A THERMAL ELASTIC MODEL FOR CONSTRAINED CRYSTAL
GROWTH WITH FACETS
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Abstract. In this paper we present a model for computing thermal stress inside a crystal
with facets. Using a systematical perturbation analysis, a semi-analytical thermal stress solution
is obtained for constrained directional growth with small lateral heat flux. Our solution can be
applied to crystals grown by various growth techniques such as the Czochralski method. The semi-
analytical nature of the solution allows us to compute thermal stress in crystals with facets much
more efficiently, compared to a full 3D simulation. Examples are given for crystals pulled in a variety
of seed orientations.
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1. Introduction. Directional growth techniques such as the Czochralski (Cz)
method are frequently used to produce high quality single crystals. Almost perfectly
cylindrical crystals are grown for silicon and other semiconductor materials despite
their internal structure and material anisotropy. For these crystals, the effect of
material anisotropy on thermal stress has been investigated by assuming axisymmetric
cylindrical shape [6, 20, 26, 27]. On the other hand, anisotropic effects such as facets
are often visible on the surface of binary compound semiconductor crystals grown
by these methods [18]. The effect of non-cylindrical shape on the thermal stress is
therefore of practical interest.

In this paper, we extend a thermal stress model developed in [2] for axisymmet-
ric crystals to anisotropic ones grown by directional growth techniques. Under the
assumptions of weak lateral heat flux and anisotropic effects, we derive perturbation
solutions for temperature and related thermal stress. As in [2], weak lateral heat
flux is characterized by a small Biot number, which allow us to expand temperature
into an asymptotic series and reduce a three-dimensional problem into a series of
two-dimensional ones. When the anisotropic effect is weak, we can further convert
these two-dimensional problems into a series one-dimensional (axisymmetric) ones.
Similar expansions can be carried out for thermal stress and explicit solution can be
obtained, based on one-dimensional temperature solutions. As a result, thermal stress
can be computed without solving the thermal elastic equations which are originally
three-dimensional in space.

To incorporate geometrical anisotropy into existing thermal stress models [2, 26],
we need to predict facet formation and lateral crystal shape under growth constraints
imposed by directional growth. While a significant amount of research on shape pre-
dictions has been carried out and documented in the literature (see [25] and references
therein), much less attention has been paid to facet formation using directional growth
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techniques. For directional growth, typically the lateral growth rate is given by
Ulateral = Vaxial tan(e - 90) (11)

where vayia is the axial growth rate (rate of crystallization), 6 is the angle between
the meniscus and the axial direction, and 6. is the contact angle between the crystal
and the melt. In [24], a phenomenological model has been used for the contact angle

0. = 0.[1 + acos(ke)] (1.2)

where 0, is the mean contact angle, ¢ is the angle formed by the normal direction
of the growth front and an intrinsic direction determined by the crystal structure,
k is an integer, which is chosen in such a way to reflect certain symmetry (e.g.,
k = 4 for a cubic lattice structure), and « is a parameter. For unconstrained growth,
these types of models are commonly used to study pattern selection, morphological
instability [8, 9, 12] as well as the growth of poly-crystals [25].

The model in [24] is useful when the primary interest is on facet formation of
crystals grown by directional growth techniques. However, we must make a priori
assumptions about the nature of the symmetry in the contact angle (based on surface
energy). It is not clear how to estimate the relevant coefficients in those models which
are consistent with material anisotropy as well as the complex interaction between
the orientation of the crystal and its underling lattice structure. In this paper, we
propose a simple model for the lateral growth rate, which takes the following form

Vlateral = Vaxial rmn{f(n : e); tan(9 - éc)} (13)

where f(+) is a given function of the angle formed by the normal direction of the lateral
surface in the horizontal plane (n) and a reference direction (e). The characteristic
function f(-) is determined only by the lattice structure and pulling direction and is
therefore consistent with the material anisotropy of the crystal. In other words, we
assume that the ratio of the growth rate is determined by the crystal lattice structure
unless the constraint for directional growth is active.

Using our growth model, we could predict facet formation and shape evolution
during the entire growth process, starting from an arbitrary seed shape in any crystal-
lographic orientation. Indeed, a perturbation solution for thermal stress is obtained
following the growth model given in (1.3). However, computational results are only
presented for idealized growth conditions where we fix the growth angle and assume
an equilibrium lateral crystal shape, predicted by our model. This is due to the fact
that our main objective of this paper is to investigate the effect of anisotropy on
thermal stress instead of an exhausted study on shape evolution and facet formation
using directional growth techniques.

The effect of anisotropy appears in two aspects: a geometric effect due to facet
formation, and an intrinsic effect due to the anisotropy in the material (elastic) pa-
rameters of the crystal. In this paper we investigate the geometric effect while the
combined geometric and material anisotropy case will be considered in a subsequent
paper [28]. In Section 2 we will present a mathematical model for lateral growth and
the thermal problem is described in Section 3. A perturbation solution for tempera-
ture is obtained in Section 4. In Section 5, we derive an expression for the thermal
stress using isotropic elastic constants. Numerical results are presented in Section 6
for the [001], [111] and [211] pulling directions! in the growth of a crystal with cubic

L[hkl] denotes a unit vector in the (h, —k,1) direction.
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Fia. 2.1. Shown are the four tetrahedra of an AB wunit cell. To the left only the B atoms
in the unit cell are shown. B atoms in the unit cell but not included in the four growth units are
represented with hollow circles. At the centre of each tetrahedral growth unit is a A atom accounting
for all the atoms in the AB wunit cell. On the right only the tetrahedra are shown.

symmetry. We finish the paper by summarizing our results and a briefly discussing
future directions of research.

2. Constrained Lateral Growth and Facet Formation. Before one can
determine the equilibrium shape of a given crystal one first needs to compute the
growth rate as a function of the crystal orientation. Studies based solely on the
crystal lattice geometry using the BFDH law and PBC energy methods [11] either
make no consideration for the bond types or cannot explain the different growth
rates between the positive and negative directions in a polar crystal such as the II1-V
semiconductors [16].

In order to include the polarity effects Zhong et al. [34, 35] suggested a coordi-
nation polyhedral growth unit model where the growth of the various crystal faces is
related to the exposure of edges, angle, and planes of the anion-coordination polyhe-
dra on these surfaces. The idea of representing the crystal structure in this manner
predates the work of Zhong [1, 7, 21, 22, 23]. What is more recent is the concept of
attributing the growth rate of a given crystal with the incorporation of these com-
plexes rather than the incorporation of individual atoms. This idea has continued to
develop in a series of recent papers [14, 15, 16, 17, 32, 33].

The important characteristic of the coordination polyhedra is that the element
(face, edge, vertex) exposed at a given interface depends on its orientation. In this
sense the growth rate of the various crystal faces are related to the element of the
coordination polyhedron present at the interface. Quantitative growth rates can be
obtained by noting that if a given polyhedron is an equilibrium shape, then the growth
rate in any direction must be proportional to the thickness of a single shell of growth
units added in that direction. For example, consider a two-dimensional unit square.
If a layer of unit thickness is added to each of the faces and the resulting object
remains a square then the growth rate of any vertex relative to the faces will be
Vvertex = V2Uface and for any angle —m/4 < 6 < /4, with 6 = 0 corresponding to
a face, v(0) = vgace secd. This simple idea can be generalized to other coordination
polyhedron and it reflects the vertex, edge, face hierarchy noted above.

If we let AB denote a III-V semiconductor that belongs to the zinc-blende class of
crystals then its anion-coordination polyhedra are the ABif tetrahedrons illustrated
in Figure 2.1. By expressing the unit cell in terms of the tetrahedral growth units, the
polarity of the III-V compounds naturally arise. The [111] (head) direction consists
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Fic. 2.2. Two-dimensional facet growth showing the relationship between the tangential and
normal growth rates of related facets.

of exposed vertices and a fast growth rate whereas the [111] (tail) direction consists
of exposed faces and a slow growth rate.

If one considers Cz growth then the growth of the crystal is constrained to only
those directions into the melt, and laterally, due to the meniscus supported at the
crystal/melt interface. Indeed, to grow a cone with a 1/2 growing angle of ¢ we
require
tancp _ Ulateral(n)

Vaxial
where n denotes the lateral growth direction. However, since vlateral(n) depends
on the lateral direction, those directions where tan™!(vjateral(n)/Vaxial) = ¢ cannot
be supported by the meniscus and will be truncated. Similarly, directions where
tan ™! (Vateral(N)/Vaxial) < ¢ will correspond to possible facets in the lateral direction.
Following this, the growth angle ¢(n) is given by

o) = min { . tant (et L

Vaxial

Starting with a circular seed, we evolve a two-dimensional cross-section corre-
sponding to a lateral growth profile, viateral(n), for a given pulling direction. The
axial growth is in the opposite direction that the crystal is pulled and defines ) (n).
Figure 2.2 illustrates the tangential growth rate of a given facet due to the relative ori-
entation and normal growth rates of adjacent facets. From the figure, the tangential
growth rate of the ith facet is given by

dl; ~ lim Aa; + Ab; _ Rn; n,_1 — Ri_ n Riy1 — Rin; -myq
dt At—0 At T, n;_q T; - n;
Rifl — Rl COS 5 T R»L'Jrl — Rl COS (41

(2.1)

sin oy; sin avi41

For the three characteristic directions [001], [111] and [211], Figure 2.3 shows the
constrained relative growth angle ¢ (n) and the resulting equilibrium cross-sections
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Fi1c. 2.3. Shown are the relative lateral growth rates vggziq; tany(n) = min{vigteral, Vazial tan ¢}
and equilibrium cross-sections for the pulling directions p = [001], [111] and [211]. The vector —p
is directed into the melt and has the growth rate vggq. a and b correspond to ¢ =0 and ¢ = w/2
respectively. The curves r = 1 and r = 3 in plots of Vigterar TeSPectively correspond to the growth
rate in the face and vertex directions of the underlying growth units. In the simulation the contact
angle is taken to be 25° corresponding to the III-V material InSb. The crystal is constrained to
grow nto a cone with a 1/2 opening angle of @cone = 5°. Where discernible, the dashed curve in
the ECS plots correspond to the data in Table 2.1. We note that our model produces crystals with
shapes similar to those grown by our industrial partner [18].

(ECS) for a conic crystal grown with a 1/2 opening angle of ¢cone = 5°. A represen-
tation of the ECS according to expression (3.2a) is tabulated in Table 2.1.

3. Thermal Problem. The basic assumptions of our model are that the lateral
heat flux is small and the material and geometric anisotropic effects are weak. To
simplify the discussion, we will assume that lateral heat transfer from the crystal to
the background is known. In principle, we could incorporate the effect of the melt flow
by coupling the heat transfer process in the crystal with that in the melt. However, to
concentrate on the thermal stress in the crystal, we will neglect the effect of the melt
flow and assume that the axial heat flux from the melt at the crystal/melt interface
does not vary in the cross-sectional (radial and circumferential) directions.

Within the crystal €2, the temperature T'(x, t) satisfies the heat equation,

pscs—T (ksVT), xeQ, t>0 (3.1a)

ot
where ps, ¢s and kg are the density, specific heat, and thermal conductivity of the
crystal. The boundary conditions are below,

oT
—Rep— = hes(T — T,) + hp(T* — Ty, x €Ty, (3.1b)
oT
Rg— = hch(T — Tch), z = 0, (31C)

0z
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TABLE 2.1
Parameters corresponding to expression (3.2a) for the equilibrium cross-sections illustrated in
Figure 2.3. In all cases ny, = k, m = 10 and 6 = 0. The results are obtained by starting with a
circular seed with 1200 facets and computing an FFT on the final shape with N = 262144 points.

B :p=1[001] | Br:p=[111] | Br:p = 211]
k a = 0.00083 a = 0.12313 a = 0.08918
1 1.00000 0.00003 —0.66503
2 0.00023 0.00004 —0.22615
3 0.00002 0.95149 0.63239
4 0.00002 0.00001 —0.29841
5 0.00002 0.00002 —0.11419
6 0.00002 0.27930 0.02665
7 0.00002 0.00001 —0.03487
8 0.00002 0.00002 0.04491
9 0.00002 0.12903 —0.00703
10 0.00002 0.00001 0.02444

where hgs and he, represent the heat transfer coefficients; hp the radiation heat
transfer coefficient; T,, Tcn and T3 denote the ambient gas temperature, the chuck
temperature and background temperature respectively.

The crystal/melt interface is denoted I's and is where T' = T, the melting
temperature. Explicitly we denote the melting isotherm by

z—S(x,t) =0, xelg. (3.1d)

The motion of the interface of the phase transition is governed by the Stefan condition
oT 0S8

pslenl = Ks 8_11 s —ql,n, |Vn| = Up = Ek -n (316)

where L is the latent heat, |v,| is the speed of the interface in the direction of its
outward normal n, and ¢, is the heat flux from the melt normal to the interface.
The speed 95/0t is the speed of the interface S in the k direction.

3.1. Crystal shape. For the purpose of computing thermal stress, we assume
the following expression in the case of weak anisotropy (o« small)

m
R(¢,2) = R(2) <1 +a Z B cos (ngo + 5k)> = R(2) (1 +a)\(¢)), (3.2a)
k=1

where m, n1 < ny < --- < n,, are positive integers (m = 1,n; = 4 for four-fold
symmetry) and dy, () are constants with > ;- B,% = 1. In other words, we assume
that the lateral shape of the crystal is in equilibrium with coefficients given in Section 2
for the three pulling directions being considered in this paper. Of particular interest
are the angular integrals

) = [ T an (0 an? + @x)?) dg (3.20)

where i, j € Z. From the choice of A,

27 27 21 m
/ A do =0, / A2 deg =, / W) dp=n>_ n3p2,
0 0 0

k=1



THERMAL STRESS IN CRYSTALS WITH FACETS 7

and as a result,
I (a) :27r+g G+ +5—1)+7 D n2p2| o® +0(a?). (3.2¢)
k=1

Both the enclosed area (A) and circumference (s) of R will be utilized in the sequel.
For any fixed z it is an easy exercise to verify A(z) = R*I50/2 and s(z) = Rl ;.

3.2. Non-dimensionalization. For simplicity, we assume that the gas temper-
ature T} is constant. Defining the Biot number by

(3.3)

where R is a characteristic radius of the crystal and ﬁgs is the mean value of hgs. We
adopt the following scalings:

r = RF, R(¢,z) = RR($,2), €'z =Rz, 28(r, ¢, t) = RS(F, 6, 1),
L StI%QpScS .
St_m, AT =T, — T, T=T,+AT®, t_Tt,

with ¢ = ¢. Here variables with hats (") are the non-dimensional ones. In terms of
these variables the heat equation (3.1a) becomes

‘o =

1
St r

(r0.), + T%@@ +€0.., xeN,t>0, (3.4a)

with boundary conditions (3.1b)-(3.1d)

1/2
R2

-0, + %Rd;@(b +€eR.0, =€eF(O) <1 + R—? + eRf) , xely, (3.4b)

62(07 (bv t) =9 (@(07 (bv t) - ®Ch) ) (34C)
where

hp(T* =T
F(©) = % T (g(z) + ?—FTj) O+ ;LLF AT(6T; +AT,ATO + AT?6?)6?,
gs gs gs

B(z) = hgs/ﬁgs, and § = el/QhCh/ﬁgs. The hats have been dropped for brevity. The
crystal/melt interface advances according to the Stefan condition (3.1e) which in non-
dimensional co-ordinates becomes

QIR

2R AT (3.4e)

1 1
@z—zsrer_?s¢®¢_7+sta Y=

where v (¢;) is the non-dimensional (dimensional) heat flux in the liquid across the
crystal/melt interface in the axial direction.
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4. Temperature Solution. Much of the asymptotic framework discussed in
this paper has appeared elsewhere in the literature [2, 5, 10, 13, 29, 30, 31] in an
axis-symmetric case. Kuiken and Roksnoer [13] obtained an accurate temperature
distribution for a Si crystal grown with the floating-zone technique. By using an
expansion in terms of the Péclet and Nusselt numbers of the crystal, they obtained
a solution valid for slender crystals grown in conductive heat transfer environments.
An asymptotic analysis that considered the melt was undertaken by Brattkus and
Davis [5], where the geometry allowed an expansion in terms of the aspect ratio of
the solidification cell. Young and Chait [29] considered a system driven by surface
tension and more recently Young and Heminger [30, 31] have utilized a small aspect
ratio to study the growth of single crystal fibres.

Equations (3.4a) and (3.4b) strongly suggest that the temperature © is indepen-
dent of r and ¢ to leading order. If true then the crystal/melt interface S is also
independent of r and ¢ to leading order. These observations motivate the following
expansions:

O ~ O(z,t) + €O1(r, ¢, 2, 1) + 2O (r, ¢, 2, 1) + -,
S ~ So(t) + €S1(r, ¢, t) + 2 Sa(r, o t) + -+ .
We substitute them into the scaled model, expand in powers of €, simplify and collect
terms of the same orders. The resulting field equations to first order are:
1
St
where the boundary condition on the lateral surface becomes

(4.1)

1 1 .
@j,t — @j_’zz = ;(T@jJrl,r)r + T‘_2®j+l’¢¢7 X € Q, t> O, ] = 0, 1, (4.2)

1/2
1 R
(6177‘ - ﬁR¢®l,¢ - RZ®07Z + F(GO) (1 + R_§> ) (R(¢7 Z)u ¢7 Z, t) =0, (433’)

1 , m\"
Oq, — ﬁf%@z,qs —R.01 .+ F'(09)0; [ 1+ Vi

(4.3b)

. 2 —1/2
+ 5RﬁF(@o) (1 + R—‘ﬁ) )(R(sb, 2),¢,2,t) = 0.

Continuing this procedure for the remaining conditions, at the top of the crystal one
has

©0,2(0,t) = 6(00(0,t) — Ocn), (4.4a)
©1,.(r,¢,0,t) = 001(r, 9,0, 1), (4.4b)
and at the solid-liquid interface
O0(So(t), 1) =1, (4.5a)
(5100, + O1) (r, So(t),t) = 0. (4.5Db)

Finally, the evolution of the interface is governed by

So(t) = ©0,=(So(t),t) — 7, So(0) = Zy,  (4.6a)

) Sl (Tv (bv 0) =0. (46b)

o7 e?
S1e(r, o,t) = (91,z +8100,22 + == + &>
Z:SO(t)

eo,z TQ@O,z

Here Z; is the non-dimensional length of the seed.
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4.1. Solution of the zeroth order model. Let A,4 denote the two-dimen-
sional Laplacian operator in (r, ¢) so that (4.2) with j = 0 and (4.3a) can be written
as

1
A¢O1 = §@O,t — 0,2z, xeQ t>0, (4.7a)
—1/2
96, 3
o, = —F(Oo) + R.O0, (1 + 55 : r = R(,2). (4.7b)

Here n,.4 is the unit normal vector in the cross-section. A necessary condition for the
existence of O is that

[f (00e-e0-r) as= [ (- rions %) s

A(z) s(2)

or
1 R?I. _ -

<§@O,t - @0,zz> % = RR/Izy()@oyz - RI()JF(@()) (48)

using (3.2). Combining (4.8) and the earlier results gives the zeroth order problem?

L G0s — 00.. = 2 (RO IO"lF(G)) 0<z<So(t), t>0, (4.9a)

St 0,t 0,22 — R 0,z 12.’0 0) ] z olt), s -Ja

©0,2(0,t) = 6(0¢(0,t) — Ocn), t>0, (4.9b)

@O(So(t),t) = 1, t> O, (49C)

So(t) = ©0,:(So(t), 1) =, So(0) = Zo, t>0.  (4.9d)

4.2. Solution of the first order model. With respect to the Neumann prob-
lem (4.7a)-(4.7b), in general, numerical methods need to be used to solve for ©;.
However, in the case of weak anisotropy, i.e., o < 1 in (3.2a), an approximate first
order model can be derived. Denote

2/ I
GT(Tv (bvzvt) = @1(7", (b,Z,t) - T__ R/eo.z - ﬂ}7(@()) )
2R ) IQ)Q
so that expressions (4.7a) and (4.9a) imply that
A407 =0, xeQ, t>0, (4.10a)
and the boundary condition (4.7b) gives
~1/2
003 R R Ipn 2
= (14— =—=—1| F(Op) = aAF(O 0 4.10b
8nr¢ < + R2 R1270 ( 0) «@ ( 0) + (Oé )7 ( )

where we have used (3.2a) and noted that the coefficient of O . vanishes identically.
Motivated by the formal solution of (4.10a), we represent 07 as

O5(r, ¢, z,t) = O%(z,t) + « Z 80y (2,t) cos(ko + di,) + O(a?) (4.11)
k=1

2Expression (4.9a) is valid for all a. For weak anisotropy, Io,1/I2,0 = 1 + O(a?).
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where O¢(z,t) = ©1(r = 0, z,t). Computing the direction derivative of (4.11) at the
boundary r = R(¢, z) yields

-1/2
007 RS ko1 Ry
o, =« <1 + 72 ; ER" "0k (z,t) | cos(k¢p + di) + = sin(ke + di)
=aY kR 0i(z,t) cos(k¢ + di) + O(a?). (4.12)
k=1

Comparing (4.10b) with (4.12) implies that ¢ is nontrivial only when k € {n;}7.,
and in these cases, dj, = 6y, and kRF~10;, = (3, F(0y). Finally,

O1(r, ¢, 2,t) = Of(2,t) + 7“29({ (2,t) + a©S(r, ¢, 2, 1) + O(a?) (4.13a)

where, keeping only those terms to O(«),

08 (2,1) % (R0 — F(Oy)) . (4.13D)
O5(r, ¢,2,1) = RF(6) Y 5—: (%)" cos(nd + 5). (4.13¢)
k=1

These last two terms are completely determined by ©¢ and R.
The derivation of the equations for ©¥(z,t) proceeds in a similar fashion as in the
zeroth order model. In this case one uses (4.2) with j = 1 and (4.3b) so that

1

AppOo = St®1,t — 01,22, xeQ, t>0, (4.14a)
2
09 _ —F'(00)01 + B:01, 1 RZF(GQO) . r=R(6,2). (4.14b)
on 2N1/2 2 RZ
. () 7(ew)

The compatibility condition and expression (4.13a) yield to O(«)

1 . o 2
ﬁ(—)l,t = ®l,zz + E

D2

—2R? {%F(@o) + (

(R'O}. — F(¢)) + 2R (R} . — F(6y))
1

Stef;,t - 63,“)] . 0<z<8(t), t>0 (4.15a)

where we note that ©¢ in (4.13a) is removed by the angular integration. The boundary
and initial conditions ((4.4b) and (4.5b) evaluated at r = 0) read

1,:(0,1) = 661(0,1), t>0, (4.15D)
@T(S@(t),t) = —Sl(T = O,t)@oyz(SO(t), t), t>0. (4.15(3)

The time evolution of S (r, ¢,t) is governed by (4.6b) repeated here for convenience

) Sl (’f‘, ¢7 O) = 07 (415d)

CH e?
S1u(r, ¢, t) = (617Z + 51002 + Zir , “Leé )
z=50o(t)

eo,z TQ@O,z

with © given by (4.13).



THERMAL STRESS IN CRYSTALS WITH FACETS 11

5. Thermal Stress for Isotropic Solids. The thermal stress experienced by
the crystal during its growth leads to the generation of structural defects in the crystal.
To simplify the discussion, we use the plane strain assumption in this paper and in
the following discussion the displacement vector is denoted by u = (u”,u?)T in polar
co-ordinates generalizing the discussion in [2].

5.1. Basic equations. Consider a two-dimensional (plane strain) thermoelastic
problem with displacement u in polar coordinates. In this paper we will use the tensor
and vector notations simultaneously, whenever it is convenient. By writing the stress
tensor o as

——— (T = Ty)dij, (5.1)

where v, E, and «q are respectively, the Poisson ratio, Young’s modulus, and coeffi-
cient of thermal expansion, o;; satisfies

E v
% =11, (eij + mekk%) : erk = €rr + €gg) (5.2)

where the non-trivial strains satisfy

_aur _1 a_u(ﬁ_u_¢+l% —la_uqb_FU_T (53)
err_(?r’ er¢—2 or r rop )’ e¢¢_1"8¢ r’ '

and the equations of thermoelastic equilibrium, V - ¢** := ¢{?% = 0, take the form

Oorr 100y  0pp — 0y  aoATE OAO
or +T oo} * r C1-20 or (5.4)

aO'T¢ 1 (90'¢¢ 20r¢ OéoATE 1 0A0
- = — 5.4b
or +T 13J0) + r 1-2vr 99’ ( )
where 7 < R(¢, z) for 0 < z < S(t) and ATO =T — T,. By adopting the scaling in
Section 3.2 for r and T in addition to

- 5 g ATE -
(’UJT,’UJ¢) = RO[()AT(’[LT, ﬁ¢), Uij = L&M eij = O[()ATéij, (b = (b,

Uij = O'ij 1— 2]/@61']‘, (55)
1—-v v
0ij = 1+—V eij + Eekk&ij . (5.6)
The equations of thermoelastic equilibrium (5.4) become
1-v
. = F = .
V-o 61_2VV@1, (5.7a)

or in component form

80'rr+180'7«¢+0'r7«—0'¢¢ — 1—-v 8@1,
or r 0¢ r 1-2v or
r 1 20, 1—-v1
80’¢ +_80’¢¢ + Or¢ — 1% _8@1'
or r 0¢ r 1—-2vr J¢

(5.7b)

(5.7¢)
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In the above expressions © has been replaced by €©; which is the first nontrivial
thermal contribution to the stress. Under the same scaling the stress free boundary
condition on the surface r = R(¢, z) with normal n becomes

1—-v
o n=gi=er— 2V®1n (5.8a)
which are (in component form)
R 1—v
Oppr — %Urqb - emgla r= R((bv Z)v (58b)
R¢ . R¢ 1—v .
Org = 096 = —€ T 5 O1, r=R(¢,2), (5.8¢)

where
O1(r, ¢, 2, 1) = O (2, 1) + r*0 (2, 1) + a0 (r, ¢, 2, 1) + O(0?).

A useful shorthand notation, especially in the anisotropic case, is to represent
the non-dimensional versions of the strain-displacement (5.3) and stress-strain (5.6)
relationships as

e = S(u), o= CyS(u) (5.9)

respectively with the subscript zero on the stiffness matrix, Cy, indicating isotropy.
By further defining the operators

Eo =V- Oos, Bo = OOS -1, (510)

the equilibrium equations (5.7) and boundary conditions (5.8) can be restated as the
boundary value problem

Lo(u) =F, xeQ, t>0, (5.11a)

By(u) = g, r=R(6,7). (5.11b)

In practice, a complete set of solutions to (5.7) can be constructed with the Papko-

vich-Neuber functions ®, and ¥ = (¢1,12) [3, 19]. These are based on the observation
that provided 1, 12 are harmonic and

(I+v)(1-2v)

V(A,4®) = F, 5.12
(arpw) = L0 (5.12)

then a solution to (5.11) is given by the displacement vector
u=V(®+r -¥)—4(1-v)¥, (5.13)

where r is a position vector. The components of the stress tensor are found using (5.9).

5.2. Perturbation solution of the thermoelastic equations. Based on the
assumption of a < 1, we assume that the displacement has the following approxima-
tion:

u” ~ub+oul +oluh 4+

5.14
u¢~ug+au‘f—i—a2u2+---. ( )
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Applying (5.14) to (5.7) and expanding in powers of « gives a sequence of approxi-
mations to the thermoelastic problem. In the following, o7 = o7, (ul,, u$) denotes the

components of the stress tensor generated by the displacement (uy,, u?). We find that
of; (analytically extended to r < R(z)) satisfy

oo9 1 6UO¢ o0 — Ug¢ 1—v _
UL s =2 et R 5.15
or +7° 0 + r o r < E(), (5.15a)

0
) r < R(z), (5.15b)

with the boundary conditions

1—v _ _
e €T 2UVR2®I{, r = R(z), (5.16a)
oy =0, r = R(z). (5.16b)

Solving for of; we choose €0, = er?0} = f(r) in (5.12) so that

() + Ao)

Apy® =

with Ap some constant to be determined. Setting ¥ = ¥2 = 0, (5.13), and (5.16)
give displacement components

1+ver®} (R*(1—2v) +12
= 5.17
eI, < 0 (5.17)
as in [2]. Using (5.9) yields

AN R -1 1 :

09y | = -€O) | R =3r% | + e———r?0% [ 1] . (5.18)
0 4 1-2v
Tr 0 0
In a similar fashion, o}, satisfy
00y,  100ry | Om 09 _ 11 00 < R(z) (5.192)
or r ¢ r T 2w o " o ’
do! 100} 20} 1—v 106§ =
ré o¢ re 1

z = - R 5.19b
or +r 0¢ + r Towr 0¢ r < K(z), ( )

with the boundary conditions

olop: 1-— 1—v _
a;—xb%+AR‘;T:el_;}ﬁ+2kl_;/#@ﬁ r=R(z), (5.20a)

_9o? 1—v _ _
ag—xb%+ARaﬁ:>4%l_;R%ﬁ, r=R(z). (5.20Db)

To solve for oilj we first consider, without loss of generality, the kth component of

©f. At this point it is convenient to introduce the notation (Cx,Sk) = (cos(ngpd +
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O), sin(ngp + 0x)) and the generalization (C,Sy) with 7 replacing ng. In this nota-
tion (3.2) and (4.13) give

- r_ c Pk
A=Y 6, N == B ©f = RF(Oy) an ( ) Cr.  (5.21)
k=1 k=1 k=1
Furthermore, using (5.18) to simplify (5.20),
—v Ok 5
= 2C101Cr. + 41 % nn Cr, r= R(Z), (5.22&)
oy = 2C1 BuniSi, r = R(z), (5.22b)
where
L m20p L A
Cl = ZER @1, Cg = ZERF(@O) (523)

We let o7 = ol + 0" where Uiljfp is a particular solution of (5.19), and ogjh is a ho-
mogeneous solution of (5.19) with a boundary condition that combines the particular
solution and (5.22).

For O'U , setting ¥ = 1o = 0, and choosing an appropriate ®, (5.13) yields the
displacement

1+v OQ/BkR 7\ 7etl (nk + 2)Ck
_ e ( . .24
Utp 1—v nk(nk + 1) (R) < —nSk (5 )
Using (5.9),
2
0-7]:7rp e (1 + nk(1—21/)) Ck
o7 | = upy (2) 2 (5.25)
4 7) | (e '
a
T} _Sk

This leaves ozlj which satisfies the homogeneous plate elasticity equation with

boundary conditions

ol = (201 - %;2)02) BrCr, r = R(2), (5.26a)
k
= (2nkC1 + C2) By Sk, r = R(z). (5.26b)

To match the boundary condition using (5.13) we combine 1)1 and 1 into a single
harmonic function ®;. To this end we choose 17 and 13 so that V - (11, —12) = 0.
Assigning V®; = (¢, —2), implies A®; = 0 provided 11 = P14, 2 = —Pq .
Writing (5.13) in polar coordinates we find,

_ 0%y COS2¢—|— 0Py sin 2¢
uip = ( %T@) (3 —4v) ( agf . Bd?f)cosgqﬁ +rG (5.27)

T 0% .- sin 20 + 56
where
9%®, 2 AP, | 19°®, \sin’¢ (%@,  19®, ) sin2¢
G— arz COS (b + ( +3 r 0¢? r orded r O¢ T
B 2P, 19®, 1 8%9, 9®,  19®; ) cos2¢p
( or2 r or r2 9¢2 COS¢Sln¢ + orde r O¢ T
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By representing ® and ®; as

Dy (r,¢) = Z Pk cos(ko + ax), D(r,¢) = Z QrrF cos(ke + by, (5.28)
k=1

k=1 =

where Py, Qg,ar, and by are arbitrary constants independent of r and ¢, expres-
sion (5.27) implies that

=, gt (k=44 4v) Py cos((k — 2)¢ + ax) + Qx cos(k + by)
ULh = ; L ((4V — k- 2)P]; sin((k —2)¢ + az) - QI;: sin(ko + b:)) - (5:29)

Applying (5.9) once again yields

okl 1— & (k —4)Py cos((k — 2)¢ + ax) + Qp cos(kd + by)
oy | = > k(k=1)r¥ 2 [ —kPy cos((k — 2)¢ + ax) — Qk cos(k + by
=t (2 — k)Pesin((k — 2)6 + ax) — Qp sin(ko + by,
(5.30)
Imposing the boundary condition (5.26) we conclude that the only non-zero terms
are associated with P, 12, @Qn,, Gnyt2,bn, and ap,+2 = b,, = Jr. Furthermore,

P, +2,Qn,, satisfy

((nk +2)(ng 4+ 1) (ng, —2) nx(ng, — 1) ) ( Ry Py, 1o ) 1+ Y (201 - ";;202)

—(nk + 2)(nk + l)nk —nk(nk — 1) Rnk_2an T 1l-v 2n,C1 4+ Co
and on solving for P, 12, @y, we find

ng(ng jl)cl’l"nkiz + (ng(nk+1)C14+C2)(2—ng)r"k Ck

oi’rh Rk =2 n R™k
Lh | _ np(1=ni)Cir™k 2 (ng(ng+1)C1+Cs) (np+2)r"k

731 | = n Oyt i e |. (531
) _ np—2 ng

The displacement is obtained by combining (5.17), (5.24) and (5.29) with restric-
tions on Py, Q to yield

(1) 371(3) - +
_ (rDy” +1°Dy ne—1 [ Dy Ci i1 [(DFCy
ug + au; = < 0 ) 4 gtk <D;Sk) 4 D;_Sk (5.32)
where
(1) 1+v 3) 1+v\ Oy
D=1, )a-2),  DZ =) 5w (5.33a)
— 1+v Claﬁk - 1+v Claﬁk
D, = (1—u) Rnk—gnk, D, =— (1—1/) Rnr2nk’ (5.33b)
L+v) Craby 4(1+v) Crafy
D = TGl — 5.33
r <1—y) Rn ( v—n )+nk(nk+1) T (5.33¢c)
1+v Clozﬁk 4(1 + I/) 02016]@
Ds = (A4 g 5.33d
é <1—V) Rk ( V+nk)+nk(nk+1) R ( )
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Combining (5.5), (5.18), (5.25), and (5.31) yields the components of the total
stress

o 1= (5)° R
0;‘2 = (1 1_3(%)2 + aC1 Bgng(ng — 1) (E) —Cp
O.tot _S
ro 0 .
(5.34a)
+ aClﬁk(nk + 1) (E) (nk + 2)Ck
nkSk

Since e,, = 0, the stress-strain relation (5.6) with (5.5) implies that

o =v(o +ouy) — (1—v)eOy.

Using (5.34a) gives

2 1-— Nk
ot = 204 (1—2(%) >+40¢ﬁk (V(nk-i-l)CH = ”02) (}%) Cr  (5.34b)

ng

where we have also added the quantity 2C1(1 — v), using Saint Venant’s principle, so

that the average of o'%" over the surface A(z) is zero.

5.3. The von Mises and total resolved stress. A characteristic amount of
stress can be assigned to each point with the von Mises stress which satisfies

203111 = (01 — 02)2 + (01 - 03)2 + (02 — 03)2

= (Opr — 04g)> + (Orr — 022)° + (04 — 022)* + 603¢ (5.35)

where 01, 03, 03 denote the eigenvalues of the stress tensor given by (5.34a).

The preferred method of dislocation generation in all III-V semiconductors, is
through the generation of slip defects, in particular the {111}, (110) slip system [2].
Consisting of four glide planes within which atoms can slip in one of three directions,
the resolved stress oyg, in a particular slip direction g within the glide plane with
normal is given by

Ops = ﬁTUgQTUtOtQUpﬁ.

The matrix U, rotates vectors from the crystallographic frame to the solidification
frame so that for a given pulling direction, the rows of Uy are the vectors a, b and p.
If the stress tensor ot is expressed in the (r, ¢, z) coordinates, @ is the coordinate
transformation matrix that takes (z,y,2) — (r, ¢, 2),

Plastic deformation of the crystal occurs if the stress in any of the 12 slip directions
exceeds a maximum value known as the critical resolved shear stress, o¢;ss. 10 leading
order, the actual density of dislocations suffered by the crystal is proportional to the
total excess stress at any given point within the crystal. In this sense, an estimation of
where dislocations are likely to occur is given by the distribution of the total absolute
resolved stress

12
ot | = |3 Un Q"™ QUi - (5.36)
i=1
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F1G. 6.1. Total resolved stress distribution just inside the crystal-melt interface at the end of
the growth for a crystal pulled in the [001] direction. All reported stress values are expressed in
percent with 100% occurring at the outer edge of a crystal grown in the [001] direction. For this

orientation max |o!%| = 9.18 x 1073 and min |o!2!| = 1.48 x 1073 corresponding to 0.975 MPa and

0.159 MPa respectively.

6. Numerical Results. The base geometry for the computation is a cone with
1/2 opening angle of Yeone = 5° so that R(z) = R(Zp) + aconez. We take Zy = 0.1
and R(Zy) = 1/6 corresponding to an initial dimensional seed radius and length
of 0.005 m. The final radius and length is 0.0286 m and 0.3 m or 0.954 and 1 in
non-dimensional units. This gives a value of acone = 0.875.

For the thermal model, ©¢ is the solution of (4.9) in the pseudo-steady case
(1/St =0) with 6 =~ =0and Iy,1 /120 = 1. Oy is given by (4.13) with hp = 0, hes =
hgs = 1 so that F(©) = 30 = ©. Also, ©5 is defined by the data in Table 2.1, ©Y is
derived from ©( and ©f satisfies (4.15). The Biot number is taken as ¢ = 0.026.

We present the distribution of ¢f$* as given by (5.36) with the total stress given
by (5.34). The values of F and v are chosen to be those associated with the {111}
planes since these are invariant quantities for crystals with cubic symmetry [4] as well
as being responsible for generating the slip defects within these crystals. These values

are given by

15 _ O +2012)(C11 =~ C12)Cu4
{111} (C11 +2C12)(C11 — Cr12) +2C1Cuy

y _ 1(Ci1 +2C12)(C11 — Cr2) — 2C44(Cr1 — 4C12)

=3 (C11 +2C12)(C11 — C12) +2C11Cuy

= 6.20 x 10* MPa, (6.1a)

= 0.362, (6.1Db)

where we have used the stiffness constants for InSb: C11 = 6.70 x 10%, Ci5 = 3.65 x
104, Cyy = 3.02 x 10* MPa. When combined with the parameters above, the dimen-
sional constant for the stress calculations is agATE/(1 — v) ~ 106 MPa.

In Figure 6.1, we plot the contours of the resolved stress for crystals pulled at the
[001] direction. Since the cross-section is circular, the solution obtained previously
in [2] applies. In Figures 6.2 and 6.3, we plotted the contours of the resolved stress
for crystals grown by pulling the seeds in the [111] and [211] directions, respectively.
In both cases, stress is plotted for both circular and faceted cross-sections. As it can
be seen from the plots, facet formation has a visible effect on the thermal stress inside
these crystals. The maximum values of the stress are bigger in crystals with facets.
In addition, higher stress levels are more concentrated close to the lateral surface for
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02

04

0.6

08|

F1G. 6.2. Total resolved stress distribution just inside the crystal-melt interface at the end of

the growth for a crystal pulled in the [111] direction with and without facets. For this orientation
max |cf9!] = 13.1 x 1073 and min|c’%!| = 1.19 x 10™3 corresponding to 1.39 MPa and 0.126 MPa

T8 T8
respectively.

0.2

04l

06|

08

Fic. 6.3. Total resolved stress distribution just inside the crystal-melt interface at the end of
the growth for a crystal pulled in the [211] direction with and without facets. For this orientation
max |02 = 8.63 x 1072 and min |of2!| = 1.28 x 102 corresponding to 0.916 MPa and 0.135 MPa

T8
respectively.

these crystals. Our results suggest that the axisymmetric calculation [2] may under
predict the thermal stress for certain seed orientations.

Among the three seeding orientations considered in this study, the effect of facet
formation on the stress is much stronger for the [111] pulling direction than that for the
[211] pulling direction. The [111] direction not only produces higher stresses, but also
a more extensive region of high stresses. Despite facet formation, the maximum stress
for the [211] orientation is in fact lower than that for the [001] orientation without
facets. These observation indicates that the [111] orientation should be avoided while
the [211] direction should be favored.

7. Conclusion. In this paper we propose a novel model to predict facet forma-
tion for constrained crystal growth such as the Czochralski process. The model used
a simple argument based on the crystal lattice structure and facets are predicted for
crystals in the [111] and [211] seeding directions but not in the [001] direction, for a
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given growth angle. Assuming that the anisotropic effect due to facet formation is
weak, a domain perturbation method is used to derive thermal stress, as a generaliza-
tion of the approach used in a previous study for axisymmetric crystals [2]. Numerical
results show that facet formation greatly affects thermal stress distribution and de-
fects are more likely to form in faceted crystals with certain seed orientations due to
high stress levels while other orientations may be favored because of reduced stress
levels.
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