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  MAIN THEOREM

Consider the 2nd order linear partial differential operator: 

   T P(t1,t2,...,tk)= 0 has the following  kernel:  

 = (D11 ! t j
j =1

k

" D2 j ! mD2 )P(t1,t2 ,...,tk )

(1)m = 2,P ! GFPk;

(2)m = 1,P ! GLPk.

   
T   P(t1,t2,...,tk )



In Leibnitz notation:
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GLPK  is the linear recursive sequence of Generalized Lucas 
Polynomials on k variables. 

GFPK  is the linear recursive sequence of Generalized Fibonacci 
Polynomials on k variables. 

These polynomials are isobaric polynomials, that is, 
symmetric polynomials written on the Elementary 

Symmetric Polynomial (ESP) basis.
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They look like this



A Generalized Fibonacci Polynomial looks like this
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A Generalized Lucas Polynomial looks like this
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The GFPS and GLPs also satisfy linear recursions

Fk ,0 = 1,Fk ,n = 0,n = ! 1,...,! k +1

Gk,0 = k,Gk,n = 0,n = ! 1,...,! k +1

Fk,n = t j
j =1

k

! Fk" j

Gk ,n = t j
j=1

n

! Gk ,n" j



These polynomials are special cases of a more general set of 
symmetric polynomials obtained by giving ÔweightsÕ to the 

generators 

The Weighted Isobaric Polynomials (WIP) with the same 
weight vector are linear recursions with recursion 

parameters,  

t1,t2,...,tk

t1,t2 ,...,tk

A  weight vector is a vector of the form 
! = (! 1, ,! 2 ,...,! k,...)

 
! j " ! .



These weights are assigned to a monomial                    using 
a gadget called the DIFFERENTIAL LATTICE
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The weights are assigned to a monomial             by 
the weight function according to the position of the 
monomial on its Differential Lattice (Young Lattice).
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EXAMPLE



(1,2,2)

(1,1,2)(0,2,2) (1,2,1)

(1,2,0)(0,1,2) (0,2,1)(1,0,2) (1,1,1)

(0,0,2)(0,1,1) (0,2,0)(1,0,1) (1,1,0)

(0,0,1) (0,1,0)

(0,0,0)

(1,0,0)
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The weighted isobaric polynomials can also be 
expressed explicitly:
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The weight vector for the GFPs is (1,1,...,1,...),   

The weight vector for the GFLPs is (1,2,...,n,...),   



(1)  Which linear recursive sequences of WIP-
polynomials are solutions of the 2nd order linear 

partial differential equations?

 = (D11 ! t j
j =1

k

" D2 j ! mD2)P(t1,t2,...,tk )T P(t1,t2,...,tk) = 0

(2) What about uniqueness?

(3) And why is this of any interest?



! !WIP

THEN

Λ Denote the ring of symmetric polynomials by 

    and the WIP-MODULE  by       WIP
The     -module generated by all of the WIPs !



The following structures can be represented in 
WIP

THE GROUP OF MULTIPLICATIVE 
ARITHMETIC FUNCTIONS

LINEAR RECURSIONSNUMBER FIELDS



A SKETCH OF THE PROOF

(1) Strings and Satellites



Methods differ from PDE methods: 
partition theory and DL

DEFINITION: a 0-string generated by                      
is the sequence. 

(0,! 2,...,! k )

(2,! 2 " 1,...,! k )

...

(2 j,! 2 " j ,...,! k )

...

(2! 2,0,...,! k )

(1,! 2,...,! k )

(3,! 2 " 1,...,! k )

...

(2 j +1,! 2 " j ,...,! k )

...

(2! 2 +1,0,...,! k )

j = 0,1,...,a2

DEFINITION: a 1-string generated by                      
is the sequence. (1,α2,...,α k )

From String.generator
increase 1st entry by  1,

2nd entry by  2

j = 0,1,...,a2

(0,α2 ,...,α k )



Each element of a string is 
induced by a monomial 

Example: Fk ,4 = t1
4 + 3t1

2t2 + t2
2 + 2t1t3 + t4

The strings are (0,2,0,0)

(2,1,0,0)

(4,0,0,0)

(1,0,1,0) (0,0,0,1)
s3s2s1

(1,3,1)

(3,2,1)

(5,1,1)

(7,0,1)

For example is a 1-string.

(! 1,! 2 ,...,! k ) " t1
! 1t2

! 2 ...tk
! k



Strings of the lattices of string elements 
intersect for the Þrst time at nodes 

determined by the action of D11 on the string

n=7, 
k=3

(string)

(4,0,1)

(2,1,1)(4,0,0) (3,0,1)

(3,0,0) (2,1,0) (1,1,1) (0,2,1)

(2,0,0) (1,0,1) (1,1,0) (0,2,0)

(0,1,0)(0,0,1)(1,0,0)rank1

rank2

rank3

rank4

rank5 !
 !

 !
 
(2,1,1)

 ! (0,2,1)

 ! (4,0,1)

(2,0,1)

(0,1,1)

1



Write  P(              ) of isobaric degree n as a sum 
of its Satellites.   
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THEOREM.  Every isobaric polynomial can be written uniquely 
as a(n) (ordered) sum of its satellites.

Corollary: The monomials in the Þrst satellite of Pk,n is indexed by the 
partitions of  n  with greatest part 2; 

                the monomials in the sum of the Þrst two satellite is indexed 
by the partitions of  n  with greatest part 3;

the monomials in the sum of the Þrst  k-1 satellites is indexed by the 
partitions of n with greatest part k.

THEOREM. Let  {Pk,n}  be a sequence of linearly recursive isobaric 
polynomials, then T(Pk,n) = 0 for all polynomials in the sequence if and 

only if  T(SP) = 0  for every satellite in the polynomials in the 
sequence.



THEOREM Tm (SP) = 0  for all satellites of the polynomials in the 
sequence {Fk,n} when  m = 2 and for all satellites of the 

polynomials in the sequence {Gk,n} when m = 1.

THEOREM Tm (Pk,n) = 0 for all of the polynomials in the sequence {Fk,n} 
when  m = 2 and for all of the polynomials in the sequence 

{Gk,n} when m = 1. 



Neither changing coefÞcients on the 2nd order linear 
partial differential operator nor choosing different values 

for the parameter  m  yields any new linear recursive 
solutions.

If        satisÞes the partial differential equation,  then  P2,!

m! 2 = 2! 1

A key to these results is the following result

This reßects the fact that small numbers are in general 
more abundant in partitions than large ones



In summary, when m=2,     T  has as a 
kernel scalar multiples of the GFPs,

when m=1, the kernel is any sequence 
such that               .2ω1 =ω2

In particular,   the case  m = 1 includes the GLPs

Morover,  all of the solutions are graded solutions, 
that is hold for each choice of  k.


