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(1) §2, elementary problem 4
(a) The equivalence classes are {0, 1,2} and {3}. This is because if we start
at 3, we leave right away and never come back. But also0 -2 —1— 0
is possible. According to the convention on p. 61, d3 = 0. And because
both0 — 2 — 1 — 0 and 0 — 3 — 0 are possible, the period of {0, 1,2}
is ged(3,2) = 1.

(b) The transition 0 — 1 — 3 — 0 is possible, as is the transition 2 — 1 —
3 — 2 so interweaving these circuits, all states communicate and there is a
single equivalence class. The period is 3. Because we cycle between being
in {0,2}, to being at 1, to being at 3, and then back to being in {0, 2}.

(2) §2, problem 7

(a) Let ig,11,...,iny be the smallest possible sequence of states for which
190 = J, iy = k, and each transition ¢,, — %,,1 happens with positive
probability. By hypothesis, there is such a sequence, so there is certainly
a shortest. I claim there will be no repetitions in the sequence. For if i,
appeared twice we could get an even shorter such sequence by deleting all
the terms in between, along with one of the 7,’s.

Since each terms appears at most once, and there are only r states, it
follows that N <r — 1.

(b) Since j is recurrent, we may assume that the whole chain consists of a
single equivalence class. Let 3y be the probability that it takes more than
r steps to get from k to j. By part (a), all the 5 < 1. Let 8 < 1 be the
maximum of the ;. I claim that

P(it takes more than n = mr steps to return to j) < ™.

Let R,, denote the above event. For m = 1 we have P(R;) < [ by
definition of 3. If we fix some sequence xg, 1, . . ., T, Which doesn’t return
to 7, then

P(Rm—H | XO = Zg, - - - >er = xmr)
= P(er—i-l 7é ja cee aX(m+1)r 7é ] | er = xmr‘) < ﬁazmr < 6
Thus

P(Rm—i—laXO = Zg, ... ,er = ZL’mr) S ﬁP(XO =gy .- ,er = :L‘mr)-
1



Summing over all such sequences xo, ..., T, we get that
P(Ry41) < BP(R,,). So by induction, we conclude that P(R,,) < ™ for
every m.

Now for arbitrary n, set p,, = P(it takes more than n steps to return to j).
Then p,, < ™ where m is any number with mr < n (because it also takes
more than mr steps to return). We may choose m so that m < n/r < m+1.
That is, m > * — 1. In particular,

P < B < 3L

Having this < o™ just means that

1 1

frr <a

for every n > r. But the largest this expression can be is when n =1+ 1,
so we just take

1_ 1 _ 1
o = ﬁr r+1 — ﬁr(r-H) < ]_

(3) §3, problem 1
We have here a random walk on {0, 1,...,7} with absorption at 0 and r.
Let dj be the mean absorption time, starting from k. Then dy = d, = 0,
and for 0 < i < r we have d; = 1 + Zj Pyd; =1+ pdig1 +qd; 1.

We know from class that d; = i(r — i) if p = % So suppose p # % I
stated in class that these difference equations have unique solutions (this
follows easily by linear algebra), so we just need to find one. We will search
for a solution of the form d; = A + Bb® + ci. Substituting in, we get that
A+Bb'+ci = 1+A+Bb 1 (pb*+q)+c(i+p—q). This will work, for arbitrary
A and B, provided pb?> —b+q = 0and 1+c(p—q) = 0. Since p+¢q = 1 the
first factors as (pb — q)(b — 1) = 0. In other words, anything of the form
A+ B(q/p)" +1i/(q — p) solves the difference equation. To also solve the
boundary conditions, we need that A+B = 0 and A+ B(q/p)"+r/(qg—p) =
0. Therefore B =—A and A=1/[(¢ — p)(1 — (¢/p)")]. In other words,

di=—— - : (1 - (Q/p)“)

q—p (¢—p)(1—(q/p)")

Alternatively, we could get the same answer without having to guess the
form of the solution. From the equation (p+ ¢q)d; = d; = 1 + pd;11 + qd;_4



we get recursively that for 1 <i<r —1

1
diy — di = L(di — diy) - -
p

S

_ (%)2@1 i) — %(1 + %)
= (%)g(di—2 —d;i3) — ]%(1 + % + (%)2>

= <g>2(d1 —do) — %(1 + z% +oe (g)%l)

p p
Let b=¢q/p and ¢ =1/(q — p). Since dy = 0 we get that
d1+1—dz—bd1—51_b—(d1—C)b+C

Summing up, for 2 < i < r we have
di=di —do=(di —di-1) + -+ (d2 — d1) + dy

71—

—_

((d1—6>bz+0)+d1
1

. 1 b
d1+(z—1)c+(d1—c)<1_b —1)
1
1—b

This formula is clearly true for ¢ = 1 as well. Substituting ¢ = r and using
that d, = 0, we get that

dl—c__ cr
1-b  1-v’

.
Il

=ci+ (dy —¢)

SO
cr

1—0
which is exactly the formula we had before.

(4) §3, problem 4
Let h; be the probability of absorption at 0, starting from Xy = 7. Then
ho=1,hy =0,and for 1 <i < N,
hi = Z]- Piih; = pihi—y + ANihipy 4+ (1 = X — i) hy.
In other words, (A\j+pi)hi = Aihip1+pihi—1, or Ni(hip1—hi) = pi(hi—hi_1).

Let
_ fapy

=1 =2
pO Y p )\1)\2...)\7;



It follows that h;1 — h; = pi(h1 — ho) = pi(h1 — 1). 4
Adding up, we get that b1 — 1= hip1 —ho = (ha — 1) 375 o).
Therefore —1 = hy — hg = (hy — 1) Z;V;Ol pj-

In other words, hy — 1 = —1/ Z?];Ol pj SO

k—1 N-—1
DicoPi ik Pi

hy=1-=N7—==F1
Zj:() Pj ijo Pj

Of course, the absorption probability at N is 1 — hy.

If you ever toss just 1 coin, then X = 1 (because you will keep tossing
that coin until it comes up heads). So consider a Markov chain X, defined
as follows: X, = k means we toss k coins on the n + 1’st toss, and then
(conditional on this) X,,11 ~ Bin(k, ) counts the number of tails.

Let h; = P(we reach state 1 | Xy = 7). We use an initial distribution in
which Xy = 5 so what we want is to find hs.

The transition matrix is

Glot s im olw = o= O
Slotwie viw s © O
Slos—or © © ©
Glogl- o o o o
g o o o o o

%l»—n Slw WOl A= N~ =

and the equation we need to solve is that h; = Zj P;jh; for i # 1. Clearly
ho = 0 and h; = 1. The other equations therefore become
hgzihg—i‘%hl—f-ihgzé—i‘ihz, SO %hQZ%OI‘hQZ%
h3:%hg—i—%hl—i—ghg—l—%hg:%—{—i—F%hg, SO %hgzgor hgzg
h4:%ho—Fihl—i‘%hQ—’—ihg—i‘%hA:i—i‘i—i‘%‘i‘%h% SO %}M:%Of
76

105

hs = ho+ Shi+ 2ho+ Zhy+ Shi+shs = S+ 2+ 2 + 4+ 4+ Lhg,

3lp 157 — 157
so 55hs = 555 or hs = 532 = 0.7235



(6) Changing variables to m =n — 1,

B[ B"e(Xy) | Xo = i] = (i) + E[Y_ B"c(X,) | Xo = i]

g n>1
i)+ Y PyEDY B e(Xa) | Xo =i, X1 = j]
j n>1
PGBy B () | Xo =
j m2>0
:c(i)—i‘ﬁz Zﬁm m) [ Xo = j] = (i) —|—BZPUh
; m>0 J

(7) There are several ways of approaching this problem. Let Sy be the number
of even times n that X,, = 0, and let S; be the number of even times n
that X,, = 1. Observe that

P(T =2n + 1) = P(Xgn = 0,X2n+1 = 2) + P(XQn = 1,X2n+1 = 2)
Summing over n we get that P(T is odd) = 0.5E[Sy]+0.4F[S]. If we look

at X,, only at even times n, we have a Markov chain with transition matrix
P2, and a standard first step analysis for this chain will let us compute

E[Sy] and E[S)].

A related way of solving the problem is to let f; = P(T is odd | Xy = )
and to take two steps instead of one. In other words, fo = 0 and fori =0, 1
Z]k Py P(T is odd | Xo =4, X; = j, Xy = k). The above condi-
tlonal probablhty islifj=2,0ify 7é 2and k=2, and f; it k=0,1. So
the equations to solve are actually that f; = P+ P23 fo+ P3f1,i=0,1

Another way of solving the problem is to change to a Markov chain Y
with 6 states 0,1,2,0',1’,2". States 0,1 for Y correspond to X being in
states 0,1 at even times, and states (', 1’ for Y correspond to X being in
states 0,1 at odd times. In other words, the transition matrix for Y is

0 0 0 03 02 0.5
0 0 0 05 01 04
0O 0 1 0
03 02 05 0
05 01 04 O
0o 0o 0 0 0 1

If Y ends up absorbed in state 2, this means the original process X reached
state 2 first at an even time. If Y ends up absorbed in state 2/, this means

0 0
0 0
0 0




the original process X reached state 2 first at an odd time. Now apply
first step analysis to find the probability of Y being absorbed in state 2'.

Yet another way of doing this is to let f; = P(T is odd | X, = i) and
gi = P(T is even | Xy = i). Then g; = 1 — f;. First step analysis gives
that fo = 0 and for ¢ # 2,

fi = ZPUP(T is odd | Xo =i, X1 =)
J
:ZPijP(T_l is even | X; = j)
J

= ZHjP(T is even | Xy = j)

_ Zpijgj = Zpij(l - fj)-

I’ll solve this version. In particular,

fo=03(1—fo) +0.2(1 = f1) +0.5=1-0.3fy — 0.2, and
fi=051~fo) +0.1(1 - f1) +04=1-0.5f, — 0.1f1.

Therefore 1.3fy +0.2f; =1 =10.5fy + 1.1f;, so
0.8=13-05=13(05f+1.1f)—0.5(1.3fo+0.2f;) =(1.43—-0.1)f; =
1.33f;. Thus f; = 0.8/1.33 = 0.6015 and 0.5fy = 1 — 1.1f; implies that
the answer to the question asked is fo = 0.3383/0.5 = 0.6767



