SOME PROBLEMS ABOUT OPERATOR ALGEBRAS WITH
SET-THEORETIC FLAVOR

ILIJAS FARAH

I state several problems on operator algebras—mostly C*-algebras—that may be
of interest to set-theorists and metric model-theorists. This list being a companion
piece to [24], T frequently use [24] as a reference for standard results. I am not
repeating problems stated in Weaver’s survey [56] unless there is something new to
say about them.
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Terminology. The reader may want to consult [24] or some standard text on C*-
algebras or functional analysis ([55], [40], [9]) for more information on the following
notions. By B(H) we denote the algebra of all bounded linear operators on a
complex Hilbert space H. Let A be a C*-algebra. A representation of A is a pair
(m, H) where m: A — B(H) is a *-homomorphism. An operator a in A is positive
if a = b*b for some b € A. This is equivalent to having (7(a)¢|) > 0 for every
representation 7: A — B(H) and every £ € H. A continuous linear functional
¢ : A — Cis positive if ¢(a) > 0 for all positive a € A. Tt is a state if it is positive
and of norm 1. The GNS construction associates a representation (74, Hy) to every
state ¢ of A (see [24, Theorem 3.4]). This representation is irreducible (i.e., there
are no nontrivial closed linear subspaces of Hy under my) if and only if ¢ is pure.

Let S(A) denote the space of all states of A. It is compact and convex in the
weak*-topology. A state is pure if it is an extreme point of S(A). Let P(A) denote
the space of all pure states of A.

A subalgebra A of B is a masa if it is a maximal (under the inclusion) abelian
subalgebra of B.

1. PROBLEMS ON PURE STATES

The problems of this section were discussed in [24, §5] where we refer the reader
for more details. The following is known as the noncommutative Stone—Weierstrass
problem or the general Stone—Weierstrass problem. By 0 we denote the constantly
zero function. Note that if A is a subalgebra of B and A is not a unital subalgebra,
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then some pure state on B restricts to the zero function on A. If A is a subalgebra
of B we say that it separates pure states of B if for every pair of distinct pure statez
¢ and ¢ of B there is a € A such that ¢(a) # ¥(a). If A and B are commutative,
then A separates pure states of B if and only if A = B. This is an easy consequence
of the Gelfand—Naimark and Stone—Weierstrass theorems.

Problem 1.1. Is it true that if A is a subalgebra of B and A separates P(B)U {0}
then A = B?

By the Gelfand-Naimark structure theorem for commutative C*-algebras, the
case when B is commutative reduces to the Stone—Weierstrass theorem.

The following famous problem is equivalent to an arithmetic statement and there-
fore it is unlikely that set-theoretic methods can be of much use in attacking it.
It is, however, a good problem and it naturally belongs to this section (also see
Problem 6.1).

Problem 1.2 (Kadison-Singer). Does every pure state of the atomic masa in B(H)
extend uniquely to a pure state of B(H)?

Let e,, for n € N, denote an orthonormal basis of a Hilbert space H. Anderson
proved that for an ultrafilter &/ on N the formula

dula) = T}eri{(aenlen)

defines a pure state. Such state is said to be diagonalized by (e,). The Kadison—
Singer problem asks whether ¢, is the only pure state of B(H) that extends the
restriction of ¢y to the masa spanned by (e,,).

Conjecture 1.3 (Kadison—Singer, 1959). For every pure state ¢ of B(H) there is
a masa A such that ¢ | A is multiplicative (i.e., pure).

We could also make the following stronger conjecture:

Conjecture 1.4. For every pure state ¢ of B(H) there is an atomic masa A such
that ¢ | A is multiplicative.

Conjecture 1.5 (Anderson, 1981). Every pure state on B(H) is diagonalizable.

These three conjectures were refuted in [2] using the Continuum Hypothesis,
CH. In [24] it was shown that an assumption a bit weaker than CH suffices. I don’t
know whether any of these conjectures is consistent with ZFC, but I am inclined
to conjecture none of them is.

We say that a filter F C P(C(H)) lifts if there is a commuting family X C
P(B(H)) that generates a filter F such that 7[F] = F.

Question 1.6. Does every mazimal filter F in P(C(H)) lift?

A negative answer implies a negative answer to Conjectures 1.3-1.5 (see [24] for
details).

Problem 1.7. Develop a theory of equivalence of pure states on B(H) analogous
to the Rudin—Keisler equivalence of ultrafilters on N. Is there an ordering analogous
to the Rudin—Keisler ordering?

Since the selective ultrafilters are minimal in the Rudin—Keisler order, Prob-
lem 5.5 may be related to this.
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1.1. Naimark’s problem. This section describes some possible lines of attack at
the question whether a positive answer to Naimark’s problem relatively consistent
with ZFC? See [24, §5.1] for more information on Naimark’s problem.

Problem 1.8. Is the following relatively consistent with ZFC?
Every C*-algebra A that has a unique irreducible representation up to the unitary
equivalence is isomorphic to the algebra of compact operators on some Hilbert space.

The negation of this statement follows from Jensen’s diamond principle (see [37,
§2]) by [1]. As pointed out by N.C. Phillips, the counterexample can easily be
chosen to be a nuclear C*-algebra.

A type I C*-algebra has a unique irreducible representation if and only if it is
simple, if and only if it is isomorphic to an algebra of compact operators on some
Hilbert space.

Assume A is counterexample to Naimark’s problem. It is a non-type I C*-algebra
with a unique irreducible representation. By a result of Glimm A has a separable
subalgebra with a quotient isomorphic to the CAR algebra, @~ , M2(C). Since
the CAR algebra has a family of 2% pure states separated by a countable family of
projections, A has character density at least 2% (see [1]). Here character density
of A is the smallest cardinality of a dense subset of A.

The following problem may be more tractable than the consistency of a positive
answer to the full Naimark’s problem. However, I don’t know whether its conclusion
is equivalent to the positive answer to Naimark’s problem.

Test Problem 1.9. Is the following relatively consistent with ZFC?

Every C*-algebra A of character density at most 2% that has a unique irreducible
representation is isomorphic to the algebra of compact operators on some Hilbert
space.

2. NUCLEARITY

A C*-algebra A is nuclear (or amenable) if the identity map from A into itself
can be arbitrarily well approximated by completely positive contractions through
matrix algebras. See [9, IV.3.1.4], and [9, IV.3.1.5] for many equivalent definitions.
The following question appears in [36, p. 365].

Question 2.1. Assume A is a unital nuclear C*-algebra and ¢ and 1) are its pure
states. Is there an automorphism o of A such that ¢ =) o a?*

The answer is positive in case when A is separable (even without assuming
nuclearity) and negative if the nuclearity of A is not assumed ([36]).
The following problem can be related.

Question 2.2. Assume A is a simple nuclear C*-algebra faithfully represented on
a Hilbert space H. Can the character density of A be larger than the character
density of H?*

Neither of the assumptions on A, nuclearity and simplicity, can be dropped. For
example, the algebra A = C (22%) is abelian and therefore nuclear. Since the space

22" ig separable A is faithfully represented on a separable Hilbert space. However,
A is easily seen to have character density 280,

INo (Farah, 2009).
2Yes (Farah, 2009).
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The last two questions in this section are the most important ones because of
their relevance to Elliott’s classification program. I can only outline them here
and invite the reader to consult references for precise definitions and statement of
problems.

All presently known nuclear C*-algebras are obtained from C by taking closure
under simple operations such as tensoring with finite-dimensional matrix algebras
and taking inductive limits. They belong to the so-called bootstrap class, see [9,
IV.3.1.5, V.1.5.2]. The following is a central problem in the subject.

Question 2.3. Does every nuclear C*-algebra belong to the bootstrap class?

The following problem is closely related (see [9, V.1.5.8, V.1.5.12, and V.1.5.15]
for the definitions).

Question 2.4. Do all nuclear C*-algebras satisfy the UCT (Universal Coefficient
Theorem)?

A negative answer to these problems would be likely to provide an insight anal-
ogous to that given by Tsirelson’s Banach space ([52].

3. BOREL STRUCTURES AND CLASSIFICATION

Theory of representations of C*-algebras has strongly descriptive set-theoretic
flavor. For example, Chapter 3—that is, one quarter—of [5] is all descriptive set
theory.

Let me first briefly describe representation theory of C*-algebras. It is now
considered as somewhat old fashioned, because nobody has discovered any way to
use it to good effect on simple C*-algebras not of type L.

The spectrum of a C*-algebra A, A, is the space of equivalence classes of irre-
ducible representations of A. Two irreducible representations 7 and mo of A are
(unitarily) equivalent if there is a unitary u in A (or the unitization of A, if A is
not unital) such that m = m2 0 Adu, where Adu is the inner automorphism of A
implemented by u via Adu(a) = wau®. This equivalence relation, denoted below
by E4 (this is not a standard notation) is clearly analytic.

Recall that the via the GNS construction irreducible representations correspond
to pure states (see [24, §3] for definitions). If A is separable, then each irreducible
representation of A has range in a separable Hilbert space, and therefore A can
be considered as a quotient space of the direct sum of Irr(A, H,): the space of
irreducible representations of A on a Hilbert space H,, of dimension n for n €
NU{Xg}. Each Irr(A, H,,) is a Polish space with respect to the weakest topology
making all functions Irr(A4, H,) 3 7 — (w(a)é|n) € C, for a € A and &,n € H,,
continuous. In other words, a net 7 converges to 7 if and only if ) (a) converges
to m(a) for all a € A. Therefore A carries a Borel structure (known as the Mackey
Borel structure) inherited from a Polish space. For type I C*-algebras (also called
GCR or postliminal) this space is a standard Borel space. (All of these notions are
explained in [5, §4].)

Problem 3.1 (Dixmier, 1967). Is the Mackey Borel structure on the spectrum of
a simple separable C*-algebra always the same when it is not standard?

G. Elliott proved (via a generalization of Glimm’s result [24, Theorem 5.8]) that
all nonstandard spectra of simple AF algebras are isomorphic ([15]). (A C*-algebra
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is an AF (approximately finite) algebra if it is a direct limit of finite-dimensional
algebras. Elliott proved that separable unital AF algebras are classified by their
K-theoretic invariants.)

For a separable A let X4 = @, Irr(A, H,). By the above, it is a Polish
space. Note that Mackey Borel structures of A and B are isomorphic if and only
if there is a Borel isomorphism f: X4 — Xp such that m E4 mo if and only if
f(m)Ep f(m2). Hence Problem 3.1 is rather close in spirit to the theory of Borel
equivalence relations (see e.g., [32], [29]). The equivalence relation E4 is turbulent
(see [32], [29]) if it is not smooth ([33], Farah, unpublished). A result of [27] easily
implies that E4 is always Fj.

N. Christopher Phillips suggested more general problems about the Mackey
Borel structure of simple separable C*-algebras, motivated by his discussions with
Masamichi Takesaki. There are two (related) kinds of questions: Can one do any-
thing sensible, and, from the point of view of logic, how bad is the problem?

Nuclear C*-algebras are considered to be the ‘tractable’ ones and Elliott’s pro-
gram is usually restricted to nuclear algebras ([16], [45]). Exact C*-algebras are
subalgebras of nuclear C*-algebras (at least in the separable case; see [45]). In
B(H) there are operators a,b, ¢ such that no algebra containing all three of them
is nuclear (or exact); this is a consequence of a result of Junge and Pisier (see
[13, §13]) that the Banach-Mazur distance on three-dimensional operator spaces is
nonseparable (see the last section of [41]).

Problem 3.2. Does the complexity of the Mackey Borel structure of a simple
separable C*-algebra increase as one goes from nuclear C*-algebras to exact ones
to ones that are not even exact?

Problem 3.3. Assume A and B are C*-algebras and E 4 is Borel-reducible to Epg.
What does this fact imply about the relation between A and B?

3.1. Classification of C*-algebras. The following is rather a long-term project
than a concrete problem. Measure the complexity of the classification problem for
classes of separable C*-algebras (unital, simple, nuclear,... see [45]). How hard is
the problem? Is it easier than the classification problem for non-selfadjoint algebras,
such as triangular algebras (see [44])? By a recent result of Tgrnquist and Sasyk
([46]), von Neumann factors cannot be effectively classified by countable structures.
See also [33] for an application of turbulence to the spaces of representations of C*-
algebras.

Here is a more concrete problem, essentially suggested by G. Elliott. Let X be
the Polish space of all C*-subalgebras of Q5. By a result on Kirchberg (see [13], [9,
IV.3.4.18]) each separable exact C*-algebra is a subalgebra of Os.

Problem 3.4. What is the Borel complexity of the isomorphism relation of C*-
subalgebras of 057?

An answer to this may provide a strong anti-classification result for separable
exact C*-algebras, modulo working out the following. The Elliott invariant of a
C*-algebra A consists of two countable abelian groups Ko(A) and K;(A), a distin-
guished subset of Ky(A4), a Choquet simplex, and a connecting map between the

3Asger Tgrnquist has observed that they are not classifiable by countable structures, and
that even the classifiable simple nuclear separable C*-algebras are not classifiable by countable
structures.
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Choquet simplex and Ky(A). See [45] for precise definition of the Elliott invariant.
Each countable group can be coded by an element of 2N that represents the group
operation. Such codes form a compact subspace of the compact metric space 2N3,
and we associate a group with the isomorphism class of its code (see [7]). This gives
a Borel space of all Elliott invariants.

Problem 3.5. Demonstrate that the map that associates the Elliott invariant to
a subalgebra of Oy is Borel-measurable.

Problem 3.4 and Problem 3.5 for subalgebras of a larger separable C*-algebra
are also interesting. The Junge-Pisier result mentioned above implies that no
separable C*-algebra is universal for all separable C*-algebras. However, there is
a natural Borel space of separable C*-algebras (see [31]). The elements of this
space are sequences of elements in B(H) and to each sequence we associate the
C*-subalgebra of B(H) generated by it. In a preliminary work Andrew Toms and
myself demonstrated that the function associating the Elliott invariant to an algebra
is Borel.

Remarkably, most of the existing classification results for classes of C*-algebras
provide a complete description of the set of invariants and therefore provide the
exact measure of complexity of the isomorphism problem.

4. RIGIDITY OF THE CORONA ALGEBRAS

For more details on the problems from this section the reader may want to consult
[18], where I proved that Todorcevic’s Axiom, TA, implies all automorphisms of the
Calkin algebra are inner. See also [17] for a broader context.

For a non-unital C*-algebra A let M(A) denote its multiplier algebra (see |9,
1.7.3]), a noncommutative analogue of the Cech-Stone compactification. For ex-
ample, M(K(H)) = B(H), M(Cy(X)) = C(8X), and M(A) = A for every unital
C*-algebra A. Problem 4.1 below was suggested by G. Elliott.

Problem 4.1. Let A be a separable non-unital C*-algebra. Does each automor-
phism of the corona algebra M (A)/A lift to a *-self-homomorphism of M (A)?

Such automorphisms are the ‘trivial” automorphisms of the corona algebra M (A)/A.
The answer is known to be independent of ZFC for many abelian C*-algebras A.
In all known cases CH implies the existence of ‘nontrivial’ automorphisms while
Todorcevic’s Axiom, TA and Martin’s Axiom, MA, imply all automorphisms are
trivial. Recall that TA (also among the axioms known as OCA), is the following
statement.

Todorcevic’s Axiom, TA [51]. Assume (V, E) is a graph such that E = |, , Ay, x
B,, for some subsets A,,, B, of V. Then one of the following applies.
(1) (V, E) has an uncountable cligue: Y C X such that any two vertices in YV
are connected by an edge, or
(2) (V,E) is countably chromatic: there is a partition V = (J;2 ; X, so that no
edge connects two vertices in the same X,,.
The known cases in which the statement ‘all automorphisms of M(A)/A are inner’
include the following:
(1) When A = Cy(N). Rudin constructed a nontrivial automorphism from CH.
Shelah ([47]) proved the consistency of the statement ‘all automorphisms
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of M(A)/A are trivial.” Shelah—Steprans and Velickovic proved that this
follows from PFA and TA+MA, respectively.

(2) A = Cp(X) for a countable locally compact X. Parovicenko proved a
result that implies that under CH M (A)/A = C(AN \ N*), and therefore
by Rudin’s result M(A)/A has nontrivial automorphisms. I proved that
TA+MA implies all automorphisms of C(H) are trivial [17].

(3) A= K(H) for a separable H. Phillips and Weaver ([43]) constructed a non-
trivial automorphism from CH. I proved that TA implies all automorphisms
are trivial ([18]).

The first interesting case of Problem 4.1 is when A is a UHF algebra, for example
M~ @ K(H).
There are two more ways in which one can try to extend [18].

Question 4.2. Does the Proper Forcing Aziom (PFA) imply that all automor-
phisms of the Calkin algebra on any Hilbert space are inner?

Velickovic ([53]) proved that PFA implies all automorphisms of P(x)/Fin are
trivial for all k.

For each n € N fix an isomorphism ¥,,: C(H) ® M,(C) — C(H). Each auto-
morphism ® of C(H) defines a unital *-endomorphism of C(H) by ¥, (® ® id,).
Considering these as ‘trivial’ unital endomorphisms, one may ask the following
question.

Question 4.3. Assume TA. Are all unital *-homomorphisms of the Calkin algebra
into itself of the form (Adu) ® id,, for some n € N?

The obvious analogue of Question 4.3 for P(N)/Fin has a negative answer (ex-
cept e.g., in a model in which the Axiom of Choice fails and all sets of reals have
the property of Baire). Its proper analogue has a more involved formulation (see
[17, §3.2], also [19]).

4.1. Automorphisms of the Calkin algebra. All known outer automorphisms
of the Calkin algebra ([43], [18, §2]) are pointwise inner. The following is what is left
of the Brown—Douglas—Fillmore problem on automorphisms of the Calkin algebra
([12, 11]). Let § denote the image of the unilateral shift in the Calkin algebra.

Problem 4.4. Is it consistent with ZFC that there is an automorphism of the
Calkin algebra with one of the following properties?
(1) ® sends S to its adjoint?
(2) ®(a) = b for some a and b that are not conjugate?
(3) The restriction of ® to some separable algebra is not implemented by a
unitary?

Since S and its adjoint have different Fredholm indices, the existence of ® sat-
isfying (1) clearly implies the existence of a ® satisfying (2) which in turn implies
the existence of a ® satisfying (3). The Brown-Douglas—Fillmore classification of
normal elements in the Calkin algebra up to the conjugacy implies that (1) is equiv-
alent to (2) when a and b are required to be normal (in the Calkin algebra). It is
also true that the general version of (2) is equivalent to (3).

A simple absoluteness argument shows that if there is a ® as in (1), (2) or (3)
above, then there is such a ® in a forcing extension satisfying CH. Since Todorcevic’s
Axiom (TA) implies all automorphisms of the Calkin algebra are inner, one cannot
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construct ® as above in ZFC. Since the existence of ® satisfying any of these
conditions is a X7 statement, by Woodin’s ¥3-absoluteness theorem one may as
well ask whether CH implies the existence of such ®.

This supports a view that Problem 4.4 is model-theoretic in nature. The fol-
lowing is for readers familiar with the logic for metric structures ([8]). (Because
of some technical reasons one needs to consider the unit ball of the Calkin algebra
with appropriate operations instead of the Calkin algebra, as a model.)

Problem 4.5. Consider C(H) as a metric structure in the sense of [8]. Are the
1-types of S and S* equal?

Since an automorphism preserves type of an element, a negative answer to Prob-
lem 4.5 would imply a negative answer to Problem 4.4 (1). On the other hand,
a positive answer to Problem 4.5 would imply that under CH there is an auto-
morphism of C(H) sending S to its adjoint if we knew that C(H) was countably
saturated (in the logic for metric structures). However, it isn’t.

Problem 4.6. Is C(H) a countably homogeneous model?

One technical remark. If there is an automorphism of the Calkin algebra ® such
that ||®(S) — S*|| is small enough, then there is an automorphism of the Calkin
algebra that sends S to S*. This is because ®(S) has the same spectrum as S
(hence the same spectrum as S *), and being close to S* it has the same Fredholm
index as S*. Hence by Brown—Douglas—Fillmore results there is an automorphism
sending ®(S) to S*.

Fix a basis &, of H and consider the standard atomic masa consisting of all
operators a such that each &, is an eigenvector of a. A result of Alperin, Covington,
and Macpherson ([3]) easily implies that if an automorphism ® of the Calkin algebra
sends the atomic masa to itself (or to another atomic masa) then ® cannot send S to
its adjoint. On the other hand, the subalgebra of the Calkin algebra generated by S
(so-called Toeplitz extension) has an automorphism that sends S to its adjoint. Note
that the following test problem for (1) is a ¥} statement, and therefore absolute.

Problem 4.7. Is there a separable subalgebra A of the Calkin algebra that con-
tains S and such that no homomorphism ®: A — C(H) satisfies ®(5) = S*?

While the status of Question 4.8 does not seem to have a direct bearing to
Problem 4.4, I find it interesting in its own right.

Question 4.8. Consider the subalgebra A of C(H) generated by the standard atomic
masa and S. Is there an automorphism of A that sends S to S*?

A closely related problem asks whether there is an automorphism ® of P(N)/ Fin
such that for every X C N we have ®(X+1) = &(X)—1? Here X+1={n+1:n¢€
X}and X —1={n—1:n¢€ X\{0}}. Some information on the latter formulation
can be found in [26].

5. THE CALKIN ALGEBRA

Many known results about the Boolean algebra P(N)/Fin translate into prob-
lems about the Calkin algebra. Finding the right analogues of statements about
P(N)/ Fin in the Calkin algebra can be a challenging problem in itself. For example,
the so-called ‘Kasparov’s technical theorem’ (see e.g., [39, §8]), which is one of the
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basic tools in the KK-theory, is the analogue of the familiar fact that P(N)/Fin
is countably saturated. Pedersen’s survey [39] well deserves further set-theoretic
exploration.

5.1. The structure of projections in the Calkin algebra. For more on the
following problems see [24, §4.1].

Problem 5.1. Assume all maximal chains of projections in the Calkin algebra are
order-isomorphic. Does CH hold?

D. Hadwin ([28]) conjectured that this problem has a positive solution and proved
its converse. E. Wofsey ([57]) constructed a forcing extension in which not all
maximal chains are isomorphic in which CH fails. There is a model of the negation
of CH in which all maximal chains in P(N)/ Fin are isomorphic (essentially by [48]);
it is unclear whether this model provides a counterexample to Hadwin’s conjecture.

Many cardinal invariants associated with P(N)/Fin (see e.g., [10]) have ana-
logues in the poset of projections in the Calkin algebra. For example, let

a* = min{|A| | A is a maximal infinite family
of almost orthogonal projections in C(H)}
t* = min{]A| | A is a maximal tower of projections in C(H)}
b* = min{x | there is a (k,Ng)-gap in P(B(H))}.
Problem 5.2. Isa=a*? Is t = t*7

Not much is known. It is consistent that a* = t* = N; < 2% (Wofsey) and MA
implies a* = t* = ¢. Also, b = b* (Zamora—Avilés).

Since P(B(H)) is a Polish space with respect to the strong topology, we say
that a subset of P(B(H)) is analytic (closed, Borel,...) if it is analytic (closed,
Borel,...) in this topology (see [30]).

Question 5.3 was originally asked by Anderson in [4]. For a discussion and some
related problems see [49] where it was almost answered.

Question 5.3. Does every masa in the Calkin algebra that is generated by its
projections lift to a masa in B(H)?

5.2. Out and out. Here I collect some problems that will be of more interest to
set-theorists than to operator-algebraists.

Problem 5.4. Is there an analogue of Solecki’s analytic P-ideal theorem ([50]) for
projections in B(H)?*

Recall that for projections p and ¢ one writes p < ¢ iff p¢g = p. Consider
P = P(C(H)) \ {0} as a forcing notion. This is a quantized version of P(N)/ Fin,
and it shares some of its properties. For example, it is o-closed. Assuming CHj two
forcing notions are isomorphic. It is well-known that the P(N)/Fin-generic filter
is a selective ultrafilter. The following is motivated by the importance of selective
ultrafilters.

Problem 5.5. What are the combinatorial properties of the P-generic ultrafilter?
Does the quantization of the Mathias forcing share some of its remarkable proper-
ties?

“Yes (Beatriz Zamora-Aviles, 2009).
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A closely related problem.

Problem 5.6. Are there quantized versions of Ramsey, Galvin—Prikry and Silver
theorems?

6. TENSOR PRODUCTS

If A, B are C*-algebras there may be more than one way of defining a C*-algebra
norm on the algebraic tensor product A® B. However, there are always the minimal
and maximal tensor product norms on A ® B, giving rise to C*-algebras A ®uin B
and A Quax B. A C*-algebra A is nuclear if A Quin B = A Quax B for every C*-
algebra B. By a result of Junge and Pisier, B(H) ®max B(H) # B(H) Qmin B(H)
(see [13, §13)).

In [54] Wassermann studied the question whether C'® D is a masa in a tensor
product A ® B whenever C' is a masa in A and D is a masa in D. The following
problem is taken from [54, §4].

Problem 6.1 (Wassermann). Assume C; and Cj are masas in B(H).

(1) Is the relative commutant of C1 ®min 1 in B(H) @max B(H) equal to C1 @min
C-B(H)?
(2) Is C1 ®max C2 a masa in B(H) Qmax B(H)?

If C1 has the extension property, stating that every pure state on C7 has a unique
extension to a pure state of B(H), then the answer to (2) above is positive by a
result from [54]. Therefore the answer in the case when C; and Cs are atomic masas
would follow from a positive solution to the Kadison—Singer problem, Problem 1.2.

A subalgebra B of a C*-algebra A is hereditary if bAb C B for every self-adjoint
b € B. An element a of a C*-algebra A is fulll if it is not contained in a proper
(closed, two-sided, self-adjoint) ideal of A.

Problem 6.2 (Kirchberg). Consider the quotient map

m: B(H) @max B(H) — B(H) Qmin B(H).
Is there a € ker(r) such that in the hereditary subalgebra generated by a there are
no full projections?
Problem 6.3. If A and D are unital C*-algebras and Ag is a unital subalgebra of
A, is

AGN(A® D)= (AyNA)® D?

The inclusion O always holds. The above question has a positive answer if D is
nuclear or if A is LM (see [21, §2]; also cf. the ‘slice map property,” e.g., [13]).

7. ULTRAPOWERS

The most famous open problem about ultrapowers of operator algebras is the
following Connes Embedding Problem.

Problem 7.1. Is every separable II; factor isomorphic to a subfactor of an ultra-
power of the hyperfinite II; factor with respect to an ultrafilter on N?

Just like its C*-algebraic version, Problem 7.2, this problem is absolute and it is
therefore unlikely that the answer is independent from ZFC. On way to see this is
by noting that a model-theoretic reformulation of the problem is ‘is the universal
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theory of every II; factor equal to the universal theory of the hyperfinite II; factor?’
Here the universal theory is taken in the logic of continuous structures ([8]).

The following problems come from [35] and a conversation with Eberhard Kirch-
berg. Ultrapowers of C*-algebras are defined as ultrapowers of metric structures
([25], [8]). Since this note was written with set theorists in mind, we do not denote
an ultrafilter by w and we write [],, A (instead of A“ or AY) for the ultrapower
of A. Recall that the Cuntz algebra Oz is the unital C*-algebra generated by two
isometries s and t such that s*s = t*t = 1 and ss* 4 tt* = 1. Cuntz proved that
these relations determine Oy up to the isomorphism (see [45]).

Problem 7.2 (Kirchberg). Does every separable C*-algebra embed into an ultra-
power of Oy with respect to an ultrafilter on N7

Every exact C*-algebra embeds into O, (Kirchberg) and every separable C*-
algebra trivially embeds into B(H) (and into C(H)). Phillips ([41]) used a result of
Junge—Pisier to show that there is no separable C*-algebra such that every separable
C*-algebra embeds into it.

There is a simple separable C*-algebra A such that every separable C*-algebra
embeds into an ultrapower of A. One takes A to be a separable elementary submodel
of C(H) in the logic for metric structures ([8]). If U is an ultrafilter on N then the
ultrapower [],, A is countably saturated and elementarily equivalent to the Calkin
algebra (again in logic for metric structures [8]). Since every separable algebra
embeds into the Calkin algebra, the conclusion follows.

If ¢;: A — [],, Oz are *-homomorphisms write ¢1 < ¢y if there is a partial
isometry u in A such that u*¢gou = ¢;.

Problem 7.3 (Kirchberg). Assume A is separable and A embeds into [, Oz. Is
there a <-maximal embedding ¢ of A into [],, 027

A positive answer implies that A has the local lifting property (see [13, 13.1]).

Fix an ultrafilter & on N. Identify a C*-algebra A with its image via the diagonal
embedding into the ultrapower [[,, A and consider the relative commutant A’ N
[I,, A and the anihilator Ann(A,[[,, A):

A’QHA:{IJGH/Hab:baforallaeA}.
u u

Am(A, JTA) ={pe[[Alab=ba=0}.
u u
Kirchberg ([35]) defines the invariant
F(A)=(A'n]]A4)/Am(A, ] A).
u u

Note that if A is unital then Ann(A,[[,, A) = {0} and F(A) coincides with the
relative commutant of A.

Problem 7.4 (Kirchberg). Assume A is separable. Does F'(A) depend on the
choice of the ultrafilter ?°

5This problem has been solved. For infinite-dimensional C*-algebras the Continuum Hypothe-
sis is equivalent to the assertion that the isomorphism type of F'(A) does not depend on the choice
of the ultrafilter. See [20] for the case of C*-algebras of real rank zero and an upcoming paper by
Farah—Hart—Sherman for the general C*-algebra case and the analogous problem for II; factors.
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The following is what remains of another question of Kirchberg.

Problem 7.5. Can one prove in ZFC that for some free ultrafilter &/ on N we have
B(H)' N[, B(H)=CI?

In [22] it was proved that selective ultrafilters have the property from Problem 7.5
and that there is (in ZFC) an ultrafilter ¢/ for which B(H) N[, B(H) # CI. Since
CH implies the existence of selective ultrafilters, it implies that F(B(H)) does
depend on the choice of the ultrafilter ¢ (cf. Problem 7.4). In [23] it was proved
that p-points have the property from Problem 7.5.

An ultrafilter Y on N is flat if there are h,: N\ [0,1] such that

(1) hn(0) =1,
(2) lim; h,(j) =0,
3) (Vf: N/ N)limy g supjen [ () — P (f(5))] = 0.

Question 7.6. Is a nonprincipal ultrafilter U on N flat if and only if B(H) N
B(HY #CI?

The direct implication was proved in [22]. It is not clear whether a flat ultrafilter
can be constructed in ZFC.
The present state of ignorance is reflected in the following question.

Question 7.7. Can B(H) N[[,, B(H) be nonabelian?

8. NONSEPARABLE C*-ALGEBRAS

The first systematic study of nonseparable C*-algebras ([21]) resulted in a num-
ber of surprising results and embarrassing open problems.

Problem 8.1 (Farah-Katsura). Assume A is a tensor product of algebras of the
form M,,(C), for n € N, k < £’ are cardinals and §),., M2(C) unitally embeds into
A®Q, My(C). Can we conclude that there is a unital embedding of &), M2(C)
into A?

Such A would have to be nonseparable, and the simplest open case is whether
@y, M2(C) unitally embeds into @y, M2(C) @ @y, M5(C). See the last section
of [21] for more information.

Question 8.2 (Kirchberg). Is every exact C*-algebra a subalgebra of a nuclear
C*-algebra?

The answer is positive for separable algebras (Kirchberg; see [45]).
The following question was suggested by N.C. Phillips (who also characterized
it as ‘minor’).

Question 8.3. Suppose a C*-algebra has an approximate identity consisting of
projections. Does it have an increasing approxzimate identity (on some index set,
possibly different) consisting of projections?

The answer is positive in the separable case. A curious fact (that a short re-
flection shows to be relevant to the above) pointed out by N.C. Phillips is that
there is a real rank 0 C*-algebra in which the set of projections is not directed—
i.e., there are two projections p and ¢ such that there is no projection r such
that » > p and r > ¢. A simple example of (provided by Takeshi Katsura) an
algebra in which the set of projections is not directed was given by the algebra
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{f € Mx(C([0,1]) | f(0) = <g 8)} If p and ¢ are two projections of rank two
such that p(1) # ¢(1), then any projection r such that r > p and r > ¢ would have
to have rank 2.

9. OTHER PROBLEMS

A derivation is a map §: A — B such that
d(ab) = ad(b) + d(a)b
(A and B are assumed to be C*-algebras). If A is a subalgebra of B and x € B
then §,: A — B defined by
0z(a) = ax — za
is a derivation. Such derivations are inner. I would like to thank Julien Giol for
turning my attention to the following prominent open problem.

Problem 9.1 (The derivation problem). If A is a C*-subalgebra of B(H), is every
derivation of A into B(H) inner?

A positive answer to this problem is known to be equivalent to a positive answer
to some other outstanding open problems. For more information see e.g., [34] and
the survey [14].

Question 9.2 arose in a recent work by N.C. Phillips and S. Wassermann who
gave a positive answer under some additional assumptions. Although a positive
answer seems unlikely, no conterexample is known.

Question 9.2. Assume A = ﬁ_H)lA,\ and Dy is a masa in Ay for each A. Is
D =1limDjy necessarily a masa in A?

The following problem was communicated to me by N.C. Phillips. Even though
the positive answer is, being a II% statement, absolute, it may be interesting to set
theorists.

Problem 9.3. Is every separable simple C*-algebra A generated by a single ele-
ment? What if in addition we assume A is nuclear?

Every separable unital C*-algebra A is contained in a singly generated separable
unital C*-algebra. By [38], both A ® KL(H) and A ® My~ are singly generated
whenever A is separable.

Problem 9.4. Is there a separable, purely infinite C*-algebra not isomorphic to
its opposite algebra?

A positive solution would follow from a confirmation of Conjecture 9.5 below.
If X is a countable elementary submodel of Hy for § > ¢t and M € X is a
nonseparable C*-algebra, let My denote the norm-closure of X N M in M.

Conjecture 9.5. Assume X is a countable elementary submodel of H.+ and sep-
arably acting factors M, N belong to X. Then Mx = Nx if and only if M = N.

Alternatively, instead of Mx and Nx one may consider separable elementary
submodels (in the sense of the logic for metric structures) of M and N. However,
note that two separable elementary submodels of the same algebra are not neces-
sarily isomorphic. Conjecture 9.5 is true in the case when M and N are II; factors.
This follows from an argument of [42] using uniqueness of the trace on II; factors.
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Phillips used this and Connes’s II; factor not isomorphic to itself to show that there
is a simple unital separable stably finite C*-algebra not isomorphic to its opposite
algebra. A confirmation of Conjecture 9.5, together with Connes’s IIIy factor not
isomorphic to its opposite, would give a positive answer to Problem 9.4. It would
also give a variety of new examples of simple separable (non-exact) C*-algebras.

9.1. Operator systems. The following problem is not exactly about C*-algebras
but it certainly has a strong set-theoretic flavor (see the last section of [6]). An
operator system is a self-adjoint vector subspace S of a unital C*-algebra that
contains the unit. A boundary representation of S (as defined in [6]) is an irreducible
representation of C*(S) such that its restriction to S has a unique extension to
C*(S). An operator system S has sufficiently many boundary representations if
for every a € S we have ||a|]] = sup||n(a)|| where m ranges over all boundary
representations of .S.

Problem 9.6 (Arveson). Does every operator system have sufficiently many bound-
ary representations?

This question was originally motivated by Arveson’s notion of noncommutative
Choquet boundary of an operator system. The separable case of Problem 9.6 was
proved in [6]. Some parts of this proof (e.g., [6, Theorem 2.5]) work in the general
case with obvious modifications. However, one of the key parts of the proof, the use
of disintegration theory, is closely tied to the separable case. I don’t know whether
the separability of S is necessary in [6, Lemma 8.3].
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