation (undershoot or overshoot) are visible. The same
is true for the recovery after the production rate goes back to its initial value. In comparison with Figures 4a)
and b) the full non-linear system shows virtually the same response to as the linearised analysis. This
indicates that the asymmetry of the tree does not provide a large influence on the dynamics of the tree as a
whole.

S DISCUSSION AND CONCLUSIONS

We have presented a model of both geometry and dynamics of binary trees. The geometrical construction of
3D trees has been achieved through an amalgamation of work on staged growth by Karch [3] and the
relationship of daughter/parenthood by Olufsen [2].

During the development of the concept of staged growth, different ways have been proposed to influence the
direction in which the daughters of a segment grow and with it the geometry of the tree. The first choice that
has been introduced is to use a powerlaw PDF or a normal PDF (see Figure 5). The powerlaw PDF has been
chosen as an illustrative example but has a drawback in that it gives values for the components of the normal
n between 0 and A . The normal PDF on the other hand results in a value (given by A ) but importantly with
a variation. This results in a more ’natural’ distribution of the component and gives more control over the
direction of growth of the tree. Therefore, the normal PDF is the preferred PDF to use.

For the normal PDF, three different options have been proposed to scale the value between A, and £ a
random value chosen from a uniform distribution. These three different options have been analyzed in terms
of branching angle (the angle that a daughter makes with its parent,). The distributions of the branching
angles do not vary significantly between the different options.

19



David et al., The Geometry and Dynamics of Binary Trees

The analysis of the z-coordinate of the terminal segments showed that option 2 gives the less satisfying
results (negative z-coordinates results not shown). This can be explained by the hypothesis that the
magnitude of the components of the normal n is of more importance than the sign of this component for the
direction of growth of the daughters. The results for options 1 and 3 show high similarity. However, it is
advised to use option 1 in future research since this option gives components of the normal with both positive
and negative values whereas option 3 gives only positive valued components.

Two different protocol functions have been analyzed in this study, the ramp function and the step function.
The difference between the two functions is that the step function gives two clearly separated stages while
the ramp function gives a continuous transition among many stages. This difference can be seen in the results
shown in Figure 6. The tree generated with a step function as the protocol function grows during the first
stage mainly in positive z-direction and spreads out in (x-y)-direction during the second stage. This result
indicates that a discontinuous protocol function can be used to create several, clearly separated stages of
growth. Several opportunities have been shown to illustrate the working of the concept of staged growth.
There are many more options available to acquire more control over the geometry of the tree, especially by
choosing other (more complicated) protocol functions. The normal PDF shows the best results but a detailed
analysis of the influence of the standard deviation in combination with different protocol functions is
necessary. Figure 7 shows that by varying multiple components of the normal the direction of growth can be
influenced in multiple directions but this has to be analyzed in more detail as well. Despite the fact that the
concept of staged growth is a powerful tool to control the geometry of the tree, it has some drawbacks. The
biggest drawback is that by choosing a normal n, the daughters of a segment are forced to grow in a plane
and not to grow in a certain direction. This gives the daughters still a relative large freedom to grow in an
undesirable direction and is one of the reasons why the variation among trees generated with the same
settings is large. Another reason is that it is a method based on random numbers and a small variation in these
random numbers (especially for the largest, first created segments) has a large influence on the geometry of
the entire tree.

Other simulations that have been performed simulated a local change of the “production” rate in the tree. The
segments that changed their “production” rate are called tagged segments and two methods to tag segments
have been developed. The results of the first method, region tagging, (results not shown) at the end of the
simulation, the mean pressure and radius of the tagged segment differs from the initial value. This is
unexpected and a possible explanation for this is the following. After the first change of the “production” rate
(at t = t0) the tree is not able to auto-regulate the “concentration”, ¢ back to the initial value. The reason for
this is probably that there are tagged segments that have non-tagged parent and daughter segments. The
tagged segment reacts to the changed “production” by changing its radius but there is hardly any reaction in
its parent and daughters because the segments are effectively uncoupled in this model. Because the limits to
the radius are non-zero, the radius of the tagged segment can drift away from its setpoint value. This change
is large enough such that the model cannot reach the initial steady state after the “production” rate goes back
to its original value. Besides this, it has to be mentioned that the values for the tagged segments are averaged
over less segments than the value for the non-tagged segments. It would be interesting to investigate the
distribution of the radii at several moments during the simulations in combination with the averaged values.
A more sophisticated way of tagging the segments would be a combination of both methods i.e. tag segments
in a certain region and with them all their antecedents. In this way it will be possible to tag segments in a
certain region and prevent the problems observed with the method of region tagging. However, it should be
noted that it is difficult to find, a priori, a center for the region in which the segments get a tag. In this study,
this has been solved by removing the random element in the code, visualizing the tree to select a region of
interest and then run the code again. This is not possible with bigger trees since the computational cost to
visualize them is too large for most computers.

All simulations in which the “production” rate is changed show that the relative change in flow is equal to the
change in “production” rate. The response in the tree after a local “production” increase is visualized in
Figure 8. The largest radius increase (relatively) occurs in the “production” activated region, which is
expected from a physical point of view. However, this relative change is imposed by the ODE that describes
the radius change (equation (1.36)) because the radius change is not a function of the radius itself. Therefore,
when a large and a small segment experience the same concentration difference, their radius change will be
the same in an absolute sense. When compared relatively however, the smallest segment will have a larger
radius change and this can explain the results in Figure 8. As mentioned before, the “production” model used
in this study is relatively simple. It can be extended in several ways. A first step can be the introduction of a
myogenic model as done by Alzaidi [9] or the introduction of “concentrations” other than, thereby increasing
the number of ODEs that have to be solved for each segment.
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The concept of staged growth has been introduced in order to get more control of the geometry of the tree.
Other options to get a more realistic geometry are the randomization of the radius and length-to-radius ratio
of the segments, possibly in combination with the concept of staged growth. It is especially advised to make
the tree more dense i.e. to create trees with more segments per unit volume. An experimental basis for this is
the work performed by Lauwers et al. [10].

The proposed model can be coupled to other models, for example in order to create a model of the entire
cerebral vasculature i.e. from the largest segments like the carotid arteries to the smallest segments, the
capillary beds. Some of these models have been developed before, for instance the 3D, patient specific model
of the Circle of Willis (CoW) developed by Moore et al. [11]. This model of the CoW can be combined with
a model that simulates the pial arteries, possibly based on the vascular tree model developed in this study.
The segments downstream of the pial arteries can be modeled as a vascular tree with the model developed in
this study. Because a considerable amount of computational power is needed, it will be useful to develop the
models such that they are compatible with a supercomputer It is believed that this is the first model of a 3D
tree that shows the response of a tree as a whole due to a local change in the “production” rate and it forms a
basis for other models.
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