A THERMAL ELASTIC MODEL FOR DIRECTIONAL CRYSTAL
GROWTH WITH WEAK ANISOTROPY
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Abstract. In this paper we present a semi-analytical thermal stress solution for directional
growth of type I11-V compounds with small lateral heat flux and weak anisotropy. Both geometric
and material anisotropy are considered and our solution can be applied to crystals grown by various
growth techniques such as the Czochralski method. The semi-analytical nature of the solution allows
us to compute thermal stress in crystals with weak anisotropic e [edts much more e Lciehtly, compared
to a full 3D simulation. Examples are given for crystals pulled in a variety of seed orientations. Our
results show that the geometric e [edt is the dominant one while the e [edt of material anisotropy on
thermal stress is secondary.
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1. Introduction. In a previous paper, we developed a thermal stress model
for directional growth of crystals with facets [9]. For constrained growth such as
the one developed by Czochralski, a lateral growth model consistent with the lattice
structure of type I11-V crystals was proposed. This model is capable of predicting
facet formation on the lateral surface, which qualitatively resembles experimental
observations [5] of InSb crystals. Furthermore, under the assumptions of weak lateral
heat flux, we have derived perturbation solutions for temperature and related thermal
stress for faceted crystals by neglecting material anisotropy.

The eledt of material anisotropy on thermal stress, on the other hand, could
be significant for cylindrical crystals with an underlying cubic lattice structure, as
shown in [7, 8]. It is, however, not clear whether their conclusion holds for InSb
crystals grown in a non-cylindrical shape, especially those with facets forming on
the lateral surface. The purpose of this paper is to investigate the combined e [edt
of the geometric and material anisotropy on thermal stress inside the conic crystals
considered in [9]. We start with the description of the mathematical model and the
thermal problem in Section 2. Since the growth model and temperature solution are
identical to those in [9], they are presented without detailed derivation.

The main results of this paper are given in Section 3 where the detailed derivation
of the thermal stress with anisotropic elastic constants is presented. We show that the
thermal stress can be expanded into an asymptotic series with respect to w, a measure
of the material anisotropy; and prove that the series converges in Appendix A. As a
result, a systematic approach can be devised to compute thermal stress to arbitrary
order with the zeroth order solution corresponding to the case of isotropic material
constants. In Section 4, we present computational results for crystals pulled in a
variety of seeding orientations. The results show that the e [edt of material anisotropy
could be significant when the geometric e [edt is absent. The geometric e [edt, when
it is present, usually dominates.
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2. Model. The basic assumptions of our model are that the lateral heat flux is
small and the material and geometric anisotropic e [edts are weak, following [1, 9]. To
simplify the discussion, we assume that lateral heat transfer from the crystal to the
background is known. We also assume that the heat flux from the melt is fixed while
the pull rate can be adjusted in order to grow a crystal with a desirable lateral profile,
e.g., a conic crystal. In principle, we could incorporate the e [edt of the melt flow by
coupling the heat transfer process in the crystal with that in the melt. However, to
focus on the thermal stress in the crystal, we neglect the e[edt of the melt flow and
assume that the axial heat flux from the melt at the crystal/melt interface does not
vary in the cross-sectional (radial and circumferential) directions.

2.1. Thermal Problem. Within the crystal Q, the temperature T (X, t) satisfies
the heat equation,

oT

pscsﬁ = [(ks [T, x [Q, t>0, (2.1a)

where ps, ¢s and ks are the density, specific heat, and thermal conductivity of the
crystal. The boundary conditions on the crystal/gas interface 'y, and the chuck
(holding the seed) are,

oT

~Kso— = hes(T — Tg) + he (T* =Ty, x [T}, (2.1b)
KSZ—I = hch(T - Tch), z =0, (2.1C)

where hgs and hg, represent the heat transfer coe Lciehts; hg the radiation heat
transfer coe Lcieht; Ty, Te, and Ty denote the ambient gas temperature, the chuck
temperature and background temperature respectively.

The crystal/melt interface is denoted I's and is where T = T.,, which is the
melting temperature. Explicitly we denote the melting isotherm by

z—S(x,t) =0, X [Tk. (2.1d)

The motion of the interface of the phase transition is governed by the Stefan condition
oT 0S

PsL|Vn| = Ks a_ngﬂs_ —di,n, [Vl =vn = Ek' n, (2.1¢)

where L is the latent heat, |vn]| is the speed of the interface in the direction of its
outward normal n, qin is the heat flux from the melt normal to the interface, and
0S/0t is the speed of the interface S in the k direction.

2.2. Crystal shape. For the purpose of computing thermal stress, we assume
the following expression for the crystal radius in the case of weak anisotropy (o small)
—1 —1
_ — 1 _
R(®,2)=R(z) 1+a Pxcos(nkp+0d) =R(z)(1+ar(9), (2.22)

k=1

where m, n;y < ny < --- < ny are positiﬁﬂtegers (m = 1,n; = 4 for four-fold
symmetry) and J, Bk are constants with —[_ B2 = 1. For details on the derivation
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of the shape equation (2.2a), we refer interested readers to [9]. Of particular interest
are the angular integrals

Ldn [ GA
lij(a) = L+oN)' (@+on?+@AF T do (2.2b)
0 - 1
- ™1
=2n+ > (+)i+j—1+j B a’+0(’) (2.2¢)

k=1

where i,j [Z1 Both the enclosed area (A) and circumference (s) of R will be utilized
in the sequel. For any fixed z it is an easy exercise to verify A(z) = R%1,,/2 and
S(Z) =Rlp,.

2.3. Non-dimensionalization. For simplicity, we assume that the gas temper-
ature Tq is constant. Defining the Biot number by

R
Ks

EZ (2.3)

where R is a characteristic radius of the crystal and Hgs is the mean value of hy,. We
adopt the following scalings:

r = RF, R(9,z) = RR(9,2), 1%z =R7, 12S(r, ¢, t) = RS(F, 9, D),
L StR2psCs ~
= — = — = =+ = — ——
St AT AT =Tm—Tg, T=Ty+ATO, t e f

with @ = (B Here variables with hats (7) are the non-dimensional ones. In terms of
these variables the heat equation (2.1a) becomes

1 1
SLt:'et = (r®)); + 5O + Bz, x [Q, t>0, (2.43)
and boundary conditions (2.1b)-(2.1d) become
. R2 Ly d
-0, + ER(,,G)q, +[R,0, = [H(®) 1+ R—‘;’ + [R? , x [, (2.4b)
©2(0,9,t) =3(0(0,¢,t) = Ocn), (2.4c)
o=1, x [Tk,  (2.4d)
where
1 1
he(Td—=T2H 4hg he
F(O)=—2_—>° +—TJ O+ —AT(6T; +4T,ATO + AT?0%)E?,
©) AT B(2) e | her (6T 9 )

B() = hgslﬁgs, and 0 = EthCh/ﬁgs. The hats have been dropped for brevity. The
crystal/melt interface advances according to the Stefan condition (2.1e) which in non-
dimensional co-ordinates becomes
1 1 3 _ QR
ez - ﬁrer - @S(pe(p - y + St, V - HQKSAT 1 (249)
where y (q;) is the non-dimensional (dimensional) heat flux in the liquid across the
crystal/melt interface in the axial direction.
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2.4. Temperature Solution. Equations (2.4a) and (2.4b) strongly suggest that
the temperature © is independent of r and ¢ to leading order. If true then the crys-
tal/melt interface S is also independent of r and ¢ to leading order. These observations
motivate the following approximates:

O [OK(z,t) + [@(r,0,2,t) + Oy (r,0,2,t) + -+,

S ESB(t) + 1(r1 (prt) + EBQ(rI (prt) +e (25)

We substitute them into the scaled model, expand in powers of [, simplify and collect
terms of the same orders.
The zeroth order problem is given by!

1 1
iG)O,t —0p,zz = E I:_eqao,z - IO—’lF(eo) , 0<z<Sy), t=0, (2.6a)
St R (P
©0,2(0,1) =08(00(0, t) — Ocn), t=0, (2.6b)
Bo(So(1), 1) =1, t=0, (2.6c)
SHt) = ©0,2(So(t), 1) — v, So(0)=Zo, t>0.  (2.6d)

The first order solution is given by
01(r, 9, 2,t) = ©%(z,t) + r’0(z,t) + aGS(r, 9, z, t) + O(a?) (2.7a)

where, keeping only those terms to O(q),

CHeMIES % %%O,Z - F(OO)D, (2.7b)
-~ T g, L]
O5(r, ¢, z,t) = RF(Qy) " R cos(Nk® + By). (2.7¢)
k=1

These last two terms are completely determined by ©, and R. The first term 0%(z,t)
can be found in [9] and is not repeated here since it is not relevant to the stress
computation.

3. Thermal Stress. We now turn our attention to thermal stress. In the fol-
lowing, the general case in three-dimensional space is discussed first, followed by a
more detailed discussion using the plane-strain assumption.

3.1. Thermoelasticity equations for solids with cubic anisotropy. We
consider a three-dimensional elasticity problem for a crystal with cubic symmetry as
in [4]. In this case the stresses 0 = (GXX,oyy,ozz,oyz,oxz,oxy)T and strains ¢ =
(Bxx: Byy, €27, 28y7, 287, 2exy)T are related through

C1 1
Cll C12 C12
Cl Cll C12
C
g= Crcct@y Crcct = — C12 Cll C44 (31)
Cus
Cua

1Expression (2.6a) is valid for all a. For weak anisotropy, lg,1/12,0 = 1+ O(a?).
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For an anisotropic material the quantity H = 2C44 — Cy; + C12 8 0. By defining
Crect = Co — Ca rect Where Cq rect = H/4 x diag(2, 2,2, —1, —1, —1), the matrix
IjUI 1
Cl C?Q C?Q
€} Cl Cp,
3 Ci» Cl

(K

C():

(3.2a)

0
C44

0
C44

Cll
is isotropic and the quantities E and v in term of Ci(_)i are given by [6]

E = (CP, +2C%)(CPy —Ciy) V= Ch,
CP, +Ch, ' CP +Ch’

By adopting the scaling in Section 2.3 for r and T in addition to

_ 0oATE

1y i

(3.2b)

w = ﬁGQAT\TV, Oij €ij = GoATéij,

we set

and obtain (after dropping hats)

1—-v)? 1- 1
?1:m’ ?2:%- C24:§(C?1_C?2, (8.2¢)

1-v H
C11 + 2C12 == m - ? (32d)

We denote the displacement vector as w and the related strain and stress by

e = S(w) and 0 = CS(w) where C = Cq — C4. The su [xdn C is suppressed since

the explicit form of C depends on the chosen co-ordinate system but the expressions
below are independent of this choice. With this notation

L:= [3S=[-QyS— [08.S=Ly—L,, (3.33)

B:=CS n=CyS-n—C,S-n=By—B,, (3.3b)

and the thermoelastic boundary value problem can be stated in the form

L(w) =F, x [ t>0, (3.30)
B(w) =g, r=R(9,2), (3.3d)
where
|:1|—v H 1 |:1|—v H 1
F=(C11+2C12)|:e:1= 1_2\)_? [HON| g= 1_2\)—? On,

with n denoting the outward normal of the surface r = R(g,z). The total stress
contains an extra diagonal term related to the scaling with respect to the isotropic
quantities E and v so that

ot,aniso 1-v H
itj b = 0jj — - — Oéij. (3.4)

(0}
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To solve for w(x) in (3.3) we begin by finding the displacement wy given by

Lo(wp) = F, x [Q, t>0, (3.5a)
Bo(wo) =g, r=R(9,2) (3.5b)

1—2v
1—v *

which is the displacement found in [9], multiplied by a factor of p = 1 — %
Having defined wy, we denote by wy.1 = Nwy, with k = 0, the solution to

Lo(Wk1) = La(wy), x [Q, t>0, (3.6a)
Bo(Wk+1) = Ba(wi), r=R(g,2). (3.6b)

Continuing this process we have for w(x) in (3.3)
w=wy+Nwy+N3wg+---+N"wy+ . 3.7

i i i — IH|72 — 12C44—C;1+Cy2| :
Since [N w in a suitable norm, where w = co—CcLTA2 = menici—cn < lis

an anisotropic factor, the series converges and an error can be estimated when (3.7)
is replaced by a finite sum, cf. Appendix A. For typical cubic anisotropic materials
w=1/3[2].

Converting the stress-strain relationship to polar co-ordinates we note that C,
will not change so we will only concern ourselves with C,. Corresponding to (3.1) we
let Ocye = (orr, O¢@,02z,0¢z, Orz, 0rq))T: €eye = (err, o) €2z, 289z, 26rz, 2er(p)T- The
components of C.,. are given by

_H H
Ceye,ijkl = ?(ailajlaklau + ajz@j2aK2a12 + Ajzdjzakzdlsz) — Z(aiQajSakQaIB

+ ajzdj3aksai2 + Ajz@jeakeai3 + djzdjoakszaz + dirdjzakiaz + airdjzaksan
+ ajzajrakiaz + ajzdjrakzann + airdjeakiaiz + airdj2akea + aixajiakia
+ aj2aj1ak2a11)
with ajj the cosine of the angle between x(new axes) and x; (old axes) [6]. Further-
more, the first two and last two su [xed are abbreviated into a single su [x_dccording
to the scheme: 11 - 1;22 - 2;33 - 3;23,32 - 4;13,31 - 5;12,21 - 6.

For the [001] pulling direction, we choose the z-direction as [001], and the direc-
tions [100] and [010] to correspond to ¢ = 0 and ¢ = 1/2 respectively so that
—1

cos@ sing O
agj?‘“] = [—ding cos¢ oL
0 0 1

For the [111] pulling direction, the z-direction is [111] and we choose ¢ = 0 and
¢@ = 1/2 to correspond to [211] and [011] respectively. In this case,

cosQ  —~-cos@— ssing  —~-cosg+ “ssing

ag}ﬁ] = E%sin(p “sing — s cosp L sing + ~L cos@

Finally, for the [511] pulling direction, the z-direction is [511], ¢ = 0 corresponds to
[111], and @ = /2 corresponds to [011] yielding

i Scos@  Yocosp+Lsing  ocosg—+Lsing
E;é’“]: 5sing  —~sing+ 5 cosp  —~sing — ¥ cosg

2 N S
6 6 6

a
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Each of these tI%ormations changes the form of C.,. and in general we have
the form C.yc = | Ccyex Where each matrix with subscript k consists only ele-
ments of cx = cos(kg), sk = sin(kg) and zero. The detailed expressions are given in
Appendix B. Since the anisotropic part of the constitutive relation C,, .y can be de-
composed into components Cj ¢y k consisting of only sy and ck, we can systematically
construct high order approximations. This is accomplished by first determining the
solution for a generic Ca,cyc,k, and then computing an appropriate linear combination
of all the solutions for a particular pulling direction. To illustrate the procedure, we
now discuss a simpler problem where we use the plane strain assumption.

3.2. Plane strain thermal stress for solids with cubic anisotropy. As
in [9], we assume that the displacement is only in the (r,@) plane so that e_. . =
(err, €99, 0,0,0,2er,)T. We will also reintroduce the notation (Ck, Sk) = (cos(nk(p +
0k), sin(nk® + dx)) and its generalizations (C,S) and (Ck,Sk) with the k su X dup-
pressed, and i replacing ng respectively.

Starting with the isotropic case where wy is the solution of (3.5), when a is small
it is shown in [9] that w, can be approximated by

:fD(l) + r3D(3) . DyCk 1 D Ck
r r Nk— r Nk r
W 0 +r D, S +r D(;Sk 3.8)
where
1+v 1+v C
DM =p — , Cit—2v), D& =p — =3 (3.9a)
1+v Ciap 1+v Ciaop
- _ 10Dk - _ 10Pk
r - u —V Nnk—2 D(P - _u 1—v Rl’lk—2 ks (Sgb)
T+v ClaBk 4p(l +v) CooPi
+ — +
Dy =n — v 2—4v—ny) (e +1) R (3.90)
I+v ClaBk 4p(l +v) CooPk
b= —4v +ny) + . .
D(p vl T=v R (4—4v +ny) e+ 1) R (3.9d)

Having determined wy, w is given by the expansion (3.7). Each of the terms in
the expansion is a solution of the boundary value problem (3.6). To illustrate the
procedure, in the following we construct w; = Nwy.

Due to the linearity of the equilibrium equation we can pick a representative
v = (D, rK cos(ng + 3), Dy sin(ng +3)) T with n =0, k = 1. From this v, the strain

C1 11 1
err kD,rk=1c
1

S(v) = Cegh E=1E1(D, + nDy)ric

2erq (kDy — Dy — NDy)rk=1s

and the stress due to the anisotropy in the material parameters is given by Ca, cycS(V)
where the exact form of Ca .y depends on the orientation of the crystal. Expres-
sions (B.1)-(B.3) show that C, .. is a sum of terms, Cj ¢yc,m, characterized by cos mg
and sinmg. Therefore, Ca cye,mS(V) can be expressed as a sum with terms of the form

rk=1(cos(fip + d), sin(Ag + 8))T, i = n+m. So, we need only consider the problem

aorr 1 ao-r(p Grr - G(p(p Kk—2 R~ —
+ = + =Ff C, < R(2), 3.10
ar r 99 r al r<R@ (3.102)
00rp , 100gp , 20re _ fork28, r <R(2), (3.10b)

ar r 09
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with integers i =0, k = 1, and

Orr = gr7IC, r=R(), (3.11a)
Orp = gor 'S, r=R(2), (3.11b)

corresponding to (3.6) with the higher order terms omitted.

To determine the solution to (3.10)-(3.11) we take a two-step approach. We begin
by finding a particular solution w, which satisfies (3.10) but not necessarily (3.11).
Next, we find wy which solves the homogeneous version of (3.10) and the modified
boundary condition

oy = grr*'C—af, = GerIC, r=R(), (3.12a)
Ofp = ot 'S — 07, 1= or* 'S, r=R(), (3.12b)

where of, and of(p are stress components corresponding to wy. Accordingly, we find

1 1 kg ~[1
H =, %, (k£M)2E1,
W, = U aerks (3.13)
P L B + byl In )G TP =1 '
=V)? berkInrS) ’ - :
where
_ (@ 20)(k* = 1) = 2= W) +E 4y ~K)Fy (3.13b)
' ((k=m)2=1)((k+M)?—1) '
o = IG= 4+ K + 2= V)(¢ ~ 1) = (L= 20))fy. (3139
° ((k=mn)2=1)((k+M)?—1) '
1 _ (3=4v)(A—1) (Fr+Fop) +(Fr— f(p) K=f—1
Dr = (5 ) (b ) B2 (A1) (Fe—Fy) - (3.13d)
8A(n+1)(A+4—4v) , k=h+1,
ML) (fe ) O (o) ¢ =y —
be = (Atd— 4$))(fr)+fq,) K=+ (3.13¢)
— s L
-1 k=n-1
= L =fi-1, (3.13f)
_2+ii3¥' k=mn+1.

The special case when i = 0 and k = 1 takes the form w, = Z(ﬁ—:’,)glnr x
((1 —2v)f cosd, 2(1 — v)F,sind)T. Corresponding to wy are the stress components

1
|—p-|0" m((k kv "'V)ar"'vnaq,)rk 1§
Ogh =1 By (L =V + k) + (L= v)fiag)r™ ' casa)

(—fia, + (k — 1)ag)rk—'S

re 2(1+v)

—r B
opr —v)(a=—av)rrl L

Lo} =] %v);l_zv)cwrk:lc H (3.14b)
g

k—1
ro 2(1—v)cr<Pr S
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for (k =1)% = 1 where

Crr = (K — kv +V)(br +belInT) + by((1 —v){ + viiIn(r)), (3.14c)
Cop = (1 = v +kv)(by + el InT) +by(v{ + (1 — V) In(r)), (3.14d)
Cro = —A(br +belInr) +by(1+ (k—1)Inr). (3.14e)

For the special case when il =0 and k = 1, we have

(o, aP

rrs Ogpp Gf(p)T = m(1"r(ln r+1—v)cosd, fr(Inr +v)cosd, f(l —v)sin 3)T.

Using the technique described in [9], we can find wy, which solves the homogeneous
version of (3.10) and the boundary condition (3.12),

. Gt [N B | B
(2=n—4v)(Gr +8e)r" "' | (AGr+(A—=2)Go)r" ' &
Wh = B = N CEL (A—DR"—2 |—_c‘||:| (3.15)
h 2(1—v) (4+n=4v)(@r +o)r™! _ (NGr+(N—2)gg)r" " g .
(A+1)R" (A—1)RP—2

The corresponding stress components are given by

| — |—|D:<2I] M)(Gr+Go)r" | (MGr+(N—2)Ge)r™?) o
—N)(Gr+de)r NGr+(N—2)ge)r
Orr 2RnN - ) + 2Rﬁ—2(p )
Conl =14+ @r+)r" _ (MGr+(N=2)ge)r" ) & 316
(ﬁ(p | I 2RN ) 2Rﬁ—2- I:I ( : )
Org N(Gr+0)r" _ (AGr+(N=2)gp)r"™*) &

2RN 2RN—2

In the special case when i = 0 (or i = 1), we require §p, = 0 (or §r = Gyp) for the
homogeneous elasticity problem to be well-posed. The solution and the corresponding
stress components are given by (3.15) and (3.16) without the term related to r"—!
and r"—2 respectively.

___In the following we find the explicit form of the expression w; = Nwj for the
[111] pulling direction. This expression generates the first order corrections to the
stress of an anisotropic cubic crystal. The outline of the procedure is also given for
the [001] and [211] seeding orientations.

3.2.1. [m] pulling direction. To treat this case systematically we decompose
w into five separate quantities given by

I:(ll) 1 |:]3) 3|:| |:C| 1
Woa= Dr'f Wog= DFf woc =Dyrk K
0,A O ’ 0,B O 3 0,C r _Sk y
C 11 1 [
W _Dr++D$rk Gy _D'J’F_D(_I*J_rk Ck
0,D — 2 Sk ) 0,E — 2 _Sk

For wy,c, k = ng — 1 while for both wo p and wy g, k = ng + 1. What characterizes
the [111] direction is the anisotropic sti [ndss given by C,. From (B.1), we have in the
case of plane strain, C; = C4, where

- 1
L, 020
ci=H 515 o
12 9 0 1

and as a result fi = n for the [111] direction.
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For the first component, wy a, we find from (3.6a) and (3.10) that
CIr1 C1 01

Lawon) = OIS a) = o0 =2 I (3.17a)
' ’ 0 TS
and for the boundary condition, (3.6b) and (3.11) give
I:J 1 1
o 1) _
Ba(Wo.a) = CLIS(Wpa) - n = H =Rt UC (3.17b)
6 0 JoS

where k = 1,3 =0, and n = i = nx = 0. Setting Ap = %Dp) we identify f, =
fo=0,0r =Aaand gy, =0. The quantities fr and T, applied to (3.13)-(3.14) give
the particular solution for the stress as 0 = 0 which through (3.12) indicate that
0r = Aa and G, = 0. For the homogeneous solution, we solve Lo(wy,a) = La(wo a)
with the boundary condition Bo(w; a) = Ba(wg a) and using (3.16) to determine the
stress, which gives

I_hJI_II_LI_I

1

rrA

Logd a F=Ia CLTL (3.17¢)
Ofp.A 0

For wog, we have k = 3,8 = 0, and n = i = nx = 0 and continuing in an
analogous fashion we find that

C11 I | - I:Ll3
_ 0 —p2 9 _ H )
La(wog) = , Ba(Wwpe) =R — (3.18a)
0 Jo 6
As with the previous case, we find of ; = 0 and letting Ag = %D@ we identify
O =0r=Ag,0p =09 = Fr =Ty, =0. From (3.16) we have
| ] I 1
0rr B , 1
(ﬁ(pB | —I/\BR 11T 1 (3.18b)
r(p B 0

For wo.c, K =nx—1, n =0 = ng and letting Ac = %(1 —nk)D; we determine

I%I]:I B I:CI 1
LaWoc) = ¢ Ba(Wo,c) = AcR™ ™ ¢

so that fr = f, =0, 0 c =0, r = §r = Ac, and gy = Jp = —Ac. Applying (3.16)
we obtain

|:T| 1 —1 1
rrC Ck
L=\cr«—2 L—g L1 (3.19a)
‘ﬁ“’ ©
Org,c —Sk

The fourth component is wyp and kK = ng +1, n = 1 = nx. By letting Ap =
H(nk + 1)(D; + D) one has

|:C| 1 3 I%II:I
La(wo,p) = nfor™ ™ ¢ Ba(Wo,0) = ApR™
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so that fr = —f, = Nk/A\p, 9r = Ap and g = 0. In this case the particular solution
for the stress is

I;I 1

rr D /\D Nk
0D TN =4y
0-r(p,D

L1
2(nk +1— vnk)Ck
L_P@a+vn)c, L1 (3.20a)
—nk(l - 2V)Sk

so that
C_1C 1 C1 1
_ Q1-2v)Ap 2—ng
Op Nk +4 —4v Nk

and from (3.16)

1

0rr,D _ Nk nk)Ck
onl - =1 = 2)or I@ +2)0, L1 (3.20b)
fe Nk +4—4v
Orp,D Nk Sk

The last component, wy g has k = ng +1 and n = il = nk. For this case we
choose Ae = £(D, — D) and we find

1 [

k

1 1
- C = ng —1)C
La(Wo,g) = MkAer™ ™! _5, Ba(Wo.g) = AgR"™ (M = DG«

—NKSk

so that fr = —f, = nKAg, 9r = (Nk — 1)Ae and gy = —nkAeg. Continuing,

Ifﬁl 1 C_1
OrrE N z(nk +1— vnk)Ck
L rr%’q,l,E L= ln Ry L »a+vn)c, L (3.21a)
Oro.e K —ni(1 — 2v)Sk
yielding
11 1 1
(N +3—=2V)Ae ng—2
Jo Nk + 4 — 4v —Ng
and
Ifhl —1 )
rr E +3— Nk — N )Lk
Con) I =1 (M *+ 3= 2V)Aer I@ +2)¢ C (3.21b)
oh Nk +4—4v S
r(p E NSk

Combining (3.17)-(3.21) and using both (3.9) and (3.4) we find the first order
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correction to the total stress in the [m] direction accounting for cubic anisotropy as

I%)It 1 |:1|:| |:1| 1
rr
o5 _2(1—-Vv)uC; = 4(1—v)2wCyr? 4
24 B 3 2v 1+v)(1—2v)R2 L4y
tot
Org  j111) 0 0
|:2|1_1V e [
“+v
41 =Vv)awCy Bk - @ J 1—%4\3\;2
3—2v) m R Gdg)V g
ca (8:22)
(nk +2 —4v)Ck
om)Cl 214 nx — 4v)Ck
P+ g T —2v)
- —
G 3
om)C - g
B (e —1) = A

with v = 1+" 'H' using the scaled version of H.

This procedure can of course be followed for any pulling direction provided the
form of C, is known. It can also be applied to finding higher order corrections provided
that the solution (3.13) to (3.10) is generalized to allow a multiplicative factor of (Inr)"
for some integer | = 1. In the following we simply state L, and B, for the [001] and
[211] seeding orientations for each of the five components of the displacement (3.8).

3.2.2. [001] pulling direction. From (B.2) we have C4 = C4,0 + C4,4 With

C 1 —1 1 1

H 1 10 H G  ~C —S4
Cao =7 i1y oL Cas= 7 L=¢, ¢, s4 L

0 0O —S4 Sy —C4

Accordingly one finds that
0 1
La(WO,A) = 0 ) Ba(WO,A) = 3/\A 0 l

. S

= c

La(Wo) = 12/8r Ba(wos), = 3AsR* “_ "

The composite form of Ba(wp g) shows that the condition (3.11) can generate more
than one term of a particular solution for fixed version of (3.10). For the rest of the
terms we extend the notation {Cyx, Sk} to {Cx,m, Sk.m} where Cx m = cos((nx —m)o +
dk) and Sk m is updated similarly. In this notation, one has

C1 1 1
La(Woc) = 62— nAcr™— ! Ba(Wo,c) = —3NCRM2 Sk
S !
La(Wop) = 3nAor™ —CIS( ’ Ba(Wo,0) = 3ApR™ Cok ,
— —
2(1 = ni)Ci,a — Cic MiCi.4 + Ci

La(Wo,g) = 3neAgr™ ! Ba(Wo,g) = —3AgRM

2(1 —ny)Sk,4 + Sk’ Nk Sk,4
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3.2.3. [511] pulling direction. From (B.3),
1
3—4cy —T7Cy 9+ 7cy 2S5 + 7Sy

[+ 7c, 3+4cy—Tcy, 259 —7s, L1
2S5 + 7Sy 2S5 — 7Sy —3+7cy

Ce[?ll] — i

In case for [511], Ca is decoupled into Ca,0, Ca 2, Ca 4, analogous with the [001] case.
Repeating the calculation we find

0
La(WO,A) = 0 ]
s
Ba(Wp,a) = EAA S )
|1:f 1
La(Wo,8) = 3Asr ~ ¢ e
1 — 7, —
Ba(Wo,B) = Z/\B R? 7(7:; _|_62§+ o ,
R
1 _oa (Ck4+C
L [ _ 2 /\ Nnk—3 k,4 k,2
a(WO,C) Z(nk ) Cr 7Sk,4 _ Sk,2
_ 1 Sne—2 7Cka + 2Ck 2 + 3Ck
Ba(WO,C) - ZACR 7Sk,4 _ SS ’
_1 nk—1  —Ck,2 + 3Ck
1 Sne —Cik2—Ck—2+6Ck
B = TApRM k2 T O
a(WO,D) 4 D _S 2 +Sk,—2
1 —1 7(nk —1)Cx 4 + (N + 1)Cx,2
L [ /\ Nnkg—1 s s
a(Wo.e) = ZMer 7= DS+ 3= NS

_ 1 S "kCia + (2nk + 1)Cy 2 + C,—2 + 3(Nk — 2)Ck
Ba(Wo.e) = ZAER NSk,4 + Sk 2 — Sk,—2 — 3NkSk
In summary, the total stress is the sum of the stress components due to anisotropy
in the elastic constants obtained above, plus the one for isotropic solids given in [9]
multiplied by p, which is reproduced below for completeness

I——m't o 1 |:| |:| |;| 1 :l 1
[ojecil I;l L_r' [
Loy " L=hcy EIJGCI Bknk(nk —1) = Igk L
0:.::71S0 0 —Sk
) (3.233)
|__r_| (2 — nk)Ck
+paCyB(n +1) = Lnd +2)c,
Nk Sk
and

1 Iﬂ I 1 [ @']
tot,iso l__rl 1-v L?RI
0,57 =2uC; 1-2 R +4pofx v(ng +1)Cy —

zz

(3.23b)
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3.3. The von Mises and total resolved stresses. A characteristic amount
of stress can be assigned to each point with the von Mises stress which satisfies

202, = (01 — 03)* + (01 — 03)* + (02 — 03)?

= (Orr — 0(p(p)2 + (O — 0zz)2 + (O(p(p - 0zz)2 + 60?@ (3.24)

where 01, 09,03 denote the eigenvalues of the stress tensor given by (3.23) and the
corrections due to material anisotropy, such as the one given by (3.22).

The preferred method of dislocation generation in all I111-V semiconductors, is
through the generation of slip defects, in particular the {111}, [T103lip system [1].
Consisting of four glide planes within which atoms can slip in one of three directions,
the resolved stress 0,5, in a particular slip direction ¢ Within the glide plane with
normal f,lis given by

0 = ¢ U, Q0" QU]

The matrix Uy rotates vectors from the crystallographic frame to the solidification
frame so that for a given pulling direction, the rows of U, are the vectors a, b and p.
If the stress tensor ot°t is expressed in the (r, @, z) co-ordinates, Q is the co-ordinate
transformation matrix that takes (x,y,z) - (r, 9, 2).

Plastic deformation of the crystal occurs if the stress in any of the 12 slip directions
exceeds a maximum value known as the critical resolved shear stress, ... To leading
order, the actual density of dislocations sulerkd by the crystal is proportional to the
total excess stress at any given point within the crystal. In this sense, an estimation of
where dislocations are likely to occur is given by the distribution of the total absolute

resolved stress
oy = %Q Q' G‘OtQUplﬁ (3.25)

i=1

4. Numerical Results. Numerical results are obtained for a conic crystal with
a half opening angle of ¢.one = 5° so that R(z) = R(Zp) + Oconez. The initial
seed length is Zy = 0.054 and radius is R(Zy) = 1/6, corresponding to an initial
dimensional radius and length of 0.005 m and 0.01 m respectively. Here we have
taken hys = hys = 4 so that using the characteristic radius R = 0.03 m and thermal
conductivity of 4.75 Wm~!'K~! we find [ 0.026. The final radius and length (not
including the seed) are 0.03 m and 0.286 m or 1 and 1.537 respectively in scaled units.
This gives a value of O¢one = 0.542.

Oy is the solution of (2.6) in the pseudo-steady case (1/St = 0) withd =y =0
and lg /130 = 1. O is given by (2.7) with hg = 0 so that F(®) = O = O.
Since the sti[ndss constants for InSb are Cy; = 6.70 x 104, Cy5 = 3.65 % 104, Cyy =
3.02 x 10* MPa one has H = 2C44 — Cy1 + Cq2 = 2.99 x 10* MPa and w = 0.329. In
addition, the values of E and v used in the calculation are represented by (3.2b)

_ (C11 +2C1p + H/2)(Cyy —Cio +H/2) _ 4
E= e, = 5.95 x 10* MPa, (4.13)
v Ci2 = 0.308. (4.1b)

T Cy +Cp + H/2

When combined with the parameters above, the dimensional constant for the stress
calculations is 0pATE/(1 —v) [93.8 MPa.
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(e) [211], w = 0 (f) [211], » = 0.329

Fig. 4.1. The von Mises stress computed using (3.24) at the indicated orientation, just inside
the crystal-melt interface at the end of the growth. All reported stress values are expressed in percent
with 100% occurring at the outer edge of a crystal grown in the [001] direction which corresponds to
a value of |oym| = 3.32 < 10—3(0.311 MPa). The w = 0.329 case utilizes one correction term.

We start with the expression for the displacement (3.8) which defines D), D®),
D*, k, and n for the La(wg) and Ba(wg) expressions found in Sections 3.2.1, 3.2.2
and 3.2.3. The La(wy) defines T, Ty, k, and 71 in (3.10) which gives of} and Ba(wo)
dﬁfines Or, o, k, and i in (3.11) which gives 0{} with gy and G, given by gr, gy and
Oij-

___Figure 4.1 shows the von Mises stress for the three seeding orientations: ([001],
[111] and [211]). To the left of each pair is the isotropic case corresponding to the
material in [9] and to the right is the anisotropic case corresponding to one correction
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The maximum von Mises and resolved stress values for the three seed orientations using j

correction terms.

Wu, Bohun and Huang

Table 4.1

Maximum von Mises stress
i | p=[oo1] | p=[11] | p=[211]
0 |332x1072%[7.23x107% | 3.83x107*
1 |275%1073 | 6.80x 1073 | 3.89 < 1073
12 | 2.85x 1073 | 6.89x 1073 | 4.04 x 1073
Maximum resolved stress
i | p=[oo1] | p=[11] | p=[211]
0 |9.23x107% [ 1.34=1072 | 8.78x 107
1 |7.66>1073 | 1.20x1072 | 8.78 < 1073
12 | 8.15x 1073 | 1.21x 1072 | 8.84x 1073

term, namely w [y + w;. Reported stress values are in percentage with 100%
corresponding to the outer edge of a cylindrical crystal (a = 0) grown in the [001]
direction or |0y,| = 3.32 % 1073, In the [001] pulling direction the von Mises stress
retains its axial symmetry even when anisotropic sti [ndss coe [ciehts are included. For
the [111] and [211] seeding orientations the geometric e [edt dominates the amount
of stress. Table 4.1 lists the maximum value of the von Mises stress for the three
orientations using zero (isotropic, ® = 0), one and twelve correction terms for the
total stress. It can be seen that the von Mises stress can either decrease or increase
when material anisotropy is considered, depending on seed orientation.

Figure 4.2 shows the corresponding resolved stress ¢'¢* as given by (3.25) which
is relevant to dislocation generation. The computed peak values for the total resolved
stress are listed in Table 4.1 and once again we conclude that the e [edt of the material
anisotropy is more significant for the [001] orientation since there is no geometric
e[edt in that case. For the other two directions, the geometric e [edt dominates and
the material anisotropy has a limited e [ect.

5. Conclusion. In this paper we have discussed the e [edt of material anisotropy
on the thermal stress and compared it with that of geometric anisotropy due to facet
formation. We have presented a systematic procedure which computes the stress iter-
atively, using an asymptotic series. We have also shown that the series converges for
any anisotropic cubic material. Numerical results are obtained for InSb crystals grown
by the Czochralski method in three pulling directions. When the seed orientation is
in the [001] direction, since no facet forms and no geometric anisotropy is present, the
material anisotropy has a visible e [edt on both the von Mises and the total resolved
stresses. For the [111] and [211] seeding orientations, however, the material anisotropy
has only limited e [edt while the geometric (facet formation) has a much stronger ef-
fect. Our results suggest that for faceted crystals, it is much more important to take
the geometric e [edt into account while neglecting the material anisotropy is justified.
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Appendix A. Proof of (3.7).
We begin by introducing the weighted direct sum Hilbert space
1 1
; O ;- ]  —
H= wlHY(Q “: wdv =0 rot(w)dVv =0, IEI%Iz i [El(w) 21
Q Q i1

on the bounded domain Q. [[gldenotes the standard L2 norm and the quantity
e(w) consists of elements of the strain tensor associated with the displacement w. The
weights A; take on the value C;; —Cio+H/2fori=1,2,3and Cyy—H/4 fori =4,5,6
with H = 2Cy4 — Cy; + Cy5 8 0 for an anisotropic, cubic material. In Cartesian co-
ordinates, e(w) = (exx,eyy,ezz,Zeyz,2exz,2exy)T where ej; = (wij + w;,i)/2, the
comma denoting partial di [erentiation.

Lemma A.l. For an anisotropic cubic material characterized by the sti[ndss
values {C;1, C12, Cy4} the quantity

— [2C44 — Ci1 + Cyg|
2C44 +Cy1 —Cyo

satisfies 0 < w < 1.

Proof. The eigenvalues of the stilndss matrix C;; + 2Cy5, C1; — Cy2, and Cyy
must be positive, for otherwise the crystal would be unstable [6]. Do to the positivity
constraint, we have the strict inequalities

—2C44 —Cq1 +C12 <2Cyy —Cy1 +Cy2 <2Cyy + Cy; — Cpo
so that |2Cyy — Cy1 +Cy| <2Cyy +Cy; —Cyo Oor @ < 1. The case w = 0 corresponds
to an isotropic crystal. O
The space H is the natural choice for an anisotropic cubic crystal. However, the
next lemma states that convergence in H is equivalent to convergence in (H!)3.

Lemma A.2. IIII%I is equivalent to A0 (the (H!)? norm) in H.
Proof. This is direct consequence of the Korn inequality [3],
—1
MGk C(Q) fed(w) 3l , 0wl [HI

i=1
where C(Q) is a constant depending only on the domain Q. O

Next we illustrate that the operator N is a contraction mapping on H
Lemma A.3. The operator N in (3.7) satisfies [N Q;‘ sw<l1.

Proof. For any given u Iﬁl let w = Nu. Using the boundary condition in the
definition of N, we see that w satisfies
(| (|
Co,ijei(w)ej(v) dv = Ca,ijei(u)ej (V) dav, [EVARNE]
Q Q
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and in particular for v = w,
1 (|

Coijei(w)ej(w)dV = Caijei(u)ej(w)dV. (A1)
Q Q

Taking only the diagonal terms of the left hand side of (A.1) yields
1 1
Co,ijei(w)ej (w)dv = )\keﬁ(w) dv = mEE, (A.2)
Q Qe
while noting that C, is itself dli:a?]()nal gives
- e = i
-k (U)ew (W) rek(Wex(W)H dv. (A.3)

) 4
Q k=1 k=4

Cajjei(u)ej(w)dV =
Q

Using the definitions of w and H one has
[H/2] _|H/4)
Ciy—Cip+H/2  Cy—H/4

so that estimates (A.2) and (A.3) with (A.1) allow us to conclude with Holder’s
inequality that

Ml (2] < o Dal ]
r HoH

or IES wlﬂl for any given u Iﬁl Using Lemma A.1, [N Q;' sw<1.0

Proposition A.4. Expression (3.7) converges to w in |:| provided MO%K oo,

Proof. Lemma A.3 implies that the right hand side of (3.7) converges. What
remains is to show that w is in fact the limit. Let

Sn = Wo + Nwg + N2wg + - - + N wy,
with s; = wg. Since w —wg = Nw, DM —wo[F [Nwl X oDwilCdand w — s, =

N (W —snp—1) gives Dl —sp = 0 DAl — sp—; Cwith all norms taken in H By induction
onn

m—snsw”+1ms0w”+2, M= 0
where C = IE()I%K co. Letting n - oo and using Lemma A.3 gives the result. O

Appendix B. Detailed form of Ccyc.

For the [111] pulling direction we obtain CQSL = Cglill 0+ C; iﬂ: 5 Where
02 4 00 O
240 4 0 0 O
@i7] _H HM44 -2 0 0 0
Caceo =3 fodo 0 1 0 0 (B.12)
010 0 0 1 O
00 0 00 -1
1 1
0 0 0 S3 —c3 O
. 8 0 0 —s3 C3 0
i _  2H |8 0 0 O 0 O
Ca,cyc 3 6 Sq —s4 0 0 0 Cs (Blb)
—C cs 0 O 0 s3
0 0 0 C3 S3 0
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a,cyc,0 a,cyc,

For the [001] pulling direction, Cg?g;l =clool 4 clooll 4 Where
—1

1
11 0 O 0 O
+41 0 O 0 O
clooy :E 610 2 0 0 O
acye,0 — 4 940 0 -1 0 OF
010 0 0 -1 0
00 0 O 0 O
1 1
Cq —c4 0 0 0 —s4
€ cs 0 0 0 sy
cloo1] _H 0 000 O
acyed T g 0 0O 00 O0 O
0 0O 00 O0 O
—Sy Sy 0 0O —Cy
Finally, for the [211] pulling direction, Cﬂ;]c = Cfviﬂ:’o + Cféﬂzl
Cateyts * Cheyba Where
1 1
1 3400 O
341 4 0 0 O
pry _H 444 0 0 0 O
acyed0 16 90 0 0 0 0 |-
010 0 0 0 O
0 00 0 0 —1
1 1
0 0 0 —Sq 3¢y 0
. 0 0 0 —3s; Cq1 0
clu  _ 2H |8 0 0 4s, —4c; O
acyel 24 s —3s;  4s; 0 0 ¢ P
3¢ ct —4c, O 0 —s;
0 0 0 C1 —S1 0
—1 1
—2Cy 0 2Co 0 0 So
2Co —2Co 0 0 So
clul _ H P2 —2c 0 0 0 —2S,
acye.2 7 oy 0 0 —2Co —2S9 0 :
0 0 —2S9 2Co 0
SIJ__I So —2S9 0 0 I:IO
0 0 0 S3 —c3 O
. 8 0 0 —s3 C3 0
clku _ 2H |8 0 0 O 0 O
a,cyc,3 8 5. —s3; 0 O 0 c3pB
—c cs 0 O 0 s3
0 0 0 C3 S3 0
—1 1
—Cy4 Cq 0 0O Sy
€efq —C4+ 0 0O 0 —s4
clu _/H -8 0 00O O
acyed T g 0 0 0 00 O
0 0 0 00 O
Sy -s, 0 0 O Cyq

(B.2a)

(B.2b)

4 ¢l

a,cyc,2

(B.3a)

(B.3b)

(B.3c)

(B.3d)

(B.3e)



