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MATH 2030 3.0AF (Elementary Probability)
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NAME:
STUDENT NUMBER:

You have 50 minutes to complete the examination. There are 4 pages, containing
5 questions. You may bring one letter-sized two-sided formula sheet to the exam.
No other books or notes may be used. You may use a calculator. Show all your
work, and explain or justify your answers. You may leave numerical answers
unsimplified, including binomial coefficients. Use the back of your page if you run
out of room.

1. [20] An urn has 15 red balls and 20 yellow balls. You choose 4 balls at random,
without replacement. Find

P(at most 3 red balls are chosen | at least 3 red balls are chosen)

Solution:

P(at most 3 red and at least 3 red)
P(at least 3 red)

_ P(exactly 3 red) P(exactly 3 red)

P(at most 3 red | at least 3 red) =

P(at least 3red)  P(exactly 3 red) + P(exactly 4 red)
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2. [20] A, B, C are independent events, and P(A) = 0.6, P(B) = 0.7, P(C) = 0.8;
Let D be the event that at least 2 of the events A, B, or C occur. Find P(D).

Solution: Enumerating the mutually exclusive ways this can occur,
P(at least 2) = P(ANBNC)+ P(ANBNC)+ P(ANB°NC)+ P(A°NBNC)
=06x07x08+0.6x0.7x024+06x03x08+0.4x0.7x0.8

= 0.336 + 0.084 + 0.144 + 0.244 = 0.788
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Alternatively, you can deduce from the Venn diagram that
P(at least 2 occur) = P(ANB)+ P(BNC)+ P(ANC)—-2P(ANBNC)

and then work these out as above. Another way of obtaining the above expression
is to use inclusion exclusion with £y = ANB, B, = BNC, and E3 = ANC.
Then

P(at least 2 occur) = P(E, U Ey U Ej)

= P(E))+P(FE2)+P(E3)—P(E1NEy)—P(E1NEs)—P(EsNEs)+P(ENEyNES).
Since each of the last 4 terms is P(A N B N C), the last 4 terms together give
—2P(AN BNC) as in the above formula.

3. [20] You conduct a phone survey. On average, 10% of calls made on weekdays
(Monday — Friday) produce a response. On Saturdays this figure rises to 20%,
and on Sundays it is 30%. You pick a day from a certain week (Monday — Sunday)
uniformly at random to conduct your survey, and find that your first call produces
a response. Given this, what is the conditional probability that you chose a
weekday to conduct your survey?

Solution: Let

By be the event that you choose a weekday (so P(By) = 5/7);

By be the event that you choose a Saturday (so P(By) = 1/7);

Bs; be the event that you choose a Sunday (so P(B3) = 1/7);

A be the event that the first person called responds.

Then P(A | By) =0.1, P(A| B2) = 0.2, and P(A | B3) = 0.3 so by Bayes’ rule
P(A| Bi)P(B)

(A | B1)P(B1) + P(A| B2)P(Bz) + P(A | B3)P(B;3)

B 0.1 x5/7 B

C01x5/7T+02x1/7T+03x1/7

P<B1|A):P

0.5

4. [15] Let X have density
s, O<x <4
/() {0, otherwise.

Define a new random variable Y to be
0, f X<0
Y=<¢3 if0<X<3

5, otherwise.

Fill in the distribution table J 0 5 o




Solution:

Y 0 3 5

P(Y =y)|0/|9/16|7/16

To see this, note that

P(Y =3)= P(0 < X <3) /Ogdx:Ef—G]—%
P(Y =5)=1— P(Y =0) — P(Y = 3) %
(Or P(Y =5) = P(X >3) = [ 2da + [* de_El—;}:%)

5. X has density

0, otherwise

f(x):{aﬂ—c, —-1l<x<0

(a) [5] Find ¢. What properties must you check to know that f is a density?

(b) [10] Find the cumulative distribution function of X.

Solution:

(a) The properties needed are that f > 0 and ffooo f(z)dx =1. So

-1 0 0o
1:/ de+/(x+c)dx—|—/ 0dx
s 1 0

0 2 1 1
= g re]=0-G-a="5+c
Thus ¢ = 3/2.
(b) For =1 <z <0,

‘ t w 2 + 3t
F@):/ f(t)dt:/ ()dt+/ ﬁdt ;3
o -1

?+3r 1-3 2®+3w+2
2 2 2 '

For x < —1, F(z) = [*_0dt=0. And for z > 0,
F(z)= [~L0dt+ [°,( +3)/2dt + [ 0dt = 1. Thus
0, z <0
Fr)= Q&2 1 <z<0

1, x>0
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