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Abstract

In this paper, a semi-analytic thermal stress computation for single crystals with cubic
anisotropy is developed, by introducing a new anisotropic factor. Based on a suitable split-
ting of the differential operators, a convergence series for general elasticity problem with
cubic anisotropy is derived. Each term of the series is related to an isotropic elasticity
problem. Using the analytic solution to two-dimensional isotropic elasticity problem, semi-
analytic solution of elasticity problem cubic anisotropy in a disk is obtained. This procedure
can be applied to elastic stress computation with cubic anisotropy under a general setting.
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1 Introduction

Directional growth techniques such as the Czochralski (Cz)method are frequently
used to produce high quality single crystals. The thermal stress experienced by
the crystal during growth could lead to the generation of structural defects in the
crystal (3; 8). By treating the crystal as an isotropic body, Jordan et al.(8) derived
analytical formula for thermal stress inside a cylindricalbody. Bohun et al. (1)
derived semi-analytical formula for thermal stress insidea non-cylindrical crystal
with a curved moving interface, also for an isotropic body.
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The effect of material anisotropy on thermal stress, on the other hand, could be sig-
nificant for cylindrical crystals with an underlying cubic lattice structure, as shown
in (16; 15). In this paper, we consider a mathematical model for a linear thermoe-
lasticity crystal with cubic anisotropy. Unlike the perturbation solution developed
in (16; 15) for weak anisotropy, our solution is valid for all cubic anisotropic mate-
rials.

We introduce an anisotropic factorω, and develop a general series for the solution
to the thermoelastic problem with cubic anisotropy, each term of the series is related
to an isotropic elasticity problem. Our solution is not restricted to weak anisotropic
material, provided that we can find the “closest” isotropic elasticity problem for the
anisotropic elasticity problem and regard it as the zero order expansion.

Even though the procedure used in this paper is valid in three-dimensions, the
rest part of the paper is devoted to a semi-analytic solutionfor two-dimensional
anisotropic problem on a circular disk. for simplicity and easy validation. The two-
dimensional governing equations for different pulling direction are derived based
on the plane strain assumption and the differential equations in the cylindrical co-
ordinate system (9).

The analytic solution of the two-dimensional isotropic elastic problem is based on
the so-called Papkovich-Neuber solution (2; 11). A method to obtain analytic so-
lution for a given temperature expressionΘ0(r) +

∑m
k=1 Θk(r) cos(nkθ + δk) is

developed in the paper. At the zeroth order, the solution of the anisotropic thermoe-
lastic problem is simply given by the analytic solution of isotropic elastic problem.
Higher order corrections are given by a convergence series of solutions of problems
similar to the zeroth order isotropic case.

2 General 3-D elasticity problem with cubic anisotropy

In this section we consider the three-dimensional elasticity problem with cubic
anisotropy,

∇ · σxyz = F, (x, y, z) ∈ Ω, (1)

whereΩ is a bounded domain, and

σxyz =















σxx σxy σxz

σxy σyy σyz

σxz σyz σzz















.
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Here the stressesσ = (σxx, σyy, σzz, σyz, σxz, σxy)
T are related to the strainse =

(exx, eyy, ezz, 2eyz, 2exz, 2exy)
T by σ = Ce where

C =



































C11 C12 C12

C12 C11 C12

C12 C12 C11

C44

C44

C44



































. (2)

For brevity, we also write the elasticity problem (1) as

LU = F, (x, y, z) ∈ Ω (3)

where the displacementU = (u, v, w)T , the related strains is denoted bye(U).
Namely

exx =
∂u

∂x
, eyy =

∂v

∂y
, ezz =

∂w

∂z
,

exy =
1

2

(

∂u

∂y
+

∂v

∂x

)

, exz =
1

2

(

∂u

∂z
+

∂w

∂x

)

, eyz =
1

2

(

∂v

∂z
+

∂w

∂y

)

.

The following stress conditions are imposed on the boundary

σxyzn = g, (x, y, z) ∈ ∂Ω (4)

wheren = (n1, n2, n3)
T is the unit outer normal direction. For the three-dimensional

thermoelastic problem with cubic anisotropy as in (9), one has

F = α0(C11 + 2C12)∇Θ, g = α0(C11 + 2C12)Θn

whereΘ is the temperature field, andα0 is the thermal expansion coefficient.

For an anisotropic material the quantityH = 2C44 −C11 + C12 6= 0. To find stress
of anisotropic body, we splitC asC = C0 − Ca whereC0 is corresponding to an
isotropic material, i.e., the corresponding quantityH vanishes. In (16), a splitting
with Ca = diag{0, 0, 0,−H

2
, −H

2
, −H

2
} was considered. Since the splitting is not

unique, we wish to find a decomposition so thatC0 which is “close” toC. Using
the spectral radius ofC−1

0 Ca (ρ(C−1
0 Ca)) as a measure of the closeness betweenC0

andC, the closest splitting is found to be given byCa = diag{H
2
, H

2
, H

2
,−H

4
, −H

4
,

−H
4
}.

To measure the degree of material anisotropy, an anisotropic factorA = 2C44/(C11−
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Table 1
Anisotropic factors for a variety of cubic crystals. The stiffness constantsCij are expressed
in 104 MPa

Crystal C11 C12 C44 A ω

NaCl 4.86 1.27 1.28 0.71 −0.17

W 50.1 19.8 11.5 0.76 −0.14

C (diamond) 107.9 12.4 57.8 1.21 0.10

Si 16.60 6.40 7.96 1.56 0.22

Ge 12.60 4.40 6.77 1.65 0.25

GaSb 8.83 4.02 4.32 1.80 0.28

GaAs 11.90 5.34 5.96 1.82 0.29

InSb 6.67 3.65 3.02 2.00 0.33

InP 10.11 5.61 4.56 2.03 0.34

InAs 8.34 4.54 3.95 2.08 0.35

Cu 16.48 12.14 7.54 3.21 0.52

Li 1.48 1.25 1.08 9.39 0.81

C12) was introduced in (7; 9). In this paper, we introduce a different anisotropic fac-
tor

ω =
H/2

C11 − C12 + H/2
=

2C44 − C11 + C12

2C44 + C11 − C12
,

and it is straightforward to verify thatω = (A − 1)/(A + 1). Table 1 lists the
elasticity constants,A andω for a variety of cubic crystals.

Symbolically, we can expressL andσxyz as

L = L0 − La, σxyz = σ0,xyz − σa,xyz,

corresponding to the decomposition ofC = C0 − Ca. Furthermore, we denoteU0

as the solution to

L0U0 = F, (x, y, z) ∈ Ω; σ0,xyzn = g, (x, y, z) ∈ ∂Ω.

Having foundU0, we can formally writeUk+1 = NUk for k ≥ 0, as the solution to

L0Uk+1 = LaUk, (x, y, z) ∈ Ω; σ0,xyz(Uk+1)n = σa,xyz(Uk)n, (x, y, z) ∈ ∂Ω.

And the solution to (3-4) is given by,

U = U0 + NU0 + N 2U0 + · · ·+ N nU0 + · · · . (5)

Under a suitable norm‖ · ‖, it can be shown that‖U − Sn‖ ≤ ωn+1, whereSn =
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U0 + NU0 + N 2U0 + · · ·+ N nU0, based on factor thatρ(C−1
0 Ca) = ω, or

∣

∣

∣

∣

∣

∣

3
∑

i=1

3
∑

j=1

Ca,ijξiξj

∣

∣

∣

∣

∣

∣

≤ ω
3
∑

i=1

3
∑

j=1

C0,ijξiξj, ∀ξ = (ξ1, ξ2, ξ3).

Therefore, the series converges whenω < 1.

We note that the series (5) can also be applied in the finite element method to obtain
a numerical approximation to the three-dimensional anisotropic elasticity problem,
as shown in (16). In this paper, we show that this procedure can be used to obtain
an analytic solution to the anisotropic elastic problem. Our solution technique is
based on the so-called Papkovich-Neuber solution (2; 11) which makes use of the
analytic solutions to Poisson equation−4u = f . Since the analytic solution of the
three-dimensional Poisson equation is related to Bessel functions, which loses its
superiority in a finite element approach, we will only consider the two dimensional
problem in the rest of the paper.

3 2-D thermoelastic equation with cubic anisotropy

In this section we focus on the two dimensional thermoelasticity problem. For sim-
plicity, we evoke the plane strain assumption, namely the displacement is only on
plane orthogonal to the pulling direction.

Following (8), we assume that the temperature is given by a general formΘ =
Θ0(r) +

∑m
k=1 Θk(r) cos(nkθ + δk). The domain isΩ = {r < R}, with bound-

ary ∂Ω = {r = R} and the outer normal direction in polar coordinate isn =
(n1, n2)

T = (1, 0)T .

It is convenient to express the stress equations in polar coordinates

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= α0(C11 + 2C12)

∂Θ

∂r
, r < R (6)

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+

2σrθ

r
=

α0

r
(C11 + 2C12)

∂Θ

∂θ
, r < R, (7)

and the related boundary conditions are

σrr = α0(C11 + 2C12)Θ, r = R, (8)
σrθ = 0, r = R. (9)

Due to material anisotropy, the stress-strain relationship depends on the crystal
orientation or the pulling direction during growth, which can obtained using the
plane strain assumption and (24) and (25-28) in ther, θ, z coordinate system. For
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brevity, we introduce the following notation before discussing the details

Ca,4 =















c4 −c4 −s4

−c4 c4 s4

−s4 s4 −c4















, Ca,2 =















−2c2 0 s2

0 2c2 s2

s2 s2 0















wherec4 = cos 4θ ands4 = sin 4θ; c2 = cos 2θ ands2 = sin 2θ.

3.1 [001] pulling direction

From (25), we have

(σrr, σθθ, σrθ)
T = Crθ(err, eθθ, 2erθ)

T ,

where

Crθ =















C11 + H
2

C12 0

C12 C11 + H
2

0

0 0 C44 − H
4















− H

4















1 + c4 1 − c4 −s4

1 − c4 1 + c4 s4

−s4 s4 −c4















=















C11 + H
4

C12 − H
4

0

C12 − H
4

C11 + H
4

0

0 0 C44 − H
4















− H

4
Ca,4

= C0 − Ca.

A Poisson ratioν can be defined according the isotropic coefficients inC0. After
scaling, we obtain

C11 =
(1 − ν)2

(1 + ν)(1 − 2ν)
− H

4
, C12 =

ν(1 − ν)

(1 + ν)(1 − 2ν)
+

H

4
,

and

C11 + 2C12 =
1 − ν

1 − 2ν
+

H

4
.

3.2 [111] pulling direction

Similar to the [001] direction, the stiffness matrix is given by
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Crθ =















C11 + H
2

C12 0

C12 C11 + H
2

0

0 0 C44 − H
4















− H

12















0 2 0

2 0 0

0 0 −1















=















C11 + H
2

C12 − H
6

0

C12 − H
6

C11 + H
2

0

0 0 C44 − H
6















= C0 − Ca.

Using the Poisson ratioν, we have

C11 =
(1 − ν)2

(1 + ν)(1 − 2ν)
− H

2
, C12 =

ν(1 − ν)

(1 + ν)(1 − 2ν)
+

H

6

and

C11 + 2C12 =
1 − ν

1 − 2ν
− H

6
.

3.3 [211] pulling direction

In this case,

Crθ =















C11 + 7H
16

C12 − 3H
16

0

C12 − 3H
16

C11 + 7H
16

0

0 0 C44 − 3H
16















−
(

−7H

48
Ca,4 +

H

24
Ca,2

)

= C0 − Ca.

Defining the Poisson ratioν usingC0, we have

C11 =
(1 − ν)2

(1 + ν)(1 − 2ν)
− 7H

16
, C12 =

ν(1 − ν)

(1 + ν)(1 − 2ν)
+

3H

16

and

C11 + 2C12 =
1 − ν

1 − 2ν
− H

16
.

3.4 [110] pulling direction

Finally, we have
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Crθ =















C11 − H
16

C12 − 3H
16

0

C12 − 3H
16

C11 − H
16

0

0 0 C44 − H
16















−
(

3H

16
Ca,4 −

H

8
Ca,2

)

= C0 − Ca.

and

C11 =
(1 − ν)2

(1 + ν)(1 − 2ν)
+

H

16
, C12 =

ν(1 − ν)

(1 + ν)(1 − 2ν)
+

3H

16

and

C11 + 2C12 =
1 − ν

1 − 2ν
+

7H

16
.

Based on these matrix decompositions forCrθ, we can work out the solution series
as (5) systematically for a variety of pulling directions.

4 Approximate solution

As an illustration of the method, in this section we derive the solutions up to the
first order. The zeroth order approximation is given byU0, and the first order ap-
proximation is given byU0 + NU0.

4.1 Solution of a basic problem

We consider the following problem,

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= frr

k−2 logl r cos(nθ + δ), r < R, (10)

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+

2σrθ

r
= fθr

k−2 logl r sin(nθ + δ), r < R, (11)

with the boundary condition

σrr = gr cos(nθ + δ), r = R, (12)
σrθ = gθ sin(nθ + δ), r = R, (13)

wherefr, fθ, gr, gθ andδ are given constants,k − 2, l, n are non-negative integers.
Here the stress-strain relationship corresponds to isotropic partC0 in subsection
3.1-3.4.

General speaking, to obtain the solution for the elasticityproblem (10-13), first
we need to find a particular solutionwp which satisfies equations (10) and (11),
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but not necessary the boundary conditions (12) and (13).1 Then we consider the
homogeneous version of the stress equations with the following modified boundary
conditions,

σrr = gr cos(nθ + δ) − σrr(wp), r = R,

σrθ = gθ sin(nθ + δ) − σrθ(wp), r = R,

whereσrr(wp) = g̃r cos(nθ + δ), σrθ(wp) = g̃θ sin(nθ + δ) on r = R, andg̃r and
g̃θ are constants. This problem can be solved by the technique discussed in section
6.2, and we denote the solution bywh. The solution to (10) and (11) with boundary
conditions (12) and (13) is a linear combination of the two, i.e.,wp + wh.

4.2 Zero order approximationU0

By the procedure described in section 4.1, we can obtain the zero order solution
by substituting the temperatureΘ = Θ0(r) +

∑m
k=1 Θk(r) cos(nkθ + δk) into the

following equations and boundary conditions

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= α0(C11 + 2C12)

∂Θ

∂r
, r < R, (14)

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+

2σrθ

r
=

α0

r
(C11 + 2C12)

∂Θ

∂θ
, r < R, (15)

with the boundary condition

σrr = α0(C11 + 2C12)Θ, r = R, (16)
σrθ = 0, r = R. (17)

4.3 First order correctionNU0

Usingσ = C0e, we solve

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= Lr

a(U0), r < R, (18)

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+

2σrθ

r
= Lθ

a(U0), r < R, (19)

with the boundary condition

σrr = σa,rr(U0), r = R, (20)
σrθ = σa,rθ(U0), r = R. (21)

1 Details are given in section 6.3.
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For a given pulling direction, we writeLa(V ) = (Lr
a(V ), Lθ

a(V )) andσa(V ). From
the discussion in section 3.1-3.4,Ca can written into a linear combination ofCa,2

andCa,4. It is easy to verify thatLa,4(V ) andσa,4(V ) have terms related tocos((n+
4)θ+δ), sin((n+4)θ+δ) andcos((n−4)θ+δ), sin((n−4)θ+δ). For example,La(v)
and(σa,rr(V ), σa,rθ(V ))T with V = (vr, vθ) = (D1r

k cos(nθ + δ), D2r
k sin(nθ +

δ)) are given by

La(V ) =
1

2
rk−2(D1 + D2)(k − 1 − n)(k − 3 − n)







cos((n + 4)θ + δ)

− sin((n + 4)θ + δ)







+
1

2
rk−2(D1 − D2)(k − 1 + n)(k − 3 + n)







cos((n − 4)θ + δ)

sin((n − 4)θ + δ)





 ,







σa,rr(V )

σa,rθ(V )





 =
1

2
rk−1(D1 + D2)(k − 1 − n)







cos((n + 4)θ + δ)

− sin((n + 4)θ + δ)







+
1

2
rk−1(D1 − D2)(k − 1 + n)







cos((n − 4)θ + δ)

sin((n − 4)θ + δ)





 .

Remark 4.1 With the displacement solution in hand, we can compute stress using
the stress-stain relationship (24-27). The thermal effectdue to−(C11 + 2C12)Θ
will be added to yield the total stresses (9). The axial stressσzz will be modified by
Saint Venant’s principle.

5 Computational results and discussion

A characteristic amount of stress can be assigned to each point with the von Mises
stress which satisfies

2σ2
vm = (σ1 − σ2)

2 + (σ1 − σ3)
2 + (σ2 − σ3)

2

= (σrr − σφφ)2 + (σrr − σzz)
2 + (σφφ − σzz)

2 + 6σ2
rφ (22)

whereσ1, σ2, σ3 denote the eigenvalues of the total stress tensor.

The preferred method of dislocation generation in all III-Vsemiconductors, is
through the generation of slip defects, in particular the{111}, 〈11̄0〉 slip system (1).
Consisting of four glide planes within which atoms can slip in one of three direc-
tions, the resolved stressσrs, in a particular slip direction~g within the glide plane
with normal is given by

σrs = ~gTUT
p
QTσtotQUp~n.

The matrixUp rotates vectors from the crystallographic frame to the solidification
frame so that for a given pulling direction, the rows ofUp are the vectorsa, b andp.
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Fig. 1. Maximum Von-Mises stress as a function ofH.

If the stress tensorσtot is expressed in the(r, φ, z) coordinates,Q is the coordinate
transformation matrix that takes(x, y, z) → (r, φ, z).

Plastic deformation of the crystal occurs if the stress in any of the12 slip directions
exceeds a maximum value known as the critical resolved shearstress,σcrss. To lead-
ing order, the actual density of dislocations suffered by the crystal is proportional
to the total excess stress at any given point within the crystal. In this sense, an esti-
mation of where dislocations are likely to occur is given by the distribution of the
total absolute resolved stress

|σtot
rs | =

12
∑

i=1

∣

∣

∣~gT
i UT

p
QT σtotQUp~ni

∣

∣

∣ . (23)

We assume that the temperatureΘ = r2, according to (1). The stiffness constants
for InSb areC11 = 6.70 × 104, C12 = 3.65 × 104, C44 = 3.02 × 104 MPa. In Figs.
1 and 2, maximum Von-Mises stres and the maximum resolved stress respectively
(scaling by the related maximum stress whenH = 0) are shown as a function of
H, whereH ∈ [0, 0.34].
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Fig. 2. Maximum resolved stress as a function ofH.

6 Computational details

6.1 Stress-strain relationship in a cylindrical coordinate system

In this subsection, we give the stress-strain relationshipin the cylindrical coordinate
system. In particular, we derive the expression forCa sinceC0 is corresponding to
an isotropic material and independent of the coordinator systems. Assume

σrθz = Crθzerθz = (C0 − Ca,rθz)erθz, (24)

where

σrθz = (σrr, σθθ, σzz, σθz, σrz, σrθ)
T , erθz = (err, eθθ, ezz, 2eθz, 2erz, 2erθ)

T .

For [001] pulling direction, we choose thez-direction as [001], and the directions
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[100] and [010] correspond toθ = 0 andθ = π/2, respectively.Ca,rθz is given by

1

4
H



































1 + c4 1 − c4 0 0 0 −s4

1 − c4 1 + c4 0 0 0 s4

0 0 2 0 0 0

0 0 0 −1 0 0

0 0 0 0 −1 0

−s4 s4 0 0 0 −c4



































(25)

wherec4 = cos 4θ ands4 = sin 4θ.

For [111] pulling direction, thez-direction is [111], and [11̄2] and [̄110] are the
directions corresponded toθ = 0 andθ = π/2, respectively. In this caseCa,rθz is
written as

H

6



































0 1 2
√

2s3 −
√

2c3 0

1 0 2 −
√

2s3

√
2c3 0

2 2 −1 0 0 0
√

2s3 −
√

2s3 0 1
2

0
√

2c3

−
√

2c3

√
2c3 0 0 1

2

√
2s3

0 0 0
√

2c3

√
2s3 −1

2



































(26)

wherec3 = cos 3θ ands3 = sin 3θ.

For [211] pulling direction, thez-direction is [211], and we chooseθ = 0 and
θ = π/2 to correspond to [1̄11̄] and [01̄1] respectively.Ca,rθz is given by

H











































c2 − 7
6c4 1
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6c4 − 7

6c2 1
6 + 1

6c2
√

2
6 s(1 − 3c2) −

√

2
2 cs2 1

6cs(7c2 − 3)

1
3 + 7

6c4 − 7
6c2 4

3c2 − 7
6c4 − 1

6
1
3 − 1

6c2
√

2
2 sc2

√

2
6 c(2 − 3c2) 1

6cs(4 − 7c2)

1
6 + 1

6c2 1
3 − 1

6c2 0 −
√

2
6 s

√

2
6 c −1

6cs

√

2
6 s(1 − 3c2)

√

2
2 sc2 −

√

2
6 s

1
12 − 1

6c2 −1
6cs

√

2
6 c(2 − 3c2)

−
√

2
2 cs2

√

2
6 c(2 − 3c2)

√

2
6 c −1

6cs
1
6c2 − 1

12

√

2
6 s(1 − 3c2)

1
6cs(7c2 − 3) 1

6cs(4 − 7c2) −1
6cs

√

2
6 c(2 − 3c2)

√

2
6 s(1 − 3c2) 7

6c4 − 7
6c2 + 1

12




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




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
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







(27)
wherec = cos θ ands = sin θ.

For [110] pulling direction, thez-direction is [110], and [001] and [1̄10] are the
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directions corresponded toθ = 0 andθ = π/2, respectively.Ca,rθz is given by

H


































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c2s2 + 1

2
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2
c2s2 1 − 1

2
c2 0 0 −3

2
c3s + 1

2
cs

3
2
c2s2 3

2
c4 − 2c2 + 1

2
1
2
c2 0 0 3

2
c3s − cs

1 − 1
2
c2 1

2
c2 0 0 0 1

2
cs

0 0 0 1
2
c2 − 1

4
1
2
cs 0

0 0 0 1
2
cs −1

2
c2 + 1

4
0

−3
2
c3s + 1

2
cs 3

2
c3s − cs 1

2
cs 0 0 3

2
c2s2 − 1

4
.



































(28)

6.2 The solution to the 2-d homogeneous elasticity problem

In this subsection, we consider the solution to the following homogeneous equation,

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= 0, r < R, (29)

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+

2σrθ

r
= 0, r < R, (30)

with the boundary conditions,

σrr = gr cos(nθ + δ), r = R, (31)
σrθ = gθ sin(nθ + δ), r = R. (32)

Whenn = 0, we havegθ = 0 for the well-posedness of the elasticity problem
(29-32). The solution is given by

wr
h = gr

1 + ν

(1 − ν)
(1 − 2ν)r cos δ,

wθ
h = 2gr(1 + ν)r sin δ.

For n = 1, we havegr = gθ for the well-posedness of (29-32). The solution is
given by

wr
h =

(1 + ν)(1 − 4ν)grr
2

2(1 − ν)R
cos(θ + δ),

wθ
h =

(1 + ν)(5 − 4ν)grr
2

2(1 − ν)R
sin(θ + δ).

Finally for n ≥ 2, the solution is a linear combination ofrn+1((2−n−ν) cos(nθ+
δ), (n+4− 4ν) sin(nθ + δ) andrn−1(cos(nθ + δ),− sin(nθ + δ)). More precisely,
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it is given by

wr
h =

1 + ν

2(1 − ν)

(

(2 − n − 4ν)(gr + gθ)r
n+1

(n + 1)Rn
+

(ngr + (n − 2)gθ)r
n−1

(n − 1)Rn−2

)

cos(nθ + δ),

wθ
h =

1 + ν

2(1 − ν)

(

(n + 4 − 4ν)(gr + gθ)r
n+1

(n + 1)Rn
− (ngr + (n − 2)gθ)r

n−1

(n − 1)Rn−2

)

sin(nθ + δ).

6.3 Particular solution to the 2-d elasticity problem

In this subsection we detail the particular solutions to

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= frr

k−2 cos(nθ + δ) logl r, r < R, (33)

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+

2σrθ

r
= fθr

k−2 sin(nθ + δ) logl r, r < R, (34)

wherel ≥ 0 is an integer.

For l = 0, |k − n| = 1 the particular solution to (33) and (34) is a linear combina-
tion of (rk cos(nθ + δ), 0) andrk log r(ζ cos(nθ + δ), sin(nθ + δ)) whereζ = −1 if
k = n−1, andζ = −(n−2+4ν)/(n+4−4ν) if k = n+1. In factrk(ζ cos(nθ+
δ)), sin(nθ+ δ)) is a solution to the homogeneous two-dimensional elasticity prob-
lem. Particular solutions forl > 0 are composed of these lower order solutions
and a linear combination oflogl r(rk cos(nθ + δ), 0) and rk logl+1 r(ζ cos(nθ +
δ), sin(nθ + δ)). Because of this, we defineFn,k,l(fr, fθ) for k = n ± 1 as

Fn,k,l(fr, fθ) = rk logl r((D1 + D2ζ log r) cos(nθ + δ), D2 log r sin(nθ + δ)),

where

D1 =











1+ν
(1−ν)2

(2−3n−4ν+4νn)fr+(4−4ν−3n+4νn)fθ

8n(n−1)
k = n − 1,

1+ν
(1−ν)2

(3−4ν)n2(fr+fθ)+8(n+1)(1−2ν)(1−ν)(fr−fθ)
8n(n+1)(n+4−4ν)

, k = n + 1,
(35)

D2 =











− 1+ν
(1−ν)2

(n+2−4ν)fr+(n−4+4ν)fθ

8(l+1)(n−1)
, k = n − 1,

1+ν
(1−ν)2

(n+4−4ν)(fr+fθ)
8(l+1)(n+1)

, k = n + 1,
(36)

ζ =











−1, k = n − 1,

−n−2+4ν
n+4−4ν

, k = n + 1.
(37)

In contrast,Fn,k,l(fr, fθ) for k 6= n ± 1 is given by

Fn,k,l(fr, fθ) = rk logl r(D1 cos(nθ + δ), D2 sin(nθ + δ)),
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where

D1 =
1 + ν

(1 − ν)2

(k2 − 2k2ν − 2n2 + 2n2ν + 2ν − 1)fr − (4nν + nk − 3n)fθ

((k − n)2 − 1)((k + n)2 − 1)
,

(38)

D2 =
1 + ν

(1 − ν)2

(−4nν + nk + 3n)fr + (2k2 − 2k2ν − n2 + 2n2ν + 2ν − 2)fθ

((k − n)2 − 1)((k + n)2 − 1)
.

(39)

In compact form, we denote bySn,k,l(fr, fθ) the particular solution to (33) and (34)
corresponding to the values of(n, k, l). Whenl = 0, Sn,k,0(fr, fθ) = Fn,k,0(fr, fθ).
Turning to the casel > 0, one has

Sn,k,l(fr, fθ) = Fn,k,l(fr, fθ) + Sn,k,l−1(gr,l, gθ,l) + Sn,k,l−2(hr,l, hθ,l),

where

gr,l =











l(1−ν)2

(1+ν)(1−2ν)
(−2kD1 − (l + 1)ζD2) , k = n ± 1,

l(1−ν)
2(1+ν)(1−2ν)

(−4k(1 − ν)D1 − nD2) , k 6= n ± 1,

gθ,l =











l(1−ν)
2(1+ν)

(

n
1−2ν

D1 − (l + 1)D2

)

, k = n ± 1,

l(1−ν)
2(1+ν)

(

n
1−2ν

D1 − 2kD2

)

, k 6= n ± 1,

hr,l = − l(l − 1)(1 − ν)2

(1 + ν)(1 − 2ν)
D1,

hθ,l =











0, k = n ± 1,

− l(l−1)(1−ν)
2(1+ν)

D2, k 6= n ± 1,

with D1 andD2 given by either (35-36) or (38-39), dependent on the values of k
andn.

7 Conclusion

In this paper, we have presented a procedure to compute the thermal stress inside
a cylindrical body with a cubic lattice structure under a general temperature field.
By choosing a suitable splitting of the anisotropic elasticcoefficient matrix, the
stress can be constructed using a series of the solutions to the isotropic body. The
series is convergent as long as the anisotropic factor is less than one, which is the
case for most materials of interest. Compared to other splitting techniques which
normally assumes weak anisotropy, our approach is valid forall materials as long
as a suitable decomposition can be found.
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