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SOLUTIONS
1. (10 marks) Let f(x) = v/z and g(z) = ‘;7_’__11_ Find:
(a) (fog)®);
(b) Dom(f ).
Answers:
(a) (fog)(z) = flg(x)) = xx+_11. Hence, (f 0 g)(8) = 42;11 = 34

(b) Dom(f) = [0, 00).
Dom(g) = ((—o0, —1) U (—1,—00)) N [1,00) = [1,00), .* g(x) is defined only if
r#—-1&z—12>0.
At the same time, from part (a) we have seen that f(g(z)) is defined Va € [1, 00),
i.e. Range(g) € Dom(f).
Hence, Dom(f o g) = Dom(g) = [1, c0).

2. (10 marks)

3r — 5
x4+17
(b) If it is, find the inverse; if not, determine its restriction which is invertible.
(c) Find Range(f).

(a) Determine whether the function f(z) = x # —1, is an invertible function?

Answers:

(a) We need to show that the function f is one-to-one.

31’1 -5 3!13'2 -5

= — =
f(x1) = f(x2) T+ 1 Ty + 1
1) — 3201209+ 301—5L9—5 = 3x1T9+3L2—5x1—H — 8xr; = 8xy — x; = T9.

Hence, f is one-to-one and consequently, invertible.

- (31’1 — 5)((132 + 1) = (3%2 — 5)(1’1 +

3r—95 )
(b) y= f(z) = ;+1 — ylz+1)=32r—-5 — yr—3r=—-y—5H —= x:%.
D
Hence, /~'(y) = 2 or /() = £22.

- Y



(c) Range(f) = Dom(f™") = (—00,3) U (3,00),
- at x = 3 the denominator equals zero and the value of f~! is not defined.

. (10 marks)

(a) Give the (¢ — 0) definition of lim f(x) = occ.

r—cC

(b) Use the (e — ) definition to prove that lim. Vo =4.
Answers:

(a) lim f(x) =00 <= (VN >0) (déy >0):
0<|z—c|<déy= f(x) > N.
Alternatively, lim f(z) =00 <= (VN >0) (o5 >0) :

Graph(f(z) | Isy(c)) C Sy(o0), where
Isy(c)={z eR| -0y <x—c<ipy}
and Sy(oo) ={(z,y) e RxR |y > N}.

(b) iiir(l:f(m):L <~ (Ve>0) (3 >0) :
O<|z—c|<d=|f(z)-L|<e.
We have ¢ = 16, L = 4.
0<|z—16|< 0. =] Vo —4|<e,
—de<x—16< 0, = —e<Jr—4<e,
16— <x<16+0, = 4—c<x<4+e,
16 -0 <x<16+6 = (4—e€)? <z <(4+¢)?,
16 -0 <2 <16+, = 16 — 8 + € < x < 16 + 8¢ + €2,
16—0.<x<164+9d.=—=16—¢€(8—¢) <x <16+ €(8+¢).
Hence, d. € (€(8 —€),€e(8 +¢)).

. (5 marks) Find a formula for g(x) = cos(arcsin(4z — 1)), which does not involve any
trigonometric functions.

Answer
= /1 —sin®(arcsin(4z — 1)) = /1 — (4z — 1)?
= \/1 — (1622 — 8z + 1) = 2v/2x — 422

. (15 marks) Evaluate each of the following limits if it exists; if the limit does not exist,
explain, why.
1 4

@) (- )

(b) lim L= Ve

z—1t 1 —x

tan ¢
lim ———.
(c) oom 1+ cos ¢



Answers:

(a) We have the undefined form oo — oo.

) 4 ) rT+2—4 ) T —2

lim ( - ) = lim = lim

e—2x—2 22—4 e=2 (x—2)(x+2) 2-2(x—2)(r+2)
1 1

2+2 4

(b) We have the undefined form g
L-VE_ 1 -z 1 1

_— pum l. pumm
eott 1oz amit (L— Vo) (1 +v2) et L+v2 1441
0
(c) We have the undefined form o

Let 0 =m—¢,thenp=7—0,and p - 7= 0 — 0.
tan ¢ Y tan(¢ — 0) Y —tan @

So, li = — 7
R Ccos ¢ 601+ cos(¢p — 0) 60 1 — cos
sin 6 lim( sin 6 0 1
= —lim = —lim
6—0 cos 0(1 — cos 0) 0—0" 6 1 —cosfcosb
, sin 0 . 0 ) 1 )
= —lim im im = —lim——.
0—0 6 6—01— cosf 6—0cosb 0—0 1 — cosf
: 0 L . 0
But lim ——— does not exist, since lim — = o0,
9—0 1 — cos 0—0+ 1 — cos
while lim — = —o0.
0—0— 1 — cos 0
t
Therefore, lim LQS does not exist also.
¢—m 1+ cos ¢
The end

= lim
r—2

1
=3

1 —_
r+2




