REFLECTIONS ON SYMMETRIC POLYNOMIALS AND ARITHMETIC
FUNCTIONS

TRUEMAN MACHENRY AND GEANINA TUDOSE

ABSTRACT. In an isomorphic copy of the ring of symmetric polynomials we study some families
of polynomials which are indexed by rational weight vectors. These families include well known
symmetric polynomials, such as the elementary, homogeneous, and power sum symmetric polyno-
mials. We investigate properties of these families and focus on constructing their rational roots
under a product induced by convolution. A direct application of the latter is to the description of
the roots of certain multiplicative arithmetic functions (the core functions) under the convolution
product.

1. INTRODUCTION

This paper is concerned with a certain isomorphic copy of the ring of symmetric polynomials,
namely the ring of isobaric polynomials denoted by Aj, where the isomorphism is given by a
polynomial map involving the elementary symmetric polynomials. This ring is a polynomial ring
with coefficients taken to be either the integers Z or the rationals (, and the image of a symmetric
polynomial under the isomorphism mentioned above will be called an isobaric reflect. An isobaric?
polynomial is one of the form P, =Y A(a)t* ... ¢3*%, where o = (au,..., k), @; > 0 are integers

k
with Z joj = n. As for the ring of symmetric polynomials, we can allow either a finite number
j=1
k of variables or we can work in A’ = 691020A§C with infinitely many variables.

Families of isobaric polynomials occur in many contexts in mathematics. In [5] it was shown that
the reflects of the complete symmetric polynomials (CSP) determine the multiplicative arithmetic
functions locally. In [6] it was shown that the reflects of the power sum symmetric polynomials
(PSP) determine the lattice of root fields of quadratic extensions. Properties of these two sequences
of polynomials were discussed in [7] where the CSP-reflects are called Generalized Fibonacci Poly-
nomials (GFP), and the PSP-reflects are called the Generalized Lucas Polynomials (GLP). Recall
that the Complete Symmetric Polynomials form a Z-basis for the symmetric polynomials as do
the Elementary Symmetric Polynomials (ESP), while the Power Symmetric Polynomials (PSPs)
form a Q-basis. The analogues of these facts carry over to the isobaric polynomial algebras by
way of a canonical isomorphism of the ring of symmetric polynomials Ay to the ring A}, denoted
by Z%. In fact, this isomorphism is just the one that takes symmetric functions on k variables,
written in terms of elementary symmetric polynomials, and rewrites each elementary polynomial
ej as (—1)7 71,

(1.1) & = S(e) = (1)1

11991 Mathematics Subject Classification: Primary 05E05; Secondary 11N99.
2Keywords and phrases: symmetric functions, isobaric polynomials, multiplicative arithmetic functions.
3the term isobaric is due to Pélya [10]; the cycle index of a finite group appearing in Pélya’s Counting Theorem
is an isobaric polynomial.
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It is well-known that the Schur Symmetric Polynomials (SSP) determine the complex character
table of the finite symmetric groups using the Littlewood-Richardson rule and the Frobenius
Character Theorem. Thus the SSPs for a given n can be regarded as an encoding of the complex
character table of Sym(n). The Frobenius Character Theorem can be written in terms of isobaric
polynomials, namely in terms of GLPs. Using this fact, the complex characters of Sym(n) can be
easily calculated from the isobaric reflects of the SSP(n), the Schur polynomials, for a given n.

The families GFP and GLP have the additional useful property that each satisfies recursion
relations (Newton identities). It will turn out that A’ contains a large class of recursively defined
families (Theorem 2.3). These are the families of what we have called weighted isobaric polynomials
(WIPs), and they are the main subject of this paper. Such polynomials are determined by assigning
a weight to each of the variables ¢;, i.e. by assigning a weight vector to the set of variables {;}.
Such families will be called weighted isobaric families. It turns out that the union of all such
families does not exhaust the ring of isobaric polynomials. In fact, in this paper we show that
among the Schur polynomials, exactly those Schur reflects which represent hook partitions can
belong to a sequence of weighted isobaric polynomials (Theorem 3.1 and Theorem 3.4).

Families of WIPs, multi-indexed by their weights, form in a natural way a free abelian group
induced by addition of their weight vectors (Theorem 2.3). The weighted families GFP and GLP,
i.e. the CSP and PSP reflects, are the weighted families determined by weight vectors (1,1,...) in
the case of GFP, and (1,2,3,...) in the case of GLP. The Schur-hook reflects have weight vectors
of the form (0,0,...,1,1,...) (Theorem 3.2).

The coefficients of the monomials in an isobaric polynomial are uniquely determined by the
exponents of the variables and the weight vector of the family (Theorem 2.1). In order to prove
Theorem 2.1 we use the fact that each monomial determines a lattice whose nodes are the exponent
partitions of the monomial obtained by derivation. However, this lattice is not the well-known
Young’s lattice in symmetric functions theory, but instead it is a lattice partially ordered by the
pointwise inequality of the exponents of the constituent nodes. It assumes a major role in this
paper in understanding the construction of the WIPs and certain other structures associated to
them. This lattice is in fact isomorphic with the divisor lattice of natural numbers. *

In 1988, Carroll and Gioia [1] gave a numerical description of the g-th roots (¢ € Q) of the
multiplicative arithmetical functions in the group of units of the ring of arithmetical functions.
In [5] it was shown that under convolution, these functions form a free abelian group generated
by the completely multiplicative functions, as mentioned above; it was also shown in that paper
that the GFPs give a generic set of generating functions for this group of arithmetic functions
in the following sense: each multiplicative function in the core group® of the group of units of
a multiplicative arithmetic function together with its convolution inverse is uniquely determined
locally by a monic polynomial (over the complex field), the generating polynomial. What is called
a negative element is a multiplicative function whose local values are just the coefficients of this
generating polynomial, while the inverse of this negative core function, a positive element, is a
multiplicative function whose local values are given by evaluating the series of GFPs truncated at
the degree of the generating polynomial at these coefficients. In Section 4, we produce a sequence
of isobaric polynomials which are the g-th roots for any g € Q of the generic generating functions
for these roots, that is, the ¢g-th roots of the Generalized Fibonacci and Lucas polynomials (the
CSP and PSP reflects). Thus, we have embedded the core group into its divisible closure.

Moreover, our construction is more far-reaching than this. It produces a set of g-th roots with
respect to a product induced by convolution, which we have called the level product (so-called

4We thank the referee for pointing out this isomorphism.
5The Core group is the subgroup of the group of units in the ring of arithmetic functions generated by the
completely multiplicative arithmetic functions.
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because it acts on polynomials of the same level and conserves level) for every isobaric polynomial
in any weighted family (Theorem 5.7). Theorem 5.7 also implies that under the level product, an
element has a level product inverse.

It is not the case that the isobaric roots of weighted functions are necessarily weighted. However,
they are determined by specifying a weight vector. The appropriate structure to look at here, then,
is the ring generated by the level product. This is a graded ring H containing WIPs. However,
there is still more algebraic structure. Since we have inversion under level-product, each weighted
family and its divisible closure has the structure of the rationals. Moreover, because of Theorem 2.3
each weighted family is acted on by translations, and so we finally have that all of this together
with the derivation operation give a differential graded abelian group acted on by an affine group.

2. WEIGHTED ISOBARIC POLYNOMIALS

Before we proceed we introduce a few notations used often in the paper.
Notation. For a non-negative integer vector a = (ai,...,q;) € Zgo we denote a F n if
k k
Zjaj = n, and by |a| the sum Z a;. The partition associated to « is (1*1,2%2,... k“) which
is a partition of n.
We first define the weight of a monomial and then define the weighted isobaric polynomial.

Definition 1. Given a rational vector w = (w1, wy, ...,w,) we define the weight of each variable
t; as wi(t;) = wj, for each i = 1,..., k. The weight wt(t*) is now defined inductively as
k
(2.1) wi(t®) = Y wt(tg . Tk,
i=1,0;>1

A weighted isobaric polynomial (WIP) of weight w is defined to be
(2.2) Pinw =Y _ wi(t®)t*,

akFn

Remark 1. 1. The definition of the weights can be best understood using a particular lattice
which will now be described. The nodes of the lattice are the monomials {t{"...#3*}, where
a=(o,...,a;), aj €Z, aj > 0. The relation

9 = (P D) <@ = (#9119, if B; < o, for every j,

imposes a lattice structure on the set of {t*}. The depth of a monomial in the lattice is |a/, and its
level is n = Zj joy. Let 1 be the bottom element. After we assign weight w; to each t;, t¢* will be

assigned the coefficient equal to the sum of the coefficients of all ¢ that have depth (Ja| — 1) and
for which ## < ¢t®. Thus each monomial involving t* can be associated with a (finite) sublattice
L(t*) with top element t*, the lattice of all those monomials whose coefficients contribute to the
coefficient of t*. For any two monomials there is a monomial whose lattice contains their lattices®.
Note also that the lengths of all maximal chains of the sublattice £(¢%) with #? < t* are the same
and clearly equal to the corresponding depth.

2. Another interpretation of this lattice can be drawn by identifying t?j with p?j , where p; is
the j-th prime number. In this way, the order relation becomes the divisibility relation for natural
numbers.

6This lattice can be thought as a lattice of Young diagrams (1°1,...,k**) in which a “smaller” diagram is one
with one less row; it is clearly not a Young lattice. As far as we know these lattices have not been introduced before
into the study of symmetric functions.



4 TRUEMAN MACHENRY AND GEANINA TUDOSE

Example 1. The lattice L(t3tat3) is

We can now state

Theorem 2.1. If w is a weight vector, then the WIP of degree n has at most P(n) terms, where
P(n) is the number of partitions of n, and the coefficients are given by

(2.3) weight(t®) = Ap (@) = ( o )M
Afy...,0k ‘a|

In particular, the coefficients of the families Fj, the GFP and G, the GLP, are given by < o )
A1y...,0p
(laf —1)!

I 7 (@ % , respectively, where the weight vector of the GFPs is given by (1,1,...) and the
j=1

weight vector of the GLPs is given by (1,2,3,...). It is of interest that, when w is an integer vector,
the numbers Ay, (o) are integers. This will be a trivial consequence of the proof of Theorem 2.1.
Proof of Theorem 2.1.

Let w = (w1,...,wy) with w; € Z be a weight assignment to the indeterminates t1,...,%;. This
assignment, together with the inductive rule for determining the coefficient of a monomial in the
lattice, will define a family of WIPs, denoted by §.,, or just §,.

To see that the coefficients are as stated in the theorem, we proceed by induction on the depth

and n

to compute the coefficient of 7, where {7 = t;” tZ’“ The monomials that contribute to the
coefficient of 7 are just tV(J), where v0) = (v, . % —1,...,7). Then by induction
: (v —2)!
Apmw(YD) = [D_ viwi + (v — Dwy]
e Hz#] (’Yz - 1 ; o “

and so

Ak,nw Z 1—[ h| — 1 [Z Yiwi + (75 — 1)(.0]]

i£] (7)!

k
(h = D'y '[z %wz—wg]_(lvl—l)! Sy L S
=20 wzm— Do =11 = Lo (a1 )

— 1!
= Tt (o

j=1 44
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O
Note that a family 3§y, is a sequence of polynomials, one for each degree. For example the first
four of these in any sequence are of the form:

P, = wt

PQ,w = wlt% + OJQtQ

P, = wlti’ + ((U1 + wz)t1t2 + wsts

Py, = wlt% + (2&]1 + wg)t%tg + (I.)Qt% + (w1 + wg)tltg + wyty

Since all of the operations involved in computing the coefficients are ring operations, we have the
following.

Corollary 2.2. If o and w are integer vectors, then Ay (o) is an integer.

Remark 2. For a weight w with w; # 0, for any 7, using the jacobian criterion we have that
Jacob(P;,,) =[], wi # 0 and thus the family ¥, consists of algebraically independent polynomi-
als. This allow us to construct a new basis for A} for each such weight vector w, whose elements
are
Py, = H Py w for every partition .
J

Moreover, if Py, € §xw and, Py € Fio then Py, + Py € g wiw- If we define addition on
these classes by §kw + Tkw = Skwtw We have

Theorem 2.3. {F .} is a free Z-module under this operation.

Proof First notice that Ay, (@) = Agnw (@) if and only if w = W', for by Theorem 2.1 this
implies that Ej Qjwj = Zj ajw;-, and this in turn implies, by taking different values for the a’s,
that w; = w;-. Thus equality of families implies identity of weights. Clearly the set of families is
a Z-module under the defined operation. Since there is a homomorphic image of the Z-module of
families onto the Z-module of integer weight vectors, the assertion follows.

O

While the WIPs form a graded (and, as we shall see, a differential graded) group, they are not
closed under multiplication, so the best we can do is speak of the subring of A} generated by
WIPs. We shall see later that this is a proper subring of A). The lattice £(t7) is generated by

1
derivations —&;, where 9; : t* — «;t®, and where 8 = (a1,...,0; —1,..., ;). Thus A} becomes a
o

2
differential graded ring. We also shall need the total differential operator D; where D; = D1(D;_1)
and Dy (t*) = >, 0;(t*). We are interested in the total differential when it is evaluated at a weight
vector w = (w;);. We write this as D;(w®). We shall need the following lemma later.

Lemma 2.4.
Do (Wi ... wp*) = (Ja| = DY erwr + ... + agpwy).

(Note that the right hand side of the Equation above is just [J(c;)! times the coefficient of a
monomial term in a weighted isobaric polynomial given in Theorem 2.1.)
Proof of Lemma 2.4 Let u = |a/, then

i—1
Dy(wi .. .wi*) = ZajDu_l(wf‘l . ..w;l” cewp®)
J
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and by induction it is

= (1= (e (on) =) = = 2 (e ) = ()
= (u—2)1(u —1)( Za,wz (la] = 1)! Zazwz

3. WEIGHTED ISOBARIC POLYNOMIALS AND SCHUR FUNCTIONS

In this section we are interested in the question of which isobaric polynomials (viewed as reflects
of symmetric polynomials) belong to some WIP sequence. We have already seen that two families of
polynomials, namely the Generalized Fibonacci Polynomials and Generalized Lucas Polynomials,
which are the reflects of the complete and power symmetric polynomials. However, the rich
structure of the ring of symmetric polynomials leads to ask if other well known families of symmetric
polynomials are endowed with this property.

Before we proceed let us recall some facts about symmetric polynomials. For a basic overview
of the subject the reader is advised to consult [2], while a more comprehensive treatment is given
in [4].

The ring of symmetric polynomials in k variables z1, zo, ...,z is formed by those polynomials
f € Zz1,...,zx] invariant under permutations of variables. This ring, denoted by Ay possesses a
series of linear bases indexed by partitions. Three bases we encountered already, the elementary
symmetric functions e, = Z Zi, ...z, and ey = [[ey, with A partitions such that

1<i1 <ig<...<1n <k
A1 < k. The others are the complete homogeneous polynomials h, = Z Tiy oo T

n

with hy defined similarly and the power sum symmetric polynomial p, = ) ;" ; z'. The py’s are
a Q-basis.

However the basis that plays the most important role in the theory of symmetric functions
and its connections with other areas of mathematics such as geometry and representation theory
is the Schur polynomials. The polynomial S) is in fact the character function associated to the
irreducible character of type A of the symmetric group Sym(n). We define them here just by the
formulas below. Note: S,y = hy, and S(1n) = ey.

Formulas that express one basis in terms of another are both remarkable and extremely useful.
We will make use of them in the sequel. We will need two. The first is the Jacobi-Trudi formula
that expresses the Schur basis in terms of the complete homogeneous symmetric polynomials:

Sx = det[hy; —itjli<ij<k-
The other is the Frobenius Character Theorem, which expresses the Schur basis in terms of the
power sum symmetric polynomials:
1
= = Clupdmn
u

where C(u) is the size of the conjugacy class of 11, and x4 is the character of Sym(n) afforded by
applied to p. Applying the reflection map = to these formula we obtain S = det[FA]. —ili<i i<k
and 5 = > C(1)X5Gy respectively.

The rest of this section is concerned with which Schur reflects (i.e. reflects of the Schur poly-
nomials) belong to a WIP family. We show that that Schur reflects determined by partitions A
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which are hooks, i.e. of type A = (p,19) verify this property and that for no other partition is Sy
a member of a WIP family.

The hook Schur polynomials can be expressed in terms of the homogeneous and elementary
symmetric polynomials as S, _,,1r) = EjZT+1(—1)j_T_lejh(n_j) [[4] Chap 3]. Taking the isobaric
reflect we obtain

Theorem 3.1.

n n
(3.1) S(n_T,]_r) = (—1)T Z th(n—j) = (—1)T Z th(n—j)a 0 S T S n.
j=r+1 j>r+1
The reflects of the Schur polynomials determined by hooks form families of weighted isobaric
polynomials. If A = (p,1?) is a hook partition we call p the arm and ¢ the leg of the hook. The
Schur polynomial reflects determined by hooks with legs of the same length belong to the same
weighted family, where the length is the number of boxes. More precisely we have

Theorem 3.2. The Schur reflects indezed by hooks with leg length (r + 1) belong to the weighted
family determined by the weights w(,y = (=1)7(0,0,...,1,1,...), with r 0’s, the rest 1’s.

Proof of Theorem 3.2 We will first show that each term on the right hand side of (3.1) is a
weighted polynomial and describe its weight.

Lemma 3.3. The weight vector for t;F,_; is (0,0,...,1,0,...), where the j-th component is 1.

Proof Exponents of the monomials in F;,_; satisfy || = n — j. So the coefficients of F,,_; are

!
by Theorem 2.1, Ay ,_j11,.)(a) = %, where > ia; = n — j. But the coefficient of the
=1 Qa;):
monomial in ¢;F,_; with exponent 8 = (a1, ..., +1,..., ), that is the coefficients in Ay, ,,(5),
is the same, i.e Ay p_j(1,1,.)(@) = A pnw(B). On the other hand

|af!
Apnw(B) = Y aw; + (o + Dw;].
) = DIl o+ (e e
From these considerations we get that Z#j aw; + (aj + 1)w; = a; + 1. Since this is true
for all exponents such that ) ie; = n — j we must have that the weight vector of ¢;F,_; is
(0,0,...,1,0,...). 0

We complete the proof of Theorem 3.2 by using the result of Theorem 2.3 which shows that
a sum of weighted polynomials is a weighted polynomial with weight the sum of weights of each
term. Therefore the proof is complete. O

Next we give a complete answer to the question of which Schur reflects belong to weighted
families.

Theorem 3.4. If A is a partition of n which is not a hook, then Sy # P, for any weight vector
w. The Schur reflect cannot be a weighted polynomial.

Before we proceed with the proof we need

Definition 2 (lexicographic order on P(n)). Let A = (A1 > Ao > ...) and p = (1 > po > ...) be
two partitions of n. We say that A < u if and only if, for some index ¢ we have \; = p; for j <1
and \; < p;.

Example 2. The lexicographic order on P(4).
(1) < (1%,2) < (22) < (11,3") < (41).
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This order induces a corresponding order on the monomials t* with (1¢1,..., k%) F n. Further-
more we shall write the WIPs by ordering its monomials starting with the smallest. For example
Py = wit] + (2w + wo)tity + wstl + (w1 + ws)tits + wats.

Next we place in a all monomials ¢* = ¢ ...¢;" such that o; # 0 and «; =0, for j > 1.

Example 3. The arrangement of bozes in P(4).

It is easy to see that ordering the boxes according to their indices, gives a saturated chain under
the lexicographic order of all monomials t*, with (1%1,...,k*) F n. We note that the smallest
monomial in each box corresponds to a hook and only to a hook. This follows from the way we
defined the boxes: the smallest monomial in, say is t?iiti which corresponds to the hook
(3, 177%).
Proof of Theorem 3.4 We use a formula which expresses the Schur polynomial basis in terms
of the elementary symmetric polynomial basis of the ring of symmetric polynomials. This is the
famous Jacobi-Trudi identity: S, = det(e)\g _i+;) where M is the conjugate partition of A obtained
by transposing the Young diagram. Under the reflection isomorphism, i.e., & = (—1)""'¢;, we
get S\ = det((—1)N~iti-1g,, +5) - In the expression above the smallest monomial is obtained
from the main diagonal of the determinant (as the transition matrix from the bases S and ey
is upper triangular [Chap 6 in [4]] and also the Appendix). The smallest monomial is #° where
(1%, ...,5%) = X and its coefficient is (—1)" " # 0.

Assume now that Sy is a weighted polynomial, that is, there exists a weight w such that Sy =
P, .. Recall that from Theorem 2.1, in P, , the coefficient of t* is A(a) = ( o )M

Q1 ey A |
Assume that the smallest monomial ¢° belongs to , i.e, §s # 0 and §; = 0 for 7 > s. Since A
is not a hook, ) is not a hook either and so ¢ is not the first monomial in box s. Moreover, we
must have that A(8) = 0 for any f such that (1%1,... k) < (1%,...,5%) in the lexicographic
order. In particular A(8®)) = 0, for 8 = (n —14,0,...,1,...,0), with 1 in the i-th place, for

1=1,2,...,s, that is, the first monomials in boxes 1,2,...,s. This is to say
(n_iH) (";Z_)“;fllwi —0, i=1,...s
From this system of equation we get
wi=wyg=...=ws =0,
which in turn gives A(¢) = (61,(5'2‘?_'__,55) % = 0, a contradiction. a

Theorem 3.2 and 3.4 tell us that a Schur reflect is a WIP iff it is indexed by a hook. On the
other hand every WIP can be written as an expression in the Schur reflect basis. It turns out that
these expressions are both remarkable and simple and involve only hook Schur reflects.

Theorem 3.5.

|
—

n

(3.2) Pow=Y (1) (w; — wi+1)5’(n7i,1i)> where wy = 0.

)

S
Il
o
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Proof Since each S(n,i’li) is a weighted polynomial of weight (—1)¢(0,0,...,1,1,...) with the first
1 in the (2 + 1)-th position, we obtain that the right hand side is a weighted polynomial of level n
with weight vector:

Z(_l)i+i+1(wi - wi+1)(0705 s L ) = (w15w27 e ) = w.

i

4. RECURSION PROPERTIES AND GENERATING FUNCTIONS

In [7] it was shown that the CSP reflects and the PSP reflects satisfy Newton identities, that
is, are recursive. This is in fact a property possessed by all WIPs.

Theorem 4.1. Let P, , = Py € Skw, then
(4-1) Pn,w = tIPnfl,w +- tn,1P17w + tpwn
Proof This is, essentially, the lattice definition that assigns coefficients to monomials in a weighted
family. Let A(a)t* be a monomial in P, , and consider all monomials t# in Pj,’s on the right
hand side such that tn_jtﬂ = t®. In the lattice £(¢®) we need only consider the nodes that contain
tj such that 7 = 1,...k and only those nodes 0;t“ for which ¢;0;t* = t“. But these are just the
nodes of depth (Ja| — 1), which by Theorem 2.1, are those whose coefficient sum is the coefficient
of t°.

On the other hand, every vector a that occurs in a monomial Pj,, in ) t,_;P;, occurs as a
vector for some monomial in P, . O

Theorem 4.2. A generating function for the WIPs in the family F.,, Q(y) = >,50 Powy™ with
PRy, =1 is given by -

wltly + LUQtoz + w3t3y3 + ...+ wktkyk
1—p(y) ’

The polynomial f(1/y) = z¥ —t;2%¥~1 —-.. —#;, with z = 1/y will be called the core polynomial.
The significance of the core polynomial will be discussed below and in the next section.

Qy) =1+ where p(y) = t1y + toy? + ta3y® + ... + tryF.

We shall organize the proof of Theorem 4.2 around the following two lemmas.
Lemma 4.3. A generating function for the family ., where wg) = (1,1,...,1,...) is the func-

tion H(y) = where p(y) = (t1y + toy? +t35° + ... + "),

1
1-p(y)’
Proof This is a consequence of Theorem 3.1 in [5] where it was shown that {F},(¢)} is the “positive”
multiplicative function in the core group (under the standard convolution product in the ring of
arithmetic functions” ) of the group of units of the ring of arithmetic functions, which is determined

by the polynomial
1

:L‘k—tl.’Ek_ —---—tk,
which itself is the generating function for the “negative” sequence with respect to the positive
sequence . Thus letting z = 1/y gives the result. m|

Lemma 4.4. Let w be an arbitrary weight vector, then P, = wpl, * Iy, where wyt, * F,, =
Z?:o wjtiFy_j and F, € Sw(o)'

"If ¢ and 6 are two arithmetic functions their convolution product is defined by ¢ x 6(n) = > 4, ¢(d)8(n/d).
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(The *-product is discussed in the next section where it is called the “level product”).
Proof An easy induction using Theorem 4.1 gives the result. O

Proof of Theorem 4.2 It is clear that ) w,t,y™ is the generating function for wyt,. Using
Lemma 4.3 and Lemma 4.4, we obtain the result we want by multiplying the generating functions.
O

5. ROOT POLYNOMIALS AND CONVOLUTIONS

This section is motivated by work which appeared in [1] and [7] and [12]. In [5] the subgroup
generated by the completely multiplicative arithmetic functions in the group of units of the ring of
arithmetic functions (the core subgroup), where multiplication is convolution, is discussed. Each
multiplicative function in this group is uniquely determined locally (at primes) by a particular
polynomial f(z,a) = 2* —a;2¥~! —... —ay. This is the core polynomial (see Section 3, particularly
Theorem 4.2), where the parameters are evaluated at (a1,as,...,ar). What was referred to as
the “negative” of the multiplicative function in that paper is an arithmetic function whose values
are just the coefficients of the core polynomial. It was proved in [5] that the “positive” part was
determined locally by the values of the isobaric reflects of the CSPs, that is by the GFPs at these
coefficients, or rather by “truncations” of the GFPs, that is, GFPs parametrized by partitions of
n into parts no one of which is greater than a fixed k. (Truncation is equivalent to setting the
isobaric generators ty1,tk12,-.. equal to zero in the GFPs, or in any isobaric family). This gives
a far-reaching generalization of the results in the 1988 paper of T. Carroll and A. A. Gioia [1]
which applies to theory of arithmetic functions as well as to the theory of symmetric polynomials.

Carroll and Gioia [1] gave a numerical description of the rational roots of the core functions. In
this part of the paper, we consider isobaric polynomials with rational coefficients and find among
them polynomials which play the same role for the rational roots of the multiplicative arithmetic
functions in the core group as the GFPs play for the core group itself, embedding the core group
into a divisible group. We do more. Given a family of WIPs, we shall provide each of its members
with unique rational roots induced by convolution. We shall call the products that produce these
roots, level products, since they are products of polynomials of the same level which preserve level.

The property of GFPs described above with respect to the core group in the convolution ring
of arithmetic functions can be stated as follows. Let p be a fixed prime, and let x be a positive
element in the core, then x(p") = Fyn(a1,...,a;) where 1,a,...,a; are the coefficients of the
k-th degree determining polynomial. We can think of the determining polynomial in the case of
Fn(t1,-..,t) as the generic k-th degree polynomial zF — ty2k=1 — ... — t;. More is true; the
entire group of units in the ring of arithmetic functions is determined by the sequence {F,(t)}.
The 'negative’ elements are determined by the coefficients of the core polynomial. The ’positive’
elements are determined by the sequence {F} ,},, itself, as just pointed out; while the complement
of the core group in the group of units consists of functions determined by the sequence {F}y }n-
The role of the core polynomial is played by a power series, and so the remaining units can be
regarded as limits of core functions, giving an analogy with the relationship between rational and
irrational numbers.

Recall that the convolution product of two multiplicative function is given locally by

X1k x2(pP") = Y x1 (@) x2(p" 7).
=0
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By induction, the s-th convolution power of a multiplicative arithmetic function yx is given by
k
. S
= Cs(a p" )%, where Cs(a :( )
X C; S( )1:[1X( ) El S() Oél,...,Oék,(S-'OzD
1’0 1=
We extend the definition of the convolution product for two sequence of polynomials {P,},>0
and {Qn}n>0 yielding another sequence {Ry},>0 with

(5.1) R, = Zn:PiQn_,-.
=0

We will call the convolution product of two sequences of isobaric polynomials a level product, since
the level is preserved. Let P, = )" A(a)t® be an isobaric polynomial. If P, belongs to a weighted
family the coefficients A(«) are given by Theorem 2.1.

Let ¢ € Q (the group of rationals). Define the sequences B;’-I =q(g+1)...(¢g+j) and Bq_(].) =

qglg—1)...(qg—j), for j > 0, otherwise both B;?, Bz(j) are zero.

Theorem 5.1. Let Hy ,(t,q) denote the g-th convolution root of Fy, ,(t), where Fy ,(t) € GFP,
then

1 o o
(52) Hk,n(ta(J) = Z wBaM_l) (Oél, ‘ | )t .

et e, O

Corollary 5.2.
Hk,n(ta ]-) = Fk,n(t)

Proof of Corollary When ¢ = 1, then B(1\a|—1) = |a|!. The Corollary then follows from Theo-

rem 2.1 (see remark following that theorem). O

Corollary 5.3. If x belongs to the Core of the group of units of the convolution ring of arithmetic
functions, then Hyp(a,q) = x*Y9(p"), where a = (ay,...,ay) is the set of coefficients of the core
polynomial of x.
O
The proof of Theorem 5.1 follows from a more general result. Namely that each polynomial in
a weighted family of isobaric polynomials has a unique g-root for every rational number gq.

Theorem 5.4. Hyp , = Z Ly w(a)t® where

abgn

o] -1
Bunale) = 32 trr () Bl P e )
w2 Mai\ 4 )70

is the q-th level root of Py, € Sk and Hyg, = 1.
Theorem 5.1 follows from Theorem 5.4. The following lemmas will be used in proving this.

Lemma 5.5.

Dj(wa)|w:(1,1,...) = W

o then in th
——————— then in the
(la] =5+ 1)V

j-th step the exponent sum is decreased by 1, so by derivation, (|a| — j) appears as the only new
factor in the value of D;w®. O

Proof At depth 0 the value is 1. If after (j — 1) derivations the value is
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Lemma 5.6.
la|—1

LR G PRI

. ' : - o
Proof Counsider the following Stirling functions [z], = z(z —1)...(z —n + 1), and [z|" = z(z +
1)...(z +n —1). From the theory of Stirling numbers of 1st and 2nd kind we have the relation

P
— 1\ p!
[z]P = Z (] )g[ ]; (e.g., [11], p15, problem 3). This translates into

!
PRV
Bq _ P p (p + 1)'Bq
(p) — ]z% i) G+ -6
Letting now p = |a| — 1 in the Equation above gives the result we wanted. O

Theorem 5.4 is a consequence of the following theorem, which shows an interesting closure
property.
Theorem 5.7.
ch,n,w(ta q) * ch,n,w(ta ql) = Hk,n,w(ta q+ ql)

Before we proceed we need these lemmas.

Lemma 5.8. "
n
n+1\ 4 q _ patd
> ( j )B<n »B=6-1 = B
J=0
Proof As in Lemma 5.6 this is a consequence of the theory of Stirling numbers. Here the relevant
result is that [z + ylp41 = ;L’L(} ("+1)[$]n+1 _jlyl;- An analogous formula for [z + y]"™! shows

that 3335 (") BG, B ) = By’ -

Lemma 5.9. Let a = (ay,...ax) with a; > 0 and |o| = > oy =n. Then

S e (7 o

|B|=m,B<a i
where m <mn and p, ¢ € N,
Proof We will prove this lemma by induction.

Let P(q) be the following statement:“(5.3) is true for every p”. First we will show that P(0) is
true, i.e.

(5.4) S I (%) Wb — (ZL—_ 1;) Dyt

Bl=m,f<a i
Before we proceed let us note the case where p = 0, which will be used in the sequel. In this case
the identity (5.4) becomes > 4[], (al)wﬂwa f = (I")w*, that is sl (%2) = (). The latter is
true since the left hand side of it is the coefficient of 2™ in the product (1 4+ z)* ... (14 z)* =
(1+2)>% = (1+ z)", which is clearly (").
For the general case we may write Dpw® = Z|,3—’y|:p fy(B)w?, where f,(B) is a polynomial in
the B’s. More precisely, if s; = 8; —v; then f,(8) = c¢- [[[Bils; = c]l (52)(@ — i)}, where ¢ is a
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constant. This constant counts the number of paths in the lattice £(¢%) from % to t*. Equivalently,

¢ is the enumeration of {oq, ,a1 — 81+ 1,...} such that a; precedes a; — 1 and so on. Hence
c= (51:1', 1’:’“)' H( IR In fact we have showed that

| IB’L
59 YTl

[B=l=p @

We can now rewrite Equation 5.4 as

X () 2 o= (0 3 ()

|Bl=m i |B—y|=p i a—=d|=p 1

For § fixed on the right hand side we must have equality of the correspondlng coefficients, i.e.

= G G-ovs) - ()T G)

|Bl=m

and if we rewrite the left hand side we obtain

2 () () - (o))

|Bl=m 1

which gives the identity we showed for p = 0.
To show the induction step we differentiate the expression in P(q) ( 5.3) to get

> H( ) Dy410 Dy # + Y H( ) Dy’ Dgp1w® ¥ = ("?7_111;‘1>Dp+q+1wa

Bl=m 1 Bl=m 1
and by the induction step

3 ) R Gy

|Bl=m 1
n—p—q-—1
B < m—p )I%””+1wa

which is exactly P(g + 1), and thus the proof of Lemma 5.9 is complete. O

We need one more lemma which is a binomial identity.

Lemma 5.10. Let p, q and n such that p+q < n. Then

nf:q(p—kz')(n—p—i) _( n+1 )
<\ q ptqg+1

Proof If we make the convention that (Z) = 0 if a < b, we can think of the left hand side as being

the sum Z (U) ( ) This is in fact the coefficient of zPy? in

i ni _ (L+z)" — (1 4y
§(1+I) (I4+y)" " = Ty -
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Let us denote by a(i,j) the coefficient of 2’3/ in the expression above, i.e.

(1 +az)™ = (L y)"t PN

p— =D _alij)a'y’.

irj
We have that
(L+2)" " = (L +y)" ' =3 ali, )@y —a'y/*) =) lali - 1,5) — ali,j - D]a'y’.
2 2
Here a(i,j) = 0 if one of 7, j is negative. By equating coefficients, we obtain
. . n+1
a(i,0) = a(0,4) = (2 + 1)a

and if both ¢, j > 0, then we get a(i — 1,5) = a(i,j — 1). An easy inductive argument shows that

. . . . +1
a(z,j):a(z—l—l,]—l):---:a(z—l—],()): K

L and the proof of the lemma is complete.
- 1+J7+1

Proof of Theorem 5.7 By the definition of the level product we have that

Hy ot q) * Hy o(t,q) ZHnwtq)Hwtq Z S LB > L (y)t
=0

1=0 pBFn—i Y

=33 LYB)LT (o - p)t°

akln f<a
where 8 < a means §; < q;, for every ¢. Therefore we need to show that

Y LUB)LY (a — B) = LY (a).

B<a

By replacing L’s with their formulas (see definition in the statement of Theorem 5.4), we therefore
need to show that

r—1p—r—1 1 ,
ZH( >Z 2 ( )( . )Bz<s>33<t)D<r—s—1>wﬂ Diprt-y™ ™"

B<a 1t s=0 =0

(5.6) :z_:( )Bq+ ID(p —i-)w

where we denote for simplicity |@| = p and || = 7. Fix now an index j in the right hand side
above. An important fact is that for each such j the expression of D,_;_;w® gives an homogeneous
polynomial of degree (5 + 1) in wy,...,wg. So it suffices to show that the two corresponding
homogeneous polynomials of the same degree on both sides coincide. To obtain the homogeneous
polynomial of degree (j + 1) on the left hand side we need to pick indices s and ¢ such that
(s+1)+(t+1)=35+1,ie.,t=j—s—1. The homogeneous polynomial of degree (5 + 1) on the
left hand side is therefore

-\ /p—r—-1 / o
211 ( ) 2, ( s ) (j —s- 1)Bq<s)BqusnD<rsl>wﬁ Dip-r—jrs

B<a 1t
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As before we consider () = 0 if a < b. We can rewrite Y p<a 88 P, > |8|=r, p<a> and the
expression above becomes

1N\ (p-r—1 i
Z 2 H( )Z< s )(?—:—JB—( B ooy Dir—sm1y@ Dy gy

r=0|8|=r,f<a i

r—1

P S (r—1\(p—r—1 y
:ZZ(TS )(?_:_1>Bq(s)3 (j—s—1) Z H( )D(rs nHw D(pry+s)w -,

r=0 s=0 |B|=r,B<a 1

which by using Lemma 5.9 is

p r—1 .
_ r—1\/p—r—1 q qd j+1 ' o
2 M1 () ) LI T (A LSS

p—1 .
B J+1\ 4 r—1\(p—r—1
_Z(s )B—() —(j—s—1) Dy—j-1w Z( s >(j—s—1)’

p—1 .
— J+1\ g q Pl
= (3+1>B—<s>3 (G—s-n P )

which finally by Lemma, 5.8 is
p— 1 +¢ @
_ ( j )Bq_ Dy

This is exactly the homogeneous polynomial of degree (j + 1) in the right hand side of (5.6) and
thus the proof of Theorem 5.7 is complete.
O

6. ALGEBRAIC STRUCTURE

Let H,,, denote the algebra generated by all Hy, ,, under the addition and the level product.
As a consequence of Theorem 5.7 each H,, ,, has a level-product inverse in .

Theorem 6.1.
HyL(t,q) = Hyw(t,—q)
O

So from Theorems 5.7 and 6.1 we have that for a fixed weight w and a given level n the
polynomials M, ., = {Hpnw(t, q)}qcq form an abelian group under the level product isomorphic
to the rationals, Q, under addition. The group 7 = {§.}» acts on this group by translation
in the following way: 7T acts on a family of WIPs by (say) a right translation (Theorem 2.3)
and in a natural way the g-th roots follow along. Theorem 6.1 applies to a family of WIPs, as
well, giving the subgroup determined by a weighted isobaric family under the level operation. All
of this together with the derivation operators d; give a structure of differential graded group to
H =@, ®n Hnw acted on by an affine group.
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7. APPENDIX

Schur reflects for Sym(n), with n = 1,2, ...,6.

S(Q) = t% +io
5(12) = —t9

S@) = 1342t +1s
Sey = —lita — 13
S(ls) = t3

S = th +3tHy +3 42ty A
Seny = 3y —t3 —tits  —t
Se2y = ty  —tity

€(2,12) = tit3 +i4
5(14) = —14

S = 8 43ty 30113 +3tHs +2hats +2its +is
—t3ty  —204t3 —tHt3  —2toty —titqy —t;
t113 —t3t3  +tots  —titg
Sz = tits  +hats it His

& —tots ity
—tita  —t5
S(15) = ts

> Uy
~ =
Lo
N =
- =
o

> Uy W
~T T~
N [\V]
T
w =
—_ =
o

S(6) = 1% +btity +6t3t3 +t3 +4t3ts 13 +6titats 35t +2tats +2t1ts g
Sey = —tity  —3t{t3 —t3 —tits —t5 —Atitats —2toty —2t1t5 —tg
Sup) = t5  +t3 —tits 2ty Aoty —tits
Swany = tits 5 A2itats +tita  Alots ity +ig
Sy = —t3 3 F2ytots —tity  —toty

Sao1) = —t2  —titaty i +tits

S(QS) - 3 —tats

5:(3,13) = —t2ty  —tots  —tits —le
S(22,12) = toty —t1ty
Seuy = tits g
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