THE COMMUTANT OF L(H) IN ITS ULTRAPOWER MAY
OR MAY NOT BE TRIVIAL

ILIJAS FARAH, N. CHRISTOPHER PHILLIPS, AND JURIS STEPRANS

ABSTRACT. Kirchberg asked in 2004 whether the commutant of L(H) in
its (norm) ultrapower is trivial. Assuming the Continuum Hypothesis,
we prove that the answer depends on the choice of the ultrafilter.

Let H be a separable infinite dimensional complex Hilbert space, fixed
throughout. The purpose of this paper is to prove that, assuming the Con-
tinuum Hypothesis, the commutant of L(H) (the algebra of bounded linear
operators on H) in its ultrapower depends on the choice of the ultrafilter.
This provides a somewhat surprising—and somewhat incomplete—answer
to Question 2.22 of [15].

We follow the convention that 0 € N. Let A be a C*-algebra, and let V
be a nonprincipal ultrafilter on N (equivalently, a point in SN \ N). (In the
operator algebra literature, nonprincipal ultrafilters are usually denoted w;
since in the set theory literature w is reserved for the least infinite ordinal we
suppress using this symbol altogether.) We denote by ¢*°(A) the C*-algebra
of all bounded functions from N to A, and we denote by AY the ultrapower
of A associated with V ([11], [2]). More explicitly, AY is the quotient of
(>*(A) by the (two-sided, norm-closed, selfadjoint) ideal

ev(A4) = {(an) € £°(A4): limp—y ||a,|| = 0}.

(This algebra is denoted Ay in [15] and [16].) We identify A with the
subalgebra of AY consisting of all

(a,a,a,...)+ cp(A)

for a € A, that is, the image in AY of all constant sequences in £*°(A). If
A C B, we denote by A’ N B the relative commutant of A in B, that is

A'ﬂB:{bEB:ab:baforallaeA}.

(By convention, A’ is used only when B is the algebra of bounded operators
on a Hilbert space.) Following Kirchberg [15], we define the invariant Fy,(A)
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of A to be the quotient of A’ AY by the annihilator
Ann (A,AY) ={be AY: ba =0 for all a € A}.
If A is unital then the annihilator is trivial and
Fy(A)=A'nAY.

The algebra F),(A) for unital A, often denoted Ay, in the literature (see [12]),
has played an important role in the study of C*-algebras, particularly in the
classification of separable nuclear unital purely infinite simple C*-algebras
and group actions on them. (See [14], [16], [22], and [12].) The most im-
portant result, proved for example in [16], is that if A is a separable nuclear
unital purely infinite simple C*-algebra, then F),(A) is again a purely infi-
nite simple C*-algebra. See [11] for further discussion of the uses of algebras
of this type, and [15] for more recent applications of Fy(A).

The use of Fy,(A) for purely infinite simple C*-algebras parallels an older
use of its tracial analog for factors of type II;. We briefly describe this use
to give context, but it is not needed in the sequel. In place of operator norm
convergence, one uses convergence in the L? norm derived from the trace
in the definition of ¢y (A). For example, if M is the hyperfinite factor of
type I3, then the tracial analog of Fy,(M) is again a factor of type IT;. (See
Lemma XIV.4.5 and Theorems XIV.4.6 and XIV.4.18 of [26]. This is also
in [3], and in [8] it was shown that this is a consequence of the Fundamental
Theorem for Ultraproducts from logic.) As one example, this fact is used
to prove that outer actions of suitable groups on the hyperfinite factor of
type II; have the Rokhlin property, in turn a key step in the classification
of such actions. See [13] for the case of finite groups, and [21] for the case
of countable amenable groups.

Assuming the Continuum Hypothesis, Ge and Hadwin proved ([11, Corol-
lary 3.4]) that if A is separable, then the isomorphism class of Fy(A) is in-
dependent of the choice of the nonprincipal ultrafilter V. But L(H) is not,
of course, separable in the norm topology. (The easiest way to see this is to
note that projections onto the closed subspaces spanned by all subsets of a
fixed orthonormal basis form an uncountable discrete set.)

Let K(H) denote the ideal of compact operators in L(H). For the Calkin
algebra C(H) = L(H)/K(H), Kirchberg proved ([15, Corollary 2.21]) that
Fy(C(H)) = C. This also implies Fy(L(H)) C C + K(H)Y. In [15, Ques-
tion 2.22], Kirchberg asked whether Fy,(L(H)) = C. The answer to this
question is somewhat surprising.

Theorem 1. There is a nonprincipal ultrafilter V such that Fy(L(H)) # C.
Proof. This follows from Theorem 3.3 and Theorem 4.1. O

Theorem 2. Assume the Continuum Hypothesis. Then there is a nonprin-
cipal ultrafilter V such that F\,(L(H)) = C.
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Proof. This follows from Corollary 2.4, where we prove Fy(L(H)) = C for
a selective ultrafilter V, and from the fact that the Continuum Hypothesis
implies selective ultrafilters exist (Proposition 1.4). O

We record a curious consequence of Theorem 1 and Theorem 2.

Corollary 3. Assume the Continuum Hypothesis. Then the isomorphism
type of Fy(L(H)) depends on the choice of the ultrafilter V. O

It should be noted that in the absence of the Continuum Hypothesis,
Fy(A) depends on the choice of V for every infinite-dimensional separa-
ble C*-algebra A ([7] for real rank zero and [8] in the general case). We
don’t know whether some axiom beyond ZFC is needed for the conclusion
of Corollary 3 but it should be noted that an assumption much weaker than
Continuum Hypothesis suffices. As noted above, the Continuum Hypothe-
sis implies that the isomorphism type of Fy(A) does not depend on A for
a separable A. The reason is that, under the Continuum Hypothesis, for
any two nonprincipal ultrafilters V and W on N there is an isomorphism
between AY and A" that sends A to itself ([11, Theorem 3.1]). The latter
fact is an immediate consequence of the fact, provable in Zermelo-Fraenkel
set theory with the Axiom of Choice (ZFC), that the unit ball of AY is
countably saturated in the logic of metric structures. (See [9, §4.4].) Since
the Continuum Hypothesis implies that the ultrapowers are of size Ny, a
back-and-forth construction easily gives an isomorphism between AY and
AW that sends the copy of A in one ultrapower to the copy of A in the other
ultrapower. (See [9] for definitions.)

One curiosity deserves a mention here. By the countable saturatedness of
ultrapowers, the Continuum Hypothesis implies that L(H)" and L(H)Y are
isomorphic for any two nonprincipal ultrafilters &/ and ¥V on N. However, if U
is selective and V is flat, then by Corollary 3 we have Fy,(L(H)) 2 Fy(L(H))
and therefore no isomorphism between L(H) and L(H)Y sends L(H) to
L(H).

Acknowledgments. We would like to thank Eberhard Kirchberg for useful
conversations. The results of this paper were obtained during the Fall 2007
Fields Institute semester on operator algebras and the May 2008 Canadian
Operator Symposium in Toronto.

1. SELECTIVE ULTRAFILTERS

Definition 1.1. Let M be a C*-algebra or a von Neumann algebra. We let
[a,b] denote the additive commutator, ab — ba. Following [15] we say that a
norm-bounded sequence (a,,)nen in M is central if for every b € M we have
limy, o0 ||[an, b]|| = 0. A sequence (an)nen is trivial if

lim inf |la, — A|| = 0.
n—oo \eC

(Note that such sequences are always central.) If V is an ultrafilter on N
then a norm-bounded sequence (ay,)nen is a V-central sequence if for every
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b € M we have lim,_,y |[[ay, ]| = 0. A V-central sequence (ay,)nen is trivial
if lim,,_,p infyec ||an, — A|| = 0.

Note that we have defined norm central sequences and norm trivial central
sequences, even in the case of a von Neumann algebra. These are not the
same as the central sequences usually considered for a type II; factor.

Notation 1.2. If X is a set then [X]? denotes the set of all two-element
subsets of X and [X]* denotes the set of all infinite subsets of X. We
consider the space [N]* with the Polish (that is, separable and completely

metrizable) topology inherited from the Cantor set (identified with the power
set of N).

Recall that a subset of a Polish space is analytic if it is a continuous image
of a Borel subset of a Polish space. The following result is well-known, but
we sketch a proof of the easy implications for convenience of the reader.

Theorem 1.3 (A. R. D. Mathias). The following are equivalent for an
ultrafilter V on N.

(1) If Xo 2 X1 2 X9 D ... are in V then there exists X € V such
X\{0,1,...,n} C X, for everyn € X.

(2) For every g: N — N there is A € V such that g | A is either constant
or injective.

(3) For every E C [N)? there is A € V such that either [A]> C E or
[APNE=2.

(4) For every analytic E C [N]* there is A € V such that either [A]*° C
E or [A]*NE = 2.

Proof. The fact that (1) implies (4) is Mathias’s theorem [19, Theorem 0.13].
We include proofs of the easy implications for the convenience of the reader.

We consider (4) implies (3). Let E C [N]?. Let E C [N]* be the set of all
X € [N]* such that the pair consisting of the least two elements of X is in
E. Then E is analytic (and even open).

For (3) implies (2), given g let {m,n} € E if and only if g(m) # g(n).

For (2) implies (1), we may assume Xo = N and ()", X,, = &. Define
g(k) =nif k € X, \ X,,4+1. Since V contains no set on which g is constant,
(2) implies that there is Y € V such that g is injective on Y.

Recursively find 0 = mg < m; < --- so that for all £ and all j > mg41
in Y, we have g(j) > my. Let g1: N — N be defined by ¢1(j) = k if
myp < j <mgy1. Let Z CY be aset in V on which g; is injective.

Assume for the moment that X = Z N Jp2 [mak, mak+1) is in V. For
n € X let k be the unique integer such that mgr < n < mggyq. Then
X \{0,1,...,n} is disjoint from {0,1,...,moxso — 1}. Therefore for m €
X\ {0,1,...,n} we have g(m) > mops11 > n. Hence m € X,, as required.

If ZNUp g [mak, maok+1) ¢ V, we instead set X = ZNUpo[mak+1, mag+2)-
This set is in V and an argument analogous to the above shows that X \
{0,1,...,n} C X, for all n € X. O
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An ultrafilter satisfying the conditions of Theorem 1.3 is said to be se-
lective (or Ramsey, or even happy). More information on these remarkable
objects can be found in [19] or [6]. (For example, see Section 5 and Theo-
rem 4.9 of [6].)

It is well-known that the existence of selective ultrafilters can be deduced
from the Continuum Hypothesis ([19, Proposition 0.11]). We sketch a proof
of this fact for the convenience of the reader.

Proposition 1.4. Assume the Continuum Hypothesis. Then there exists a
nonprincipal selective ultrafilter.

Proof. Let wy be the first uncountable ordinal. Use the Continuum Hypoth-
esis to enumerate all functions g: N — N as g,, for v < w;. We claim that
there are infinite sets A, for v < w; such that the following holds for v < w;:

(1) g is either constant or injective on A,.
(2) Ay \ A is finite if 6 < 7.

We prove the claim by transfinite induction. If g is constant on an infinite
subset of N; let A be this set. Otherwise, the image of N under gy is infinite
and we can find an infinite subset Ag C N on which gq is injective.

Assume A, has been chosen. Use the argument above, with A in place
of N and g,41 in place of gg, to choose an infinite subset A,,; C A, on
which g, is either constant or injective.

Now assume < is a limit ordinal and the sets As have been chosen for
0 < 7. Re-enumerate the sets Az for § < v as A;- for j € N. For j € N let

n=max ({0 < y: As = A}, for some k < j}).

Then the set Ay \ (;; A}, is finite, and in particular ), _; A is infinite for
every j. We can therefore choose a sequence ng < n; < no < --- so that
nj € (<, Ay for all j € N. Set B = {n;: j € N}. Then B is infinite and
B\ A; is finite for all 6 < y. Now A, C B is chosen as above.

The family {A,}ew, has the finite intersection property—indeed, for any
finite set ' C wy, if v = max(F’) then there is a finite set a C A, such that
A\ a € \sep As. Hence this family can be extended to an ultrafilter, and
this ultrafilter is selective by construction. O

For a € AY a sequence (a,)nen in £%°(A) such that a = (a,)nen + cp(A)
is called a representing sequence. A von Neumann algebra M is separably
acting if it is isomorphic to a weak operator closed selfadjoint subalgebra
of the bounded operators on a separable Hilbert space. Thus L(H), for our
fixed infinite dimensional separable Hilbert space H, is separably acting.

Theorem 1.5. Assume M is a separably acting von Neumann algebra and
V is a selective ultrafilter. Then for a € MY the following are equivalent.
(1) ae M'NMY.
(2) a has a representing sequence that is a central sequence.
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Proof. We need only prove that (1) implies (2). Fix a € MY and a repre-
senting sequence (a)neN-

The closed unit ball B of M with the weak operator topology is com-
pact metric, and is therefore a Polish space. See page 35 of [4]. For the
convenience of the reader, we sketch the proof here.

We may assume M C L(H) for our fixed infinite dimensional separable
Hilbert space H. Let D C H be a countable norm dense subset, and let C C
C be a countable dense subset. Observe that the weak operator topology
on B has a base consisting of sets of the form

ﬂ{CLGB afj,nj>—)\j]<1/kj}

with n € N and
517627”'7§n7n177727"'777n €D7 )‘17)‘27”'7)‘71 GCJ and k17k27"'7kn € N.

So B with the weak operator topology is second countable. To see that it
is a Polish space use the Banach-Alaoglu theorem to conclude that it is, in
fact, compact.

The power set P(N) with the Cantor set topology is compact and metriz-
able and, hence, also a Polish space.

We will prove that the set

E = {X € [N]*: (3j € N)(3b € B)(Vn € X)||[an,b]|| >1/5}
is analytic.
For each € > 0 define ®.: B x P(N) — P(N) by
O.(b,X)={ne X: |[an,b]|| >}

for b € B and X C N. We claim that ®. is Borel measurable. First, since
multiplication is separately weak operator continuous and norm closed balls
in M are also weak operator closed, for each fixed n the set

Jn ={b € B x P(N): ||[an,b]|| > ¢}

is open in B. Now let U C P(N) be a basic open set, that is, there are
N € N and a subset S C {0,1,..., N} such that U consists of all X C N
with X N {0,1,...,N} = S. Then

N U)={(b,X) e BxP(N): S=Xn{0,1,...,N}}

N (ﬂ Jn) N (1 B\,
nes ne{0,1,....N}\S

establishing that ®21(U) is Borel. This proves that ®. is Borel measurable.

Define Z = [[72,[BxP(N)], and define ®: Z — P(N) by letting & = &, ;

on the j component of the disjoint union. Since M acts on a separable

Hilbert space, Z is a Polish space. Clearly ® is Borel. The subset [N]>* C
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P(N) is Borel, since its complement is countable. Therefore ®~!([N]>) is
Borel and the set

E=o(® '(N>) = [N>*n|J@,B xPN)
j=1

is analytic. Since V is selective, there is X € V such that [X]* C E or
[X]*NE = 2.

Let us first assume the second possibility applies. Then for each b € B
and j € N with j > 0, the set {n € X: ||[an,b]|| > 1/} is not in E, and
therefore must be finite. Let a), = a,, if n € X and @/, =1 if n ¢ X. Then
{n € N: ||[a,,b]|| > €} is finite for all b € B and € > 0, so (a},)nen is a
central sequence. It represents a since X € V.

Now assume there is X € V such that [X]>* C E. In particular, there
are b € B and j € N such that ||[a,,b]|| > 1/j for all n € X; therefore
a¢d M'NnMY. O

Corollary 1.6. Assume M is a separably acting von Neumann algebra. If
V is selective then the following are equivalent.

(1) There exists a nontrivial central sequence in M.
(2) There exists a nontrivial V-central sequence in M.

Proof. Assume (a,)nen is a nontrivial central sequence. By passing to a
subsequence, we may assume there is ¢ > 0 such that infyec ||an, — A|| >
¢ for all n. This sequence is clearly a nontrivial V-central sequence for
any nonprincipal ultrafilter V. The converse implication is an immediate
consequence of Theorem 1.5. O

Let M be a type II; factor with (unique) tracial state 7. Let || - ||2 be the
standard L?-norm on M, defined by ||al|2 = \/7(a*a). A bounded sequence
(an) in M is tracially central if lim,, ||[b, ay]||2 = O for every b € M. (This,
rather than that of Definition 1.1, is the usual definition of a central sequence
in this context.) The tracial ultrapower of a Il factor is the ultrapower of
the metric structure (M, ||-||2) in the sense of [2]. Analogues of Theorem 1.5
and Corollary 1.6 for tracial ultrapowers of II; factors could be proved by
mimicking the above proofs. However, in this context the assumption that
V is a selective ultrafilter can be dropped. In fact, for every nonprincipal
ultrafilter V on N, the commutant of M in MV is trivial if and only if M has
no nontrivial central sequences. By an observation of McDuff ([20, remark
after Lemma 5]) this follows by a diagonalization argument from the fact
that the metric || - ||2 on a IIy factor is separable. Similarly, the analogues of
Theorem 1.5 and Corollary 1.6 hold when M is a separable C*-algebra and
V is any nonprincipal ultrafilter on N.

On the other hand, Theorem 1 and Theorem 2.1 below imply that some
assumption on V in Theorem 1.5 and Corollary 1.6 is necessary in the case
when M = L(H).
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2. NO NONTRIVIAL CENTRAL SEQUENCES

Let M be a von Neumann algebra with center Z(M). In [25, Propo-
sition 3.1], David Sherman proved that a sequence (a,)nen in M is norm
central if and only if lim,, .o inf,c z(ar) ||an — 2]| = 0. In particular, if M is a
factor then it has no nontrivial central sequences. Note that we are referring
to norm central sequences, even if M is a IIj-factor. For the reader’s con-
venience we provide a self-contained proof of the special case of Sherman’s
result needed in the proof of Theorem 2.

Theorem 2.1. There are no nontrivial central sequences in L(H).
The proof of Theorem 2.1 will be given after two lemmas.

Lemma 2.2. Let ¢ € L(H) be a selfadjoint operator that is not a scalar.
Set 6 = infyec |[c— A||. Then 6 > 0, and for every € > 0 there is a rank one
partial isometry s € L(H) such that ||[s,c]|| > 2§ — €.

Proof. We denote the spectrum of ¢ by sp(c). Set Ay = inf(sp(c)) and
A2 = sup(sp(c)). By considering the isomorphism between C'(sp(c)) and the
C*-subalgebra of L(H) generated by c and 1, we see that § = (A2 —A1) > 0.

Set
€

T4+ 2
Choose 1 > 0 so small that if o € R satisfies [a—1| < £167!, then o™t —1| <

go. We also require €1 < min(gg, dep).
Choose &1, € H with

1]l = llnll = 1, flegr = M&ill <er, and - Jlen = Aanl| <er.

€0

Set
p=n—(m&) and &= | u
Then |||l = 1 and (&1,&2) = 0.
We need to estimate |[c€a — A2&2||. We begin as follows, using (£1,cn) =
(c&1,m) at the second step:

’()\2 - )‘l)<§1777>’ = ‘(517)‘277> - <)‘1§1777>‘
= [(§1, A2 — en) + (€1 — M1y, m)
<&l - [Aam — enl| + |A€x — &l - [Inll < 2e1.

It follows that
261

o -1
pvas v

e =nll = [&,m| <
so |1 —|lull] <e107!, and

1€ —nll < ||l e — pf| + o —nll <eo+e16™! < 2e.
Therefore

[[e§2 = Aaall < 2e0llcl] + [len — Aanl| + 2e0[A2| < (4f|c]| + 1)eo.
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Now let s € L(H) be the partial isometry such that s§&; = & and s§ = 0
whenever (£,£) = 0. Then

lsc€r = el < lsll - legr = M&all < &1 < o

So
s, ]Il > llscé1 — es&a|| = [Iscér — c&a|
> (A2 — A1) = [[Méa — scba| — || A28z — &2
> 20 —eg — (4]|e|| + 1)eg > 26 —e.
This completes the proof. O

Lemma 2.3. Let A be a unital C*-algebra and let a € A. Then
inf [ja — \|| > 3 —
g la = N 2 (el lpa)

for every nonzero projection p in A.

Proof. Let A € C. We have
la = All = flal] — [A].
Also, using p # 0 at the third step,
lla = All = l[p(a — A)pll = llpap — Apl| = |A| = [[pap]|-

Therefore

lla = All = (llall = [A) + (1Al = lIpapll) = 3(llall - l[pap]),
as desired. O

Proof of Theorem 2.1. Using the decomposition of an operator a as a =
$(a+a*)+ 3(a—a*), with 1(a + a*) and —%(a — a*) selfadjoint, we need
only prove that there are no nontrivial selfadjoint central sequences. Let
(a;)jen be a norm bounded sequence of selfadjoint elements of L(H) (not
necessarily central) which is not trivial in the sense of Definition 1.1. We
prove that (aj);jen is not central. It suffices to find a subsequence which is
not central. By passing to a subsequence, we may assume

inf inf |la; — Al > 0.

JEN XeC
In particular, our sequence (a;);jen has no subsequence which converges in
norm to any element of C - 1.

We will find € > 0, an element b € L(H), and a subsequence (a,;))jen of
(aj)jen, such that ||[a,,(), b]|| > ¢ for all j € N. This will show that (a;);jen
is not central, and prove the theorem.

Let (r,)nen be a strictly increasing sequence of finite rank projections
such that lim,_, 7, = 1 in the strong operator topology, and with rq = 0.

First suppose that there are n € N, a number § > 0, and a subsequence
(ai(j))jen of (aj)jen, such that

inf inf N — > 5.
inf inf [rnayjyrn — Al >0
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Since ry, has finite rank, there is a further subsequence (a,(;))jen of (ay(;))jen
such that ¢ = limj .o 70y (j)Tn exists. Then also infyec [[c — Ary[| > 6.
Lemma 2.2 provides s € r, L(H)r, such that ||[s,c]|| > 36. Then

s, am@lll = I8, raameyralll > 6

for all sufficiently large j. Dropping initial terms of the subsequence (a,,(;));en;
we obtain the required subsequence with b = s and € = 4.
Accordingly, we may now assume that

lim inf [[rpa;ry — A =0
Jim inf [[rajra — Aral|

for all n € N.
Set M = sup;¢y [la;l|. Then

lim  inf  ||rpar, — Arpl| =0
J—oo Ne[-M, M

for all n € N. In particular, there are numbers \g ; € [—-M, M] such that

lim ”TOCL]‘TO — )\07]‘7‘0“ =0.
j—o0

By compactness, there are \g € [—M, M| and a strictly increasing sequence
(lo(4))jen such that lim; . Ag(j) = Ao- Then

lim ||roa;ro — Xo7ol| = 0.
j—o0

Similarly, there are A\; ; € [-M, M] such that

Jim [lryagyre = Avgrall =0,

and then there are A; € [—-M, M] and a subsequence (I1(j));en of (lo(j));en
such that

lim Hrlall(j)rl - )\17’1” =0.
j—o0

We proceed inductively, obtaining numbers \,, € [—M, M] and subsequences
(ln (j))jeN of (ln—l (j))jeN such that

lim ||rpay, jyrn — Aarall = 0.
j—00

Setting I(j) = 1;(j), we then get

Ego 7@y — Anrall =0

J

for all n € N.

Clearly A\g = A1 = ---. Subtracting this common value from each a;
does not change the conditions on (a;);en or the existence of the required
subsequence, so without loss of generality lim; o ||[7na(;)7nl| = 0 for all n.

Suppose now that there is n € N such that ||7,a.;)(1 — r,,)|| does not
converge to 0 as j — co. Then there are p > 0 and a subsequence (a,(j))jen
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of (ay(j))jen such that ||rya.,y(1—r,)|| > p for all j € N. With b = 7, and
using 7, (1 — r,,) = 0 at the second step, we have
1[0, amp]ll = lIralb; am) (1 = o)l = lIrnamy (1 = ra)ll > p
for all j € N. Thus, we have a subsequence (a,,;));jen of the required type
with b = r, and € = p.
Since ||rpa;(1 — )| = ||[(1 — rn)ajry||, we may assume without loss of
generality that

lim Hrnaj(l —rp)|| = lim [|(1 - Tn)aanH =0
j—00 j—00

for all n € N. Combining these with lim;_. ||rpa;jry,|| = 0 for all n, we have
reduced to consideration of the case

lim ”aj —(1- Tn)aj(l — )| =0
j—00

for all n € N.

Since by assumption (a;)jen does not converge to 0 in norm, there are
§ > 0 and a subsequence (a;(j))jen of (a;)jen such that infjen [la;l| >
d. Passing to this subsequence, without loss of generality infjey [la;|| > 6.
We now construct recursively a subsequence (a,,(j))jen of (a;)jen, and an
increasing sequence (n(j));en with n(0) = 0, such that the elements

(1) Yj = (PaGi+1) = () @m() (Tng+1) = ()
satisfy
: 1
inf |lyj = Arngien) = ne)l| > 3
for all 7 € N. We repeatedly use the observation that lim, . ||rn2r, || = ||z||

for all x € L(H).

Begin by choosing n(0) = 0, so that 7,y = 0. Choose m(0) € N such
that |[riam )il < 15. Now use @m0yl > 0 to choose n(1) so large that
the element yo = 7,(1)@m(0)7n(1) satisfies [lyol| > %5. Apply Lemma 2.3 with
A = ry0)L(H)ry ), with a = yo, and with p = rq, to get

: 1 (35 1g\ _ 1
inf [lyo — Ao || > 5 (36 = 36) = 14
Given m(j) and n(j + 1), choose m(j + 1) > m(j) so large that, with
2= (1= ng+1)+1) @G +1) (1= aGiany+),
we have [|a,,,j+1) — || < §6. Then choose n(j + 2) so large that
17 n(+2)Zrng2) | > 2]l — 6.
Set
Yit1 = (Pn(+2) = Tn(41) @m(i+1) (Tn(i+2) = Tn(+1))-
Then
lyja1ll = [ (rng+2) = Pngn1) @m0 (Png+2) = Pngn41) |
= |ITng+2)2rng42)ll > 12|l — %5 > |41yl — %5 - %5 > %5'
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Also,
[rnG++19517 G0l < Pag+n+1(@me+n) = 2)rngrnal| < 50
Apply Lemma 2.3 with
A= (ragia2) = TaG40) L) (Png2) = Tngi)
with a = y;+1, and with p = r,j41)41 — Tn(j+1), to get
inf [[y501 = Arag2) =)l > 5 (50— 56) = 36

as desired. This completes the construction of (a,(j))jen and (n(j));en-
Now let y; be as in (1) for j € N. Lemma 2.2 provides

55 € (Tn(i+1) = () LIH) (Mngi+1) = Ta()
such that ||[sj,y;]|| > 16 and ||s;|| = 1. The series s = > 72 8j converges in
the strong operator topology, and for j € N we have

s> @@l = [[(ragan) = 7)) 15, @m)] (rag+1) = ra) || = 5559501 > 36
Thus, the subsequence (am(j)) jen satisfies the required condition with b = s
and € = %5. O

The following is an immediate consequence of Corollary 1.6 and Theo-
rem 2.1.

Corollary 2.4. If V is a selective ultrafilter then Fy(L(H)) = C. O

3. FLAT ULTRAFILTERS

Notation 3.1. By f: N " N we mean that f is a strictly increasing function
from N to N such that f(0) > 0.

For such f and nonincreasing h: N — [0, 1] the assertion |h—ho f|lo <&
is equivalent to stating that the variation of h on any interval of the form
NN T[4, f(j)] is at most e.

Definition 3.2. An ultrafilter V on N is flat if there are nonincreasing
functions h,: N — [0, 1], for n € N, such that:

(1) hy,(0) =1 for all n € N.
(2) limj—o hy(j) = 0 for all n € N.
(3) For every f: N /N, we have lim,_y ||hy, — hy 0 f|looc = 0.

Theorem 3.3. Flat ultrafilters exist.
We need a lemma.

Lemma 3.4. Let f: N /' N. Letn € N withn > 0, let mg = 0, and suppose
myy1 > f(my) for 0 <1 <mn. Set

n

n—I

h = Z n XNﬁ[ml,mHl)’
=0

Then ||h —ho flleo < 1/n.
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Proof. Fix j € N. If j > my41 then h(j) = 0 = ho f(j). Otherwise there
is | such that m; < j < myy;. Then f(5) < f(mi+1) < myye (writing
Mp42 = 00). Since h is nonincreasing,

"l 2 he sz L

The required estimate is now clear. O

Proof of Theorem 3.3. Let F be the countable set of all nonincreasing func-

tions h: N — QnN0,1] that are eventually zero and such that ~A(0) = 1. We

start by constructing an ultrafilter V on F. For f: N /N and € > 0 let
Xje={h € Filh—ho flw < ).

By Lemma 3.4 this set is infinite. On the other hand,

XpeNXgs 2 Xmax(f,g), min(e,0)-

Therefore the collection of all Xy, for f: N /" N and € > 0, has the finite
intersection property. Let W be any ultrafilter which extends this collection.

Let k: N — F be a bijection, and set V = {A C N: k(A) € W}, which is
an ultrafilter on N. We claim that V is flat. The functions h,, required in
the definition are given by h,, = k(n) for n € N. Conditions (1) and (2) in
Definition 3.2 are immediate. For Condition (3), let f: N / N and let € > 0.
Then Y = k~1(Xs.) € V, and for n € Y we have h,, € X by construction,
so that ||h, — hyp o f|leo < e. This proves (3) in Definition 3.2. O

4. NONTRIVIAL RELATIVE COMMUTANTS

The present section is devoted to the proof of the following result.
Theorem 4.1. If V is a flat ultrafilter then Fy,(L(H)) # C.

Notation 4.2. Fix an orthonormal basis (&,),en for our separable infinite-
dimensional complex Hilbert space H, and let e,, be the orthogonal projec-
tion onto C¢,,. Let D be the set of all nonincreasing functions h: N — [0, 1]
such that h(0) = 1 and lim, o h(n) = 0. For h € D define a compact
operator ay (with |la|| = 1 since h(0) = 1) by

ap = Z h(j)e;.
j=0

Notation 4.3. Let E = (En)nen be a family of closed orthogonal subspaces
of H such that H = @, E,. Let D(E) be the von Neumann algebra

{a € L(H): aE,, C E,, for all n € N}.

For f: N /N (as in Notation 3.1), and with (&,)nen as in Notation 4.2, let
f™ be the composite fo fo---of (with n terms), and take f° to be the
constant function with value 0. Define E/ by

E} = span{¢;: f"(0) <j < (0},
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and set D(f) = D(Ef).
Lemma 4.4. Adopt Notation 4.2 and Notation 4.3. If h € D, f: N /N,
and ||h — ho fl|loc < e, then for every b € D(f) we have ||[ap, b]| < 2¢]b]|.

Proof. Let g, be the orthogonal projection onto El. We can write

[
ap = Z gnanQn-
n=0

Define
y=>_ h(£"(0))gn.
n=0

(Both series converge in norm because lim,,_,, h(n) = 0.) For any n € N
and for f7(0) < k < f"*1(0), we have

h(f"(0)) = h(k) = h(f"*1(0)) = h(f"(0)) — ¢,
SO anahqn - h(f"(O))an < e. Therefore ||ap, — y|| < e. Since y is a central
element of D(f), the conclusion follows. O

Lemma 4.5. Let A be a unital C*-algebra, let e, f € A be orthogonal pro-
jections, and let a € A. Then

lleae + eaf + fae|| < 2||al.
Proof. We have
eae + eaf + fae = (e + flale + f) — faf,
and |[(e + flale + f)ll, [lfaf] < o] O

Examples using 2 x 2 matrices show that it is not possible to replace the
constant 2 in Lemma 4.5 by 1, even if a is selfadjoint.

The use of ‘stratification’ of L(H) into von Neumann algebras D(g;) as
given in Lemma 4.7 below resembles the use in [5, Lemma 3.1], and the
following lemma is a minor improvement to [5, Lemma 1.3].

Lemma 4.6. Let F = {a1,a2,...,ar} C L(H) be finite, and let 6 > 0.

Then there exist go,g91: N /" N and decompositions a; = al? + ag-l) +¢; for

J
i=1,2,...,k, such that for j =1,2,..., k we have:

(

W

;i € D(g1).

0 1

e < 2l
¢j is compact.

llejll < 6.

Proof. Let p, be the orthogonal projection onto span({&p,&1,...,&{n—-1})-
Thus pp = 0. Also choose pg, p1,... > 0 such that 2> § ppi1 < 4.
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We claim that there is a strictly increasing function f: N — N such that
f(0) = 0 and such that for every n € N and every a € F, we have

2) (= ppmsr)apsm || < oo and  ||pseya(l = prgsn)|| < oo
(For n = 0 the condition is vacuous because py = 0.) We construct f
recursively. Start by taking f(0) = 0. Given f(n), use compactness of py,)a

and apy(,), finiteness of F', and the fact that (p,)men is an approximate
identity for K (H), to choose m > f(n) such that

|1 = pm)apsmy|| < pn and  [|prmya(l = pm)|| < pn

for all a € F. Then set f(n + 1) = m. This proves the claim.
For n € N, we now set ¢, = Df(n41) — Pf(n)- Since pyy = 0, the series
Z?LO:O gn converges to 1 in the strong operator topology.

For j =1,2,...,k, define, with convergence in the strong operator topol-
0gy, -
a§0) = Z (Q2nan2n + @2n05q2n+1 + Q2n+1an2n)
and - "
a§-” = Z (Q2n+1an2n+1 + @2n+105q92n+2 + QZn+2an2n+1)-
n=0

The nth term in the series for ago) is in (gon + g2n+1)L(H)(q2n + q2n+1), and
(1)

the nth term in the series for a; is in (@2n+1 + @2n+2) L(H)(q2n+1 + q2n+2)-
Accordingly, if for j € N we set go(j) = f(2j + 2) and ¢1(j) = f(25 + 1),
then gg,g1: N /' N and parts (1) and (2) are satisfied. Part (3) follows from
Lemma 4.5.

The estimates (2) give, for every n € N,

[ana; (1 = ppnr2)|| = [[anprnr1)ai (1 = Pyt < pnta,
and similarly
H(l _pf(n+2))annH < Pn+1-

Therefore the series
o0

D a0 (1 = ppny2) + (1= Pns2))aidn)]
n=0

converges in norm to a compact operator c¢; with

oo
lesll <23 puin <6
n=0

This is parts (4) and (5). Also, a( ) 4 a( ) 4 ¢j = a; is clear. O

Lemma 4.7. Let V be an arbitrary ultrafilter on N. For a € L(H)Y the
following are equivalent:

(1) ac L(H) NL(H)Y.
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(2) a€ Ny, [D(f) NLH)V].

Proof. The implication from (1) to (2) is trivial.

Assume (2) and fix b € L(H). Fix 6 > 0. By Lemma 4.6 we can find
90,91: N /" N and a decomposition b = by + by + ¢ such that b; € D(g;)
for j = 0,1 and |lc| < 36. Thus [a,b] = [a, by + by + ¢] = [a,c] and
therefore ||[a, b]|| < d|lal|. Since b € L(H) and § > 0 were arbitrary, a €
L(H)Y NL(H)Y. a

Proof of Theorem 4.1. Fix a sequence (hy)nen of functions witnessing the
flatness of V. Let an = ap, = > 72ghn(j)en, as in Notation 4.2. Fix
f: N /7 N. Since lim,_y ||hy — hp © flloc = 0, by Lemma 4.4 the sequence
(an)nen is a representing sequence of an element a of D(f)' N L(H)Y. Since
f: N /N was arbitrary, by Lemma 4.7 we have a € L(H)' N L(H)V.
Therefore (a,)nen is a V-central sequence. Since each a,, is compact and
has norm one, this sequence is nontrivial. O

5. CONCLUDING REMARKS
The following is what remains of Kirchberg’s question.

Question 5.1. Does there exist a nonprincipal ultrafilter V on N such that
Fy(L(H)) = C?

By our Theorem 2, the Continuum Hypothesis implies a positive answer,
but the question is whether such an ultrafilter can be constructed in ZFC.
A ‘typical’ statement independent from ZFC is decided by the Continuum
Hypothesis or a strengthening such as Jensen’s diamond principle in one way
and by Martin’s Axiom or a strengthening such as the Proper Forcing Axiom
in another way. (See [18, Chapter II] for an introduction to Martin’s Axiom.)
An example in theory of operator algebras is the statement ‘the Calkin
algebra has an outer automorphism,” which follows from the Continuum
Hypothesis ([23]) and is incompatible with a consequence of the Proper
Forcing Axiom ([5]). This, however, is not the case with Question 5.1.
It is well-known that (a rather weak form of) Martin’s Axiom implies the
existence of selective ultrafilters, and therefore the existence of U such that
Fy(L(H)) = C. A closer look at the proof of Proposition 1.4 reveals that it
goes through when the Continuum Hypothesis is weakened to the assertion
that for every family F C [N]* such that the intersection of any finitely
many sets in F is infinite, and such that |F| < 2%, there is B € [N]* such
that B\ A is finite for all A € F. This assertion (known as p = 2%0) is an
easy consequence of Martin’s Axiom. (See [1, Section 7].)

By a result of Kunen ([17]), if ZFC is consistent then so is the theory ‘ZFC
+ there are no selective ultrafilters’. However, in Kunen’s model there exists
an ultrafilter V such that Fy(L(H)) = C. An ultrafilter V is a P-point if for
every g: N — N there is A € V such that g is either constant or finite-to-one
on A. In [10] it is proved that if V is a P-point then Fy(L(H)) = C. While
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P-points exist in Kunen’s model, Shelah has proved that if ZFC is consistent
then so is ZFC + ‘there are no P-points’. (See [24].)
We could not resolve the following question.

Question 5.2. IfV is an ultrafilter such that F\y(L(H)) # C, does it follow
that V is flat?

As pointed out in the introduction, tools from the logic of metric struc-
tures ([2]) are very relevant to the study of ultrapowers of C*-algebras.
(See [8] for recent applications.) For example, it would be interesting to re-
formulate some of the results of [15] using the language of model theory. In
particular, can the notion of o-sub-Stonean ([15, Definition 1.4]) be replaced
with the notion of N;-saturated ([2, Definition 7.5], the case when k = 8y,
the least uncountable cardinal)?
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