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0. Introduction. A is the ring of arithmetic functions with convolu-
tion as multiplication. It is well known that A is a unique factorization
domain [3]. Its ideal structure has been studied by Shapiro [5]. The
group of units, particularly the subgroup of multiplicative functions,
has been investigated by many people over the years. The multiplica-
tive functions can be characterized as those arithmetic functions which
are completely determined by their values at prime powers. Among
them are the completely multiplicative functions, namely, those that
are characterized by their values at the primes. The subgroup of the
group of multiplicative functions generated by the completely multi-
plicative functions, the (group of) rational functions, was studied in a
paper of Carroll and Gioia [2]. The name rational functions is due to
Vaidyanathaswamy [6, pp. 611-612]. It is this subgroup, denoted here
by M™, that we are concerned with.

Among other results, we show that M™ is a free (abelian) group; in
particular, it is torsion-free and each element has a unique representa-
tion in terms of a generating set consisting of completely multiplicative
functions. The group M™® is especially rich in subgroups. Our general
approach is to look for “interesting” subgroups, that is, we shall use
the subgroup structure as a useful means of classifying the arithmetic
functions in this group.

Let
MkZ{’)/EM.;’)’IOl*"'*Ol,k times,aEMl}

and
My ={yte M ~e M},

where M; is the set of completely multiplicative functions. Then every
element of M™ can be written as a (convolution) product =, * ﬁy]-_l,
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1. The group MY,

Theorem 1.1 [2, Theorem 2.2]. v € M implies that v"1(p™) = 0
forn > k.

Theorem 1.2. v € My, and v % & implies that v~ ! ¢ M, for any
n € N.

Proof. Suppose not. Let k be the least integer for which the result
is false. Let vy = 8% X, 8,Xx € M™. We have from Theorem 1.1
that y"1(p*) = 0 for t > k and v(p*) = 0 for t > n. We can
suppose that 3 € M; and that X € Mj_1, so that x = v * 871
Now x(p") = 7(p") + (") (p), 7(p"™7) = 0, r~j 2 n+1
and B~Xp’) = 0, j > 2. Thus v(p"7)B(p’) = 0if j > 2 or if
j<r—-n-1 Soifr =n+3, X(p") = 0. Thus X~' € Mu4o.
B) = v*x7Hp") = LAl )xHpY). x7Hp') =0, > k. Also
(™) =0forr—j >n+1,ie,if j<r—n-1. Sor > k+n+1, then
¥(p"~%) = 0 when j < k, and X(p’) = 0 when j > k; thus, B(p") = 0 for
r > k+n+1. Hence, 7! € Myyni1. But B € My, so B(p") = B(p)”
forr > k+n+ 1, and hence 8(p) = 0. 8 = J and v € Mj_1, the
desired contradiction. The case & = 1 follows easily from an obvious
adaptation of the argument concerning 3 used above. O

Theorem 1.3. Each element of M™ has a unique representation in
terms of generators from M.

Proof. 1t is sufficient to prove the result for v € M* and repre-
sentations of v in M*. Suppose v = a3 * --- *x a, = [ * -+ * (g,
d # oy, 0 # B; and a4, 8; € M, and suppose that r < s. Now, by
Theorem 1.1, v~! is uniquely determined by its values a; = y~1(p?),
j <, thus r = 5. Moreover, the o;(p) are the roots of the polynomial
z"+a;z" "1+ - +a,. Therefore, for some permutation 7 of {1,... ,7},

;= fri- O

Corollary 1.3.1. M™ is torsion-free.



A SUBGROUP 1059

numbers ay,...,ak, a unique vy € My is determined locally by letting
7~ 1(p*) = a;. We seek now explicit expressions for the 4(p™) in terms
of both the r; and the a;. Let Py(z) = zF + a1z*1 + -+ + ax.

Define

1 ... 1
1 TL
Ak———A(Tl,.. ,’I‘k)= .
-1 -1
™ Tk
and
1 1
T1 Tk
Ak,'n, = Ak,n(rly ;Tk) = - :
k=2 T
n+k—2 n+k—2
™1 Tk

Theorem 2.1. Let P(z) be a monic polynomial of degree k with
coefficients a; € C, i = 1,... ,k, and with roots ry,... ,r. Let v be
the arithmetic function in M* determined by P,(z). Then ~(p™) =
Apnt1/Ak, when k> 1, v(p™) = 1", when k = 1.

The theorem follows from this lemma.

Lemma 2.1.1.

T?Z_Zai’r?—i’ j=1,...,]€, k> 2.
i

Proof. First assume the truth of the lemma, then the theorem follows
by an easy induction. Let 4(p™ 1) = Ag ,/Ag for m < n. Using the
lemma we have y(p") = —(1/Ag) 3_; Ak,n—;. The theorem now follows
using the multilinearity of the determinant function with respect to the
last row, with the help of the lemma. For k& = 1, the computation is
direct. o
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and
Feni1(t) = t1Fen(t) + -+ teFrn_g11(t),
where t = (t1,...,tk), k € N, n an integer; and Gg »(t1,.-. ,tk) by
Gin(t)=0, n<0,
Gro(t) =k,
Grnt1(t) = t1Grn(t) + - - + tkGrn—k41(t)-

Theorem 3.1 [1]. y(p"*!) = Fx »(a), a = (a1, ..., ax)-
The theorem follows from

Lemma 3.1.1. y(p"*!) = — 3 a;v(p"~7H1).

Proof. This follows immediately from the fact that y*y~1(p®) = §(p®)
is 0 when s > 0 and is 1 when s = 0, the fact that y~!(p®) = as; when
s < k+1, and the fact that Fi 1(a) =1 (and Fo(a) = 0). o

Proof of the theorem. The theorem now follows from the definition
by letting t; = —a;. o

Remark. With Theorems 2.1 and 3.1 we now have direct expressions
for the values of 4 directly in terms of both of the coefficients and
the roots of the defining polynomial. Moreover, the expressions in
terms of coeflicients are recursive. The following theorem gives a direct
expression for the G-polynomials in terms of the roots.

Theorem 3.2. Gin(a) =r7+---+7r}, where {r;} is the set of roots
of the polynomial z* + ayz" 1+ - +ax, j=1,... ,k.

P’I"OOf. Gk,o(a) = k. By deﬁnition, Gk)n+1(a) = Etij,n_j_{_](a)

which is equal to 3 ¢;(r7 7! + .- 4+ 777" by induction. Letting
t; = —a;, this becomes — 3 a;(r7 7T 4 .. 4+ 77 77*!) which, in turn,

equals — 37, > a;r7 %1 But this is just 77 - -+ 777! by Lemma
2.1.1. o
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can generate the Pell and their companion numbers, the sequences
{2™ — 1} and {2" + 1} and, more generally, the Lehmer numbers and
the companion Lehmer numbers. Perhaps it would be more appropriate
to call these two sequences of polynomials Lehmer polynomials and co-
Lehmer polynomials.

4. Locally periodic arithmetic functions in M™. We call
v € M* locally periodic if v(p™**) = v(p™) for n = 0,1,..., and for
some natural number s. We would like to characterize the v which have
this property.

Recall that a v in M* is completely determined by its polynomial
P,(z), that Py(z)Px(z) = Pyux(z), and that 4 * X has a unique
representation in terms of completely multiplicative functions.

Theorem 4.1. Let ri,...,rg be the roots of Py(z), v € My, v is
locally periodic only if r1,... ,rr are roots of unity.

Lemma 4.1.1. If vy € M* is locally periodic and vy = ax X, oo € My,
then X is locally periodic.

Lemma 4.1.2. If o € M, is locally periodic, then r is a root of
unity, where Py(z) =2z — 7.

Proof of Lemma 4.1.1. Suppose that v has period s, and write
X = v*a~!, and let z — r be the polynomial for «. Then X(p™) =
Y(@") + (") = (™) + 4@ = x(p™), ie., X(p") =
X(pn+8)- o

The proof of Lemma 4.1.2 is an immediate consequence of the defi-
nition of the F-polynomials for £ = 1. Note that it is a consequence of
Lemma 4.1.1 that the a that appears in the product decomposition of
< is locally periodic and so satisfies Lemma 4.1.2.

Theorem 4.1 now follows by induction. On the other hand, it is
easily seen that z™ — 1 determines a locally periodic function with
period m; therefore, it is a consequence of Lemma 4.1.1 that cyclotomic
polynomials determine locally periodic functions as well (which we



A SUBGROUP 1065

value vectors

(1,-1,0,...) period 3;
(1,0,-1,0,...) period 4;
(1,1,0,—1,-1,0,...) period 6;

and

(1,0,...) period 2.
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