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ABSTRACT. Let X be a super-Brownian motion (SBM) defined on R™ and (Xp) be its exit measures
indexed by sub-domains of R?. We pick a bounded sub-domain D, and condition the super-brownian
motion inside this domain on its “boundary statistics”, random variables defined on an auxiliary
probability space generated by sampling from the exit measure Xp. Among these, two particular
examples are: conditioning on a Poisson random measure with intensity 8Xp; and Xp itself. We
find the conditional laws as h-transforms of the original SBM law using Dynkin’s formulation of
X-harmonic functions. For each conditioning we consider, we give an explicit expression for the
corresponding X-harmonic function. We also obtain an explicit construction of some of these
conditional laws in terms of branching particle systems. For example, we give a fragmentation
system description of the law of super-Brownian motion conditioned on Xp = v, in terms of a
particle system, called the backbone. In the backbone, each particle is labeled at its birth by a
measure . The spatial motion of the particle is an h-transform of Brownian motion, where h
is a potential that depends on . The label 7 represents the particle and its descendants’ total
contribution to the exit measure. At the particle’s death two new particles are born and 7 is passed
to the newborns by fragmentation into two pieces. The X-harmonic function HY corresponding to
conditioning on Xp = v is of special interest, as it can be thought as the analogue of the Poisson
or Martin kernel. An open problem is to show that H} is extreme at least for some v, when D is a
smooth domain. An equivalent problem is to show the tail sigma field of SBM in D is trivial with
respect to P;. We prove a weaker version of this result. We show that for any A in the tail sigma
field of X, PXP(A) =0 or 1.

1. INTRODUCTION

Studying conditioned Markov processes is a kind of inverse problem — given information about
how the process ends up, one tries to infer how it got there, at least in terms of probabilities. In the
context of Brownian motion and finite dimensional Markov processes one can make very explicit
calculations, starting with the work of J. L. Doob [3]. Attempts to make similar calculations for
super Brownian motion are more recent. These studies typically aim to recover the conditional law
of a superprocess as the law of a distinct probabilistic object. Several authors have succeeded in
coming up with such descriptions for certain conditionings, and produced models with remarkably
rich structure. The first of these models was Evans/Evans and Perkins’s immortal particle system
[9], [8] for super-Brownian motion in R% conditioned on survival. In this model, an immortal
particle moves according to a Brownian motion, and throws off mass at a uniform rate, and then
this mass evolves in the space as an unconditioned super-Brownian motion. Following Evans and
Perkins, Salisbury and Verzani [12] considered a super Brownian motion X in a domain D, with
conditioning based on the exit measure Xp from D. More specifically, they conditioned X on
the event that the support of Xp contains certain points zi,..., 2z, and recovered the resulting
conditional law in terms of a branching backbone system. The branching backbone is a random
tree with k leaves reaching the points zi...z. Similar to Evans and Perkins’ model, there is
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mass uniformly created along the branching backbone which follows the law of an unconditioned
super-process independent of the points zi,...,z;. Giving such an explicit characterization of a
conditioned process is an interesting problem from a probabilistic modeling point of view. For
example, in population dynamics, one can view it as an analogue of a host of biological problems
in which one has information about the state of the population at certain times or locations, and
one wishes to infer the genealogical structure of the populations of the ancestors (e.g. the “out of
Africa” problem of human origins).

It turns out that there is more to the conditioning problem than described above. A conditioned
process represents a special case of a Girsanov transformation, or a martingale change of measure.
For concreteness, let us consider the following example: Let £ be Brownian motion in a domain
E. Let 7g be the exit time from E. We compute the conditional law, IIZ of £ given & = 2, by a
martingale change of measure from Il,, the law of £&. This martingale change of measure is given
in terms of a certain harmonic function h*(-). More precisely, for any domain D strictly contained
in E, and any Y measurable with respect to F,,, we have IIZ(Y) = IL,(Yh*(X,,)/h*(x)). A
Girsanov transformation defined in terms of an harmonic function is called an h-transform, and
typically conditional laws of Markov processes are formulated as h-transforms of their original laws.
This relationship between harmonic functions and conditioning a Markov process has lead to an
elegant probabilistic formulation of the Martin boundary theory for elliptic differential operators.

In the context of super-processes, the analogue of harmonic functions are X-harmonic functions.
Following Dynkin’s definition [4], let us consider a super-Brownian motion X = (Xp)p, a family
of random measures (exit measures) indexed by sub-domains D of a given domain F in R?. Let
(P,)y be the family of probability laws associated to X indexed by finite initial measures p with
support in E. A non-negative function H is X-harmonic if for any subdomain D and any finite
measure p with support in D,

Pu(H(Xp)) = H(n).
Note that this property resembles the mean value property of a harmonic function, hence the name
X-harmonic. Moreover, the X-harmonic functions are related to conditioning super-Brownian
in the same way as harmonic functions are related to conditioning Brownian motion; they give
us the explicit Girsanov transformation to switch from the unconditioned probability law to the
conditioned probability law. An H-transform P/fl is obtained from P, by setting

P(Y) = Py(H(Xp)Y)

for Y non-negative and Fp-measurable, where Fp is the o-algebra generated by Xp/, D' D D.
In his book [4], Dynkin points us to a new direction in investigating the solutions of the p.d.e.
%A = 2u?, that is to explore X-harmonic functions, with the idea of thinking them as the analogue
of harmonic functions, and ultimately, to build a Martin boundary theory for this non-linear p.d.e.
In this case, Martin boundary is defined as the set of extreme elements of the convex set of all
X-harmonic functions. A concrete understanding of extreme X-harmonic functions might yield
further insights about the solutions of the p.d.e %Au = 2u?.

Fascinated by the rich structure of the underlying probabilistic objects as well as this fresh
direction towards a Martin boundary theory, our goal in this paper is to explore various ways of
conditioning of Super-Brownian motion and the corresponding X-harmonic functions. Here is a
summary of our contributions: We have developed a new way of conditioning a super-Brownian
motion, so called “conditioning on boundary statistics”. What is new here is that the random
variables which we condition on are defined on an auxiliary probability space, and generated by
sampling from the exit measure Xp. For example, we can condition X on a Poisson random
measure with intensity SXp, where 8§ > 0. It turns out that this way we recover some of the
X-harmonic functions studied earlier in the literature as the X-harmonic functions corresponding
to these conditionings. Moreover, we can use these X-harmonic functions to approximate a more
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significant class of X-harmonic functions. One such class is found by conditioning a super-Brownian
motion in D on its exit measure X p, which the rest of our paper is devoted to. This class consists of
X-harmonic functions H%, indexed by subdomains D of E and finite measures v on the boundary
of D. Note that for fixed D, Hf, can be considered as the analogue of the Poisson kernel in D.
HY, appeared first in a paper by Dynkin [7], where he showed that if H is an extreme X-harmonic
function in E then for every u, and for every sequence Dy exhausting F

X,
H(p) = lim Hp, ™ (1)

Pf almost surely. We fix a subdomain D, and let H” = HY},. First, we give an infinite particle
fragmentation system description of Py, the conditional law of X in D given Xp = v, in terms
of a particle system, called the backbone as in [12], along which a mass is created uniformly.
In the backbone, each particle is assigned a measure o at its birth. The spatial motion of the
particle is an h-transform of Brownian motion, where h is a potential that depends on . The
measure U represents the particle’s contribution to the exit measure. At the particle’s death two
new particles are born and 7 is passed to the newborns by fragmentation into two bits. Here, we
used the techniques of [12] applied to a more general setting. This description bridges the theory
of conditioned super-processes to the growing literature on infinite fragmentation and coalescent
processes, (see e.g. [1] for a comprehensive exposition). In the last part of our paper we prove that
for certain v, the X-harmonic function H" is extreme in D. Two key ideas are used in the proof.
In [4], Dynkin gives a proof of a result which is originally due to Evans [8], which states that the
X-harmonic function (y, 1) is extreme in R%. The conditioning corresponding to this X-harmonic
function is Evans and Perkins’s conditioning, i.e. conditioning on survival. The idea in this proof
is to formulate an equivalent problem in terms of the tail o-field of the immortal particle. In his
reformulation of Evans’s proof, Dynkin shows us in great clarity and detail how to make a similar
idea work for our case. Indeed, we can reduce our problem to showing that the tail sigma field
of the branching backbone is trivial. However, we will do something slightly different, instead we
will look at the tail o-field of the branching back bone that corresponds to H™"", the X-harmonic
function corresponding to conditioning on a Poisson random measure with intensity nXp. (We
investigate these X-harmonic functions in section 3, where we also discover that they belong to the
class of X-harmonic functions considered by Salisbury and Verzani [12].) This branching backbone
is simpler since there are only finitely many particles involved. Then we approximate H” by H™"»
to prove our result.

2. PRELIMINARIES

2.1. Super-Brownian motion. We will follow Dynkin’s definition of super-Brownian motion
(SBM). Let E be a domain of R? and let Mg be the positive finite measures on E. A super-
Brownian motion is a family of measures X = (Xp) indexed by sub-domains of F and a family of
probability laws for X, P,, where u are finite measures on F, with the following properties:
(a) Exit property: P, (Xp(D) =0) =1 every p, and if (D) = 0 then P,(Xp = pn) = 1.
(b) Markov property: If Y > 0 is measurable with respect to the o-algebra F-p generated by
Xp,D' € D and Z > 0 is measurable with respect to the o-algebra F~p generated by
Xpr, D" D D then

Pu(YZ) = P(Y Px,,2)
(c) Branching property: For any non-negative Borel f, Pu(e_<XD7f>) = ¢~ VD) where
Vb f(y) = —log Py(e”¥2:7)
and P, = B, .



(d) Integral equation for the log-Laplace functional: Vpf solves the integral equation
u+ Gp(2u?) = Kpf

where Gp and Kp are respectively Green and Poisson operators for Brownian motion in
D. In other words, if & is a Brownian motion starting from z, under a probability measure
I1;, then Kpf(z) = I, f(&r,), where 7p is the exit time from D. Likewise, Gpf(z) =

IL( [y f(&)dt).

Under certain regularity conditions on D and f (see e.g. [4]), the integral equation in (d) is
equivalent to the boundary value problem

%Au = 02
u(z) = f(z), z€dD.

Xp represents the exit measure from D, and the first property simply means that Xp is con-
centrated on D€, so that exiting is instantaneous if we start outside D. The third property means
that distinct clumps of initial mass evolve independently. The fourth property restricts attention
to finite variance branching, and normalizes the branching rate. The normalizing factor 2 in front
of u? is chosen to be consistent with [10] and [12].

2.2. Infinite divisibility and Poisson representation. It is well known that Xp has an infin-
itely divisible distribution for each D. This property leads to the construction of a new measure, N,
called the super-Brownian excursion law starting from x. Under N,, X evolves as a super-Brownian
motion, but N, will be o-finite not a probability. Thus, it is technically more complicated than
P,. But N, is actually a more basic object heuristically, under which the genealogies are simpler,
because all the mass starts from a single particle located initially at x.

In fact P, can be built up from a Poisson random measure with intensity 8(dy) = [ N, (dx)u(dz).

More precisely, let
II(dx) = Z Oyi

be such a Poisson random measure, where the x* are random measure valued paths. Then X =
> x' = [ xII(dy) is a super-Brownian motion with initial state 4. In terms of Xp, this yields the
following formula (see Theorem 5.3.4 of [5]): Let F' be a non-negative measurable function defined
on Mg. Then

(1) P (F(Xp)) =e RuMelp(0) + Z %e—mws) /Rﬂ(dul) - Ru(dvn)F(vy 4 -+ vn)
n=1

where R, is the canonical measure of Xp with respect to P, and can be derived from N, by
Ru(A) = (1, N (Xp € A, Xp # 0)). In other words, we obtain Xp as a superposition of a
Poisson number of more “basic” exit measures, each descended from a single initial individual.
These “basic” exit measures arise as the atoms of a Poisson random measure whose characteristic
measure is R,

Note that a special case of the above representation gives us Vp f(z) = N, (1 — e~ ¥p:/)). Note

further that we will in future write this as
[oe)

1
P,(F(Xp)) =) e RuMe) [ 'R (dy) - - Ru(dvn)F(vy + - + v)
n=0
by taking the convention that the n = 0 term is the first expression in (1).
The measure N, was first considered by J.F. Le Gall [10], in his random snake formulation of
super-Brownian motion. As we follow Dynkin’s framework to study our problem, we refer the
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reader to [5] for a systematic account of the theory of the measures N, and their applications. Note
that the latter has a general branching function ¢, but for us, this is taken to be ¥(u) = 2u?.

2.3. Moment measures of super Brownian motion. Among the key tools in our analysis are
the recursive moment formulae of SBM. The moment measures of SBM are the following measures:
Let fo, f1 ..., fn be bounded Borel functions. and write f = (fo,..., fn). For C C {1,...,n}, let

(2) no(f,z) = Nye EDSNL o (Xp, f)
(3) pC(f7 ILI/) = Pl,Le_<XD7fO>HiEC<XD7 fz)

Let K ﬁ) and GZD be the Poisson and Green’s operator for the operator
1
Lh=2A—1
2

where I(x) = 4Vp f. In other words, let & be a diffusion starting from x, with generator £ under
a probability measure IIL. Then K} f(z) = I} f(¢,,,), where 7p is the exit time from D. Likewise,

G f (@) =TL(J77 f(&)db).
For C' = {i} we have the Palm formula

and for general C' we have the following recursive formula (see e.g. Theorem 5.1.1 of [5], or Lemma
2.6 of [12]):

(5) nelfir) = 5 0 Ghlnalf, Inenals, )
ACC,A#0,C
(6) pe(fim) = e WU N G ne,) - (une,)
w(C)

Here 7(C) is the set of partitions of C'. These formulas will allow us to construct a variety of
X-harmonic functions of polynomial type.

2.4. Absolute continuity. The moment formulae together with the Markov property and Poisson
representation yield an important theorem due to Dynkin. Let M, be the space of finite measures
compactly supported in D.

Theorem 1. (Theorem 5.5.2 of [5]) Suppose A € F~p. Then either P,(A) = 0 for all p € MY,
or P,(A) >0 for all p € M§Y,.

3. X-HARMONIC FUNCTIONS AND CONDITIONING

Recall the definition of X-harmonic functions, from the introduction: A non-negative function
H : M$, — [0,00) is X-harmonic if for any subdomain D and any finite measure p € M9,

Pu(H(Xp)) = H(p).
We are going to touch upon three different kinds of X-harmonic functions, which are derived
from conditioning SBM on its various boundary statistics. These boundary statistics are
(a) a Poisson random measure with characteristic measure X p;
(b) a random variable Z drawn from the probability distribution &TDJ) if Xp # 0, and set
equal to some given A ¢ 9D if Xp = 0;
(¢c) L(Xp), where L is a linear map from Myp to a topological vector space V (for example,

L(p) = por L(p) = (u, 1) means we condition on Xp or on its total mass)
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Let S be any one of the above statistics. Let X be the state space of S endowed with the appropriate
o-algebra S. Given Xp = v we let P§ denote the conditional distribution of S. For example, Pg(f)
equals (v, f)/(v,1) in the second case (provided v # 0), and f(L(v)) in the third.

P, denotes a probability measure in which X is an SBM started from u € Mp, and in which S is
then drawn (if necessary) by further sampling. In other words, P, is a probability defined on the o-
field G = Fcp Vo{S}. When p = 6§, we set P, = P,. By construction, P,(f(S) | Fcp) = Pé(D(f).
In other words, for any F-p-measurable Y we have that

Pu(f(S)Y) = Pu(P P (HY).
Likewise, we let P, ¢ and P, g denote the marginal distribution of S under P, and P,, so P, s(f) =

Pu(f(9)).
uWhat we want is the conditional law of X given S = s, which should therefore be a transition
kernel Pj (Y) from X, the state space of S, to the F-p measurable functions. The following is
Theorem 1.1 of Dynkin [7] in the case S = Xp. We follow Dynkin’s proof, with some modifications.
Let us fix a point x € D.

Theorem 2. An X-harmonic version of

S _ dPMvs
(7 H3w) = G s
exists. Moreover,
1
PY)=——P/(YH:(Xp
(®) 1Y) = gy PV B (X00)

for all D" C D, and Fp-measurable Y. Any two versions will coincide for every p, for Py g-a.e.
s.

Proof. Let H*(u1) be any version of jﬁg:g (s) that is jointly measurable with respect to u and s. We

know the existence of such a version from Theorem A.1. of [7]. Let O be a subdomain compactly
contained in D. Then

(9) P,H*(Xo) = H*(n)
for P, g-a.e. s, Vi € Mp. Dynkin [7] proves this when S = Xp , and the proofs for the other cases

are almost identical to his. Next, we want to construct a version of fllzﬂi (s) so that (9) holds Vp,

for P, s a.e. s. To do this, we choose a countable base O,, (w.l.o.g. closed under finite unions),
and probability measures p1,, € Mg, , and we let

R(dn) = 27" P,,(Xo, € dn).

Note that (9) implies B B

PuH*(Xo,) = H*(1)
for R x P-a.e. (41, s). By Fubini’s theorem we deduce that there exists a P, g-null set N s.t.
(10) P,H*(X0,) = H®*(u) Vn, for R-a.e. p € M5, Vs € N©.
For s € N¢ and pu € M§,, we choose O,, containing the support of p and define

H* (1) = Pu*(Xo,):
We set H®(u) to some arbitrary value for s € N/. The definition H®(u) is independent of the choice
of O, since, if O D O,, then

P,H*(Xo,) = P.Px, H*(X0,)

— PA*(X0,).
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The first equality is due to Markov property. The second equality is due to (10) and the fact that
P,(Xo, € (-)) is absolutely continuous with respect to R, by Theorem 1.

Clearly, by (9), H*(u) is a version of (fulz::z (s) for each p € M. Next, we show that H*(u)
is X-harmonic for each s € N¢. Let g and O be s.t. p € Mg and pick O, s.t. O is compactly
contained in O,. Then, by definition,

H*(p) = P(H*(Xo,))

and
P,H*(X0) = P,Px,(H*(Xo0,))-

By the Markov property these two are equal.
Let us define P; as in (8). it remains to prove that P; is the desired transition kernel. Let
Y € Fp/. Then

PISPEY) = [ HoPy) Pustas
= [ 1950 / Y () H3(X () Py(deo) Py s(ds)
- [y [ 3 T HE (X () B () Puld)
- [y f<s>H5<XD/<w>>Pm,s<ds>PM<dw>

- / V(@) [ £5)P 0.5(d5) ()
= Pu(YPx,, (f(5)))
= Pu(f (S)Y).
Here we are using the definition of P, g, the definition of Py, Fubini’s theorem, the definition of

H3, the definition of P, g, and the Markov property of X.

Uniqueness follows by a similar argument. Suppose H*® and H* are two X-harmonic versions of
the density (7). Then

H*(u) = H*(p) for Py s-a.e. s, Vu
because they are densities. With R(du) as before, there is therefore a P, g-null set A/ such that

H*(p) = H%(p) for R-a.e. p and for s ¢ N.

Let € M% and s ¢ N. Choose O, such that u € Mg . Then by absolute continuity and
X-harmonicity,

H*(u) = P.H*(Xo,) = P H*(Xo,) = H*().
O

In the remainder of §3 we consider the three special cases described above. Our goal is to obtain
relatively explicit formulae for H; in each case.

3.1. Conditioning on a Poisson random measure with characteristic measure 3Xp. Let
N be a Poisson random variable with mean (Xp, 3). Let Z = {Z1, Z5 ...} be an i.i.d. sequence of
random variables from Xp/(Xp,1). Let

N

Y5 =) dz

i=1
7



Note that conditioned on X, Yj is a Poisson random measure with characteristic measure 3Xp,
and that the construction makes sense even if Xp = 0, because then both N and Y equal 0.

Taking S = Y}, Theorem 2 gives an X-harmonic function (which we denote Hg " to make explicit
the dependence on () for conditioning on Yg = v. Here v is an atomic measure. We let Pf " denote
the law of the corresponding conditioned process. In principle this is only uniquely defined for a.e.
v, but we will find an explicit form that is valid more generally.

It will be convenient to also define variants of these objects. This time take S = (Z1,..., Zk) if
N =k, and S = A ¢ D otherwise. Extend the domain of measurable f : (OD)* — R by setting
f(A) = 0. Set X¥(dz1,...,dz) to be the product measure Xp(dz1) x --- x Xp(dz), and write

Pf * for the marginal measure P, 5. In other words,
PIE(f) = Pus(f) = Pu(£(5))

1 -
=] T TR B 0 1)

o )
A /( oy KB

So for any 3 > 0, positive integer k, and any k-tuple z = {z;} of elements of 9D, Theorem 2 defines
for us an X-harmonic function by

dp;"
21,22y« yR2k)-
de”“( )

(11) HPM () =

The law of the corresponding conditioned process is denoted Pf B2 Ik =0 we simply have scalars
PE’O = P, (e~ X0y = e=ls) and PPO = ¢=1s@) and take HS"(11) to simply be the ratio

—{mlg)
BO() = &
Hac (:U’) - e‘lﬁ(z) :
Let [ > 0 be a bounded Borel function on D. For z € D, we let m! (dz) = II}(&,, € dz) denote

harmonic measure on dD for the operator L!. Then m!, and mfy are mutually absolutely continuous,
for z,y € D. Let

! dmél

denote the density. If D were sufficiently regular, this would be a version of the Martin kernel for
the operator L!, but we make no such regularity assumptions at this point. We take k! to be a
jointly measurable version of this density that is harmonic in y, for each z € dD. In the case [ =0
we write mg(dz) = m2(dz) and k. (y,z) = kO(y, ).

The particular case of interest is I3 = 4V 3. Suppose that £ > 1 and that zq,...,2;, € 0D. For
C Cc K =A{1,...,k} recursively define

5 Ko (-, z), for C' = {i}
e~ {ZAcC,@;éA;&C G (4ngg\A)’ for |C] > 1.
Finally, set

Pz z) = e Y N pey) (i),
where the sum ranges over all partitions {C1,...,C,} of K.

Theorem 3. Let D be a domain, and 3 > 0. Then
8



(a) HZY () = HE™ () for almost every v, where k and z are such that

k
(12) v(de) = 6., (dx).

(b) For (m's)k-a.e. (z1,...,21), we have pu’k(zl, ooy 2) < 00, and
ﬁ?
(13) P () = P B2,
px (21,...,zk)
(¢) If D is smooth and bounded, then in fact pﬁ’k(zl,...,zk) < oo whenever z1,...,2p are
distinct.

Proof. (a) P,;B k( f) remains unchanged if we permute the arguments of f. Thus we can choose
the densities Hg kz(,u) to be both X-harmonic and invariant under permutations of the z;. A

simple way to confirm this is to replace an X-harmonic choice of kaz(,u) by 4>, HEHo@ (1),
where the sum is over permutations o. The latter is still X-harmonic, and a version of the density
de ok / de ’k, but is also clearly invariant under permutations.

For a finite atomic measure v, all of whose atoms have mass 1, find k£ and zq,..., 2z such that
(12) holds. Then define

HPY () = HPM ().

Note that H2"(u) is well defined, since HS"™* depends only on z* := (z1,...,z,) and is invari-
ant under permuting 2. (Note, if two sequences z and 2 satisfy (12), then z* and ¥ must be
permutations of each other.)

If v = Zle J,, write fr(z) for f(v). If & = 0 then fy is just the scalar f(0). Also take the
convention that f(A) =0 if Xp = 0. To finish the proof it is enough to observe

Py, (HZO(u)f() = P(ﬁm( )f(Yﬁ))

k F(dz
_ ZH Px(e_<xD,ﬁ> / Hf’k’z(ﬂ)fk(z)le)(dZ))

= ZPﬁ’ HPMO () fi.())
= pr’k(fk)

- ZP< o (XD klﬂ> 1{XD¢O}/fk ‘Xk fi)k)

= Pu(f(Yﬁ))
= P,u,,Yg(f)'

(b) Define H2"*(11) to be the right hand side of (13). Following an argument of [5], chapter 5 one
can show that pg’k is the density of Pf * with respect to (m!s)¥. The argument uses the moment

formulae (4), (5), (6) and then pulls k factors of harmonic measure out of the resulting expressions,
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leaving the densities k' behind. It follows that HY ’k’z(u) is a version of the Radon Nikodym
derivative in (11). The finiteness condition for pu’k follows immediately.

Furthermore, HZ®7 falls in the family of functions considered by Salisbury and Verzani in [12],
Theorem 3.1 therefore shows that ﬁf’k’z is X-harmonic. Thus ﬁé”’“ = HE’“ for (mlﬁ)k—a.e. z,
which is the sense up to which Hf F2 35 well defined.

(¢) The argument for (c) is a straightforward modification of the estimates used in Theorem 5.3 of
[12].
O

Remarks: (i). The conclusion is that we have obtained an explicit formula for Hf “(w). The
abstract definition of this X-harmonic function was valid only up to an unspecified null set of v’s.
Whereas the canonical expression we have obtained is well defined as long as v is a finite atomic
measure, all of whose atoms have mass 1.

(ii). The arguments of this section would work equally well for conditioning on the value of a
Poisson random measure with characteristic measure §(x)Xp(dz), where 5(z) is now a bounded
measurable function on 9D.

(iii). If D is smooth, then instead of taking k. (y, z) to be the density of mly with respect to m!,, we
could use the Poisson kernel in its place, and get a similar result. In other words, we could take the
density of mé with respect to the surface measure v on 9D, rather than the density with respect

to mé

3.2. Conditioning on ar.v. Z sampled from measure <)‘(X7Dl> Recall that the random variable

X 1> if Xp # 0, and set equal to some given A ¢ 0D
if Xp = 0. Applying Theorem 2 gives us a famlly of X-harmonic functions

dP, Z(Z)
HZ — My
T dPy z(2)

Z is drawn from the probability distribution Xo 1)

indexed by points z of {A} UdD. We denote the law of the corresponding conditional process by
PZ

Recall that & is a Brownian motion under II,. For z € 9D, we let IIj be a probability under
which & is a k(-, z)-transform of Brownian motlon In other words,

IL,(f(&),t < 7p) =

) IL, (f(&)k(&, 2),t < D)

for every bounded measurable f.

The following result establishes a concrete formula for HZ that is defined for mc-a.e. z € 0D
when D is a general domain. When D is smooth, the same argument as in the previous section
gives a canonical version, defined for all z € 9D.

Theorem 4. Let D be a domain, and fix a base point ¢ € D. Then for m.(dz)-almost all z € 0D,

fO M’ H?)( (uﬁ))>e_<uﬁ7ﬂ>dl6

(14) HZ( ) fooo k(ﬂf, Z)H§(6_¢(uﬁ))€_uﬁ(m)d/8

for every p and x, where ug = Vpf and the random variable ¢(ug) is defined as

(15) Bug) = 4 /0 " st

10



Proof. We first find the Radon Nikodym derivative of P, 7 w.r.t. harmonic measure m.(dz) on the
boundary of D. We observe that

Xp. © g B
(16) Puz(f) :P“QXZ,{;”XD#O}) :—/O apu<€ MXD.f) ﬁ(XD,1>)|A:0d5_

Note that the above derivative equals 0 when Xp = 0. By the branching property,
(17) Pu(e_)‘<XD7f>_ﬁ<XD71>) — €_<l"”u>\f+ﬁ>
where
urris = Vo(Af + B) = N(y (1 — e XA 0,
Taking the derivative of the right side of (17), and evaluating at A = 0 we get

(18) Pu(@"{;l{x#w) = /OOO<M7N(-)(<XD7 fre PEpDyye=tuusl g,

Differentiation under the integral sign is easily justified. By the Palm formula,

R, (X e P508) = I (f(erg)e ) = [ 056 00)1(2) m a2

= [ e (g, 2) ) ()
oD
So,
e~ BXD,1)Yy — (-, 2)ITZ e~ ¢(up) z)me(dz).
(1. N (XD, f) W= [ el 2 (e 1 2) ()

Hence

/OO<M7N(~)(<XD,f>€_ﬁ<XD’1>)>e—<ﬂvuﬂ>dﬁ
0

= [ SO [ el e ) )

Therefore, both P, 7 and P, 7 have densities with respect to m.(dz), given by

/OO<H7 kc(‘, Z)Hf) (e_¢(uﬁ))>6—<p,uﬁ>dﬂ
0

and
/ ke(z, 2)I1Z (e~ 98))e~us(®) g3
0

respectively. The ratio of these two is a version of the desired Radon Nikodym derivative. To show
that it equals H7 for almost all z, it simply remains to show that it is X-harmonic.

The denominator is simply a normalizing factor, so consider the numerator. For g = 4ug,
it is known (see Theorem 1.1 of [12]) that p — (u,v)e” "8} is X-harmonic whenever v is £!8-
harmonic. And in our case, we have that (u, k. (-, Z)H(.)(e“b(q‘ﬁ)))e_(”v“6> = (u, k‘éﬁ(-, z))e(us) ag
required. O

Note that all the arguments of this section could be extended to the case that Z is chosen
according to the distribution
h(z)Xp(dz)
<XD7 h> ’
where h is a positive, bounded, measurable function on 0D.
11



3.3. Conditioning on a linear function of Xp. Let L be a linear and continuous map from
the linear cone of positive finite measures Mgp on 0D to a complete, separable topological vector
space V. Let V4 be the image of Myp, and write V* = V; \ {0}. Assume that Ly = 0 implies
u=0.
Let B(V4) be the Borel subsets of V. Let T™ be the map V{* — V' defined by:
To(v1, .. sv) = (1 +v2+ 0+ Up, V1,0, Up1),

and for A € B(Vy), let

Ny, 1(xp)(A) = No(L(Xp) € A, Xp # 0).
We fix a base point ¢ € D and define a reference measure R on V* by

R(A) = P, 1(xp)(A, Xp #0).

Its total mass is 70 = P, p(x,)(V*) =1 — e~e), where u(y) = —log P,(Xp = 0). By Theorem 2
we have X-harmonic functions Hy (u) = dP, 1(x,)/dPy, (xp)(v). We will base our analysis mainly
on the choice x = ¢, in which case H;(du) = dP, (x,,)/dR(v).

Lemma 5. There exists a strictly positive, measurable function ~,(x) such that

(19) Ny r(xp)(dv) = 7o () R(dv).

In addition, there exists a measurable kernel K, (v;dvi,dvs, ..., dv,_1) from V* to (V*)" 71, such
that

(20) R" o T~ dv,dvy, dvs, . .. ,dv,—1) = K,(v;dvi, dva, . . ., dv,_1)R(dv).

Moreover Ky (v,-) is a strictly positive measure, for R-a.e. v.

Proof. Recall that

PmL(XD)(A) = Pu(L(XD) S A)

Because all P,(Xp € -) are equivalent so are the P, 1(x,,, as are their restriction to V*. Thus all
P, (xp) (when restricted to V*) are equivalent to R. Moreover, since

s
Ne r(xp)(A) = No(L(Xp) € A, Xp #0)) = No(Px,, (L(Xp) € A, Xp #0))

for x € D' C D, N, 1(x,) is also equivalent to R. Thus we get the (19) with a measurable ~,(x)
strictly positive.

It will be convenient for the proof to write R(dv) = roR(dv), where R is a probability measure.
In other words, R(dv) = P.(L(Xp) € dv | Xp # 0). Note that with this choice of R, R" o
T~Y(dv,dvy,dvy ..., dv,_1) is the joint distribution of (X7 + --- + X,, X1,...,X,_1) where X;
are independent random variables with distribution R. Let R, be the marginal distribution of
X1+ -+ X, where the X; are as above. The following decomposition is then immediate:

R" o T Y(dv,dvi,dvy . .., dv,_1) = K, (v;dvy, dva, . .., dv,_1) Ry (dv)

where K, (v;dvy, dvg, . .., dv,—1) is the conditional probability kernel for (Xq,..., X,,—1) given X; +
o4 Xn_

We now show that R,, is absolutely continuous with respect to R. Let X%), ..., X} be n inde-
pendent realizations of the exit measure under the law P.. Then the distribution of Xllj +--+ XD
is given by the P,s, distribution of Xp.

Let F be s.t. R(F) =0, i.e.

(21) Pe(F(L(Xp))L{xpz01) =0
Because P, and P,s, are absolutely continuous, (21) implies
(22) Pos. (F(L(XD))1{xp203) =0

12



Since

P (F(L(Xp)Lxpr0y) = (Po)™(F(L(XD + -+ XD)L(x1 4t xp20})
> (POMP(LXE) + -+ + LX) xs sy Lxgioy)
= roRa(F),

this implies that R, (F) = 0, so indeed, R, is absolutely continuous with respect to R.
If h™(v) is the Radon Nikodym derivative of R,, with respect to R, we get (20) with

Knp(v;dvy,dvy, . .., dv,_1) = K, (v;dvy, dvg, . . ., dv,_1)h™(v).

It remains only to show that K, (v,-) is strictly positive. Because K,(v,) is, this amounts to
showing the converse to the absolute continuity result above, namely that R is absolutely continuous
with respect to R,,.

Our approach is to use the Poisson representation, as in the absolute continuity argument in [5].
Suppose R, (F(Xp)) =0 and 0 < F < 1. The Poisson representation gives that

e~ ()
PM(F(XD>,XD7£0) // —i—L(Vk))le(XDEdVl,XD%O)
k=1
a:n(XD S dyk,XD 7é 0) (d.%'1> .. M(dl‘k)

[e.e]

S P e /fkml,... Yu(dar) - - p(day),

k=1
where

fk(.%'l, .. ,a;k) = /F(L(I/l) + .- —|—L(Vk))N$1(XD €dvi,Xp 7é 0) .- ka(XD € dv, Xp 7& 0)
Let ce D' € D. Then
P.(F(Xp),Xp #0) = (PXD/(F(XD) Xp #0))

OO

—(Xpryu)
- r(3 i [ Ao ) X dn) - X da),

There is a similar Poisson representatlon for R,(F(Xp)), involving a sum of integrals of the fj
for k > n. Since R,(F(Xp)) = 0, we conclude that for each k > n there are xy,...,z; € D such
that fx(z1,...,25) = 0. By absolute continuity, we conclude that fx(x1,...,2zx) = 0 for every
T1y.e., Tk

Since F' < 1 we obtain the bound

k
f(x17"'7 H XD%O _u(xl) (:Uk)
Therefore
n—1 _
e <XD/»"‘> k
P(F(Xp),Xp #0) < ZPC(T<XDHU> ).
k=1

Because u — oo on 9D, all terms e~ X0 (X, u)* have stochastic boundary value 0 as we
let D' 1 D (see [5]). In particular, this sum converges to 0 as we let D’ 7 D, showing that
R(F(Xp)) =0. In other words, R is absolutely continuous with respect to R,,, as required.

]

We can now establish our first canonical version of the X-harmonic functions HY(u).
13



Theorem 6. Fiz a base point c € D. For P, 1(x,) almost every v,
HY (u)
HE(6z)

(23) Hy(p) =
for every p and x, where
e~ {mwu)tule) fy =0
Y () =
C(M) <“u>(M 7U>+Zn 2fn,6 ’“>Kn(v;dvl,...,dvn,1))><
<N ’Yv1> : <N7 'an_1></$v 7@—(v1+~--+vn,1)>a if v 7é 0

Proof. Let F be a non-negative Borel function on V..
[ Pesion@) P 1)
= Perixp)({ONFO)H (1) + /F(v)ﬁﬁ(u)R(dv)

:ew@mmgwwww+aWW/memeww+

M 71)1 :u Yvn— 1><:u77v—(v1+~~~+vn_1)> X
X F(v)Kp(v;dvy, . .., dv,—1)R(dv)

F(or+ -+ on) (s Yor) -+ (s Yo ) B(dv1) - - - R(dwn)

F(v1 + - 4 va) (s Ny, nixp) (dvr)) - (s Noy, pixp) (dvn))

e~ (wu)
= Z :' /F(L(Vl) + oo+ L(vy))Ryu(drr) - - Rpyu(dvy)
n=0

= Pu(F(L(Xp)) = P, rxp)(F)

where we are using the Poisson representation. Thus ﬁg (1) is a version of the density defining
H?(p), and the normalization of (23) establishes the same statement with ¢ replaced by z. The
result will therefore follow once we show that HY is an X-harmonic function. This is clear for
v = 0. For v # 0, the proof will be a special case of Theorem 12. The reader may verify this once

the latter proof is given
0

Remarks:

(i) We worked in Theorem 2 to prove abstractly that HY(u) was well defined for every u, for
almost all v. This property is now also clear by construction, from the explicit formulae of The-
orem 6. Of course, this result does not remove all ambiguity in the choice of HY, since v, and
K (v;-) are only well defined for a.e. v. Ideally we would like to prove continuity properties of these
objects in v, that would then specify them uniquely. But we have not succeeded in doing that. In
subsequent sections we will however be able to clarify the structure of these objects, and show how
they determine the behaviour of the HY — z-transformed super-Brownian motion.

(ii) HP** falls in the family of X-harmonic functions considered by Salisbury and Verzani in
[12]. This family of X-harmonic functions are characterized by a function g, and £%9-harmonic
functions v1,...,vg. In our example the function g is ug = Vpf, and the harmonic functions v;

14



are the functions k.’ (+, ). In [12] it is shown that for D Lipschitz of dimension d > 4, g = 0, and
v; = ke(+, z;) where z1,. ..,z are distinct points chosen on the boundary, the resulting X-harmonic
function corresponds to conditioning SBM to hit the points z;. The same argument would work in
dimension d = 3, at least when D is smooth.

(iii) An interesting question is what happens to H™"" as n~
on the boundary. In section 5 we will show that

1y, converges to a finite measure v

n,Yn Xp
Pu — Pu

weakly almost surely, in a sense. A stronger result would be that H,""" converges to H”, whenever
n~ v, — v, but we cannot show this.

(iv) An important case is when L(Xp) = Xp. The corresponding X-harmonic function H” can
be thought as the analogue of the Martin kernel. Indeed in section 5 we will show something close
to the statement that if D is a smooth domain, then for almost all v, H is extreme.

4. FRAGMENTATION SYSTEM DESCRIPTION OF P/’;

The results of this section apply in general to the conditional law Pj given L(Xp) = v. For
simplicity, however, we will carry out the computations for the case L(v) = v.
Recall that v > 0 is the maximal solution of the nonlinear PDE

1
§AU = 2u2
on D. We have
(24) u(z) =Ng(Xp >0) = ﬂlim VppB(zx)
— 00
Recall the reference measure R(dv) of Lemma 5. In that result, v, (x) was any jointly measurable

version of the Radon Nikodym derivative of N, x,, with respect to R. In the following, we refine
this choice.

Lemma 7. There exists a version of the function v, (x) of Lemma 5 such that for R almost every
v

(25) Vw(2) = No(HY (Xpr))
for every x, and every D' C D, where HY is as defined in Theorem 6.

Proof. Let 47 be any jointly measurable version of the Radon-Nikodym density of N, x, with
respect to R, as in Lemma 5. In other words,

(26) No(Xp € A, Xp #0) = /A 70 () R(dv).

Define HY as in Theorem 6, using the functions %,. Then set v, (z) = N,(H%(Xpr)). This choice
does not depend on D’, because

No(HZ(Xpr)) = No(Px,,, (H(Xpr))) = No(H(Xpr))

whenever D" C D', since HY is X-harmonic.
15



We now show that for fixed x, this gives a version of 4, (z). If D’ C D then

A 1y PNy (@) =N, (F(Xp)l{xp20)
=N, (PXD’ (F(XD)l{X[ﬁéO}))

N / HY(Xp)F(v)R(d))
{v#0}

- / F)R(dv)N, (B (Xp)) = / F(v)y () R(dv).
{0} {v£0}

Now define H” (1) as in Theorem 6 using the functions v, (z). Then HY () and HY (i) are both
X-harmonic and versions of the same Radon-Nikodym density, therefore they are equal for every
w, for R-almost all v. Hence v, (z) = N, (HY(X},)) = Ny (HY(Xp')) for every D' and every z, for
R-almost all v, which implies (25). O

In the remainder of this section, we assume that ~, satisfies (25), and that H? is defined as in
Theorem 6. If D’ C D we may then define a change of measure by

1
N/(Z) = ——N(ZH(Xp
for positive Fp/-measurable Z. Because, H! is X-harmonic, N7, is defined consistently on Fp, and
we have that NY is a probability law because of Lemma 7.
In the remainder of this section we turn to the problem of giving an explicit probabilistic con-
struction of N% in terms of a backbone along which unconditioned mass is created. We do this in

two steps. Let HY (1) = e~ (11,~,), and for n > 2 let

_<.U"u'>
v e
(27> Hn (M) = / n Kn(y; dl/h v 7an—1))<Ma 7u1> o <,UJ7 ’Ylln71><u7Vuf(ul+ug,...,un_1)>'

Then HY =), -, HY. We will first use the Palm formula to establish an inductive relationship

for HY, and then compare this to the inductive relationship coming from the first branch of the

backbone.
We will make use of a stochastic process &; under various measures IT, or II3%. In either case we
use the shorthand

NP ($) = e~ Sl aNg, (1—e X790y ds
where D’ is a subdomain of D and let 7p, be the exit time of & from D’.
Lemma 8. Ifn =1 then
Ny (e X HY (Xp)) = T (3 (6r,y )N, (6 + 1))
If n > 2 then

Ny(e X0 1Y (X)) = /Hw (/ NP (6 -+ wNg, ("X O )
0

Ng, (e_<XD”¢>H;L’:7’;;(XD/) dt> K(v,dV).

Proof. If n = 1 then HY () = e~ % (11, ~,) and the result is an immediate consequence of the basic
Palm formula (4).
16



If n > 2, by the recursive moment formulae (5),

Ny (e~ X0 O HY (X)) = % / Na (e~ Ko OO X ) K i, . di 1)

— [ Som

MCN
0,N#M

-Ng, (e~ Ko O (XD, VN, (e~ X0 04Oy (XD, )Y dt) Ko (v dun, - dy).

/OTD/ 4MD/(¢ + U)

There are (:1) possible choices of M in the above expression, with cardinality m. Also note that
we can decompose K,, as

K, (v;dvy,...,dvy—1) /K Vidvy, ..o dvgn ) Kn(v —Vidvmaa, - . dvpg—1) K (v; dV').

Therefore, by rearranging the indices, we get
No (509 1Y (X ) Z /K v dv') / AN (6 + ).

1
|: /Ngt( ~Xprétu) ?;1<XD’v’YVi>)Km(V/;dV17""defl)

. - N e*<XD”¢+“>H’7:_m Xp ) Knem(v —Vidvr, ... dvp—m—1)|dt).
( &t i=1 i

n—m)!
Now apply induction. ]
Now set I'y, = 2 [y7,— K(v;dV').

Theorem 9. The function 7,(x) is LY-superharmonic, and hence lower-semi-continuous in x.
For R-almost all v it is in fact an LY -potential, and satisfies

(28) Yy = G% {2/7,,7”_”/ K(v;d/)|.

Proof. Let Dy be a sequence of domains exhausting D. Since Vp, v = u, we have that N;Dk (u) =
e~ Jo du(€s)ds fop ¢ < 7D, Thus

w(z) = Ny(HY(Xp,)) ZN (Xpy))

= Na(H{(Xp,)) +

+3N [ /0 " NP ()N, (H ) Ne, (22, di) K (v; )

™D / /
= N(HY(Xp,))+ ZZ / A ( / " ONg, (Hy )Ne, (HY ™) dt) K (v; dv/),

m=1 j=1
TDk
— N (Xp)) + 2 [T (€060 dt) K (i)
0
4 P
— NJ(HY(Xp,)) + H;(/ T, (&) dt).
0
The first term is £*“-harmonic on Dy, by Lemma 8, and the second term is an £*“-potential, so v,

is £*-superharmonic on each Dj. Thus it is so on D as well.
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Moreover

/Nx(Hf(XDk))R(dV) = N$(6_<XDMU>/<XDk77V>R(dV))
= Nafe o [ [ X, (o) Bla)

_ N (o) / X p, (dy)Ny (Xp # 0))

= Ny(e ™o (Xp  u)).

Because u — oo on 0D, the latter has stochastic boundary value 0 (see [5]). Thus

/ N, (HY (Xp, ) R(dv) — 0

as k — oo. By Fatou’s lemma,
likmianx(Hf(XDk)) =0
—00

for R-a.e. v. But the second term in our expression for 7, (x) is monotone in k, and thus in fact
Y(z) = Hfﬁ“(fom’c I',(&)dt) for R-a.e. v, for every x.

Choosing a countable dense set x1,xs,..., we therefore have a null set B for R, such that
the above equality holds for every x and for every v ¢ B. Since both functions are lower-semi-
continuous, and agree on a countable dense set, it follows that (28) holds for every v ¢ B. U

Suppose now that v satisfies (28). Let Ngc be the excursion measure of a super-process whose
spatial motion is killed at at rate u. In other words, for any D’ C D, we have

N (F(Xpr) = Ny (e X0 P(Xp))

We define a probability Q% under which there is a branching diffusion and an associated measure
valued process evolving as follows. We start a 7,-transform of a £** process off at z. Since v, is
a potential, this process dies before reaching 9D. Say it dies at y. Then we choose v/ at random
with distribution density

Ff(y)w(y)%_w (y) K (v;dv').

Note that to do this we do need I, > 0. In other words, this is a point where we require K (v, dv’)
to be a strictly positive measure.

Almost surely, (28) holds for both v/ and v — 1/, so we may start two new processes at y,
following 7, and v, _,s transforms of L. We may repeat this process infinitely often. This defines
a branching particle system. Let T; denote the measure-valued process putting a unit point mass
at each particle alive at time t. We then create mass uniformly along this set of particle paths,
which then evolves according to the excursion law N. More properly, generate a Poisson random
measure with intensity

/Oo AT (dz)N,(-) dt
0

and add up the resulting measure-valued processes to form X.

If we wish to write down the corresponding exit measures Xp/, D' C D such that z € D/, we
can use the truncated particle system in which particles are killed (and not restarted) upon exiting
D’. Denote the associated measure-valued process Tf) '. Then by definition,

Q=Ko d)y = Q¥ (e~ Jo~ 40P (1”0 dy

The main result of this section is
18



Theorem 10. Assume that v satisfies (28). Then N4 (e~ Xp':9)) = Q¥ (e=Xp"9)) for every D' and

0.

Proof. Write TP ~ n if exactly n particles of TP exit D’. We will show by induction on n that
N (e~ Ko O HY (X)) = 7, (2) QY (e~ Xpr®) D" ).

The theorem then follows by summing on n.
Note first that

o= Jo Aul&s) ds ,— [5 4N (1—e~ XD 2y
t
= exp(—4/ [u(€s) + Ne, (e Xprw) _ o= (Xprétu))] gg)
0

t
= exp _4/0 [u(€s) = Ne, (1 — e X)) 4 N (1 — e Ko@) ds

= A/;D/(¢+u)
If n =1 then

() QKo TP 1)
= (x)HzLu'yu( — [P 4N, (1—e X D/,¢>)dslTD/<<)
= H du Y gTD/ D 4N§ (1 e —(Xpri#) )dslTDl<C)
= ]'_'[ (’y 5 (£S ds —fo 4N§ 1 67<Xqu¢’>)ds)
= o( W&y /
= ]._.[x (’YV éTD’ TD/ ¢+u))
= Nx(e (Xpr¢) HI/ XD’))

If n > 2 then

(@) QY (e X ?) YD )

& 27y f Yv—v (§C)
— H4u,’yl, fO 4N§g 1 e -(Xp ¢>) dsl - / C
(@) (e cerm §j e

Q£ (e=Xpr®) YD )Q ( (Xpr.¢) TD ~n—m) K(v; du’)
_ Hiu(/OTD' %(&)h«e_[gmgs e~ XDy ds Z / 2y ft ’Yu u/ (&)
QY (e Ko@) YD ) QU (e (X ) TD Nn—m)K(V;dy)dt)
_ Hx(/OTD/ o S du(g) ds — [1 aNe, (1—e” XD 9)) ds Zn: /2%,(&)%_”,(&)
Qe Ko P ) QL (e X9 TD, ~n—m)K(v;d) dt)
- Z / ([ 20 (6 ) (@ (e DT )

S Yo—v/ (‘St)Q ( XD,7¢> TD ~n — )dt) K(l/; dl//).

Comparing with the recurrence relation for N, (e~ (X0/®) HY (X)), the result now follows by in-
duction. 0
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A careful examination of the above proof shows that it uses only the hypothesis (28), rather
than the way that our particular functions v, arise as densities. In other words, we did not use the
fact that HY is X-harmonic, neither did we assume (25). Instead one could start with any family
of solutions v, to (28), define H” according to the formula of Theorem 6, and still have the above
argument work. In other words,

Corollary 11. Suppose that the v, satisfy (28). Let H" be as defined in Theorem 6 with this 7, (x).
Then v, (z) = Ngy(HY(Xpr)) and H" is an X-harmonic function.

Proof. We may construct Q% as above. By passing to historical processes (as in [2]) one can in fact
show that N¥(Z) = Q%(Z) for every Fp/i-measurable Z > 0. It follows that the in this setting, N¥
are consistently defined probability measures on Fp as D’ varies. Hence by Girsanov’s theorem H”
is X-harmonic. Since the N” are actually probabilities also 7, (z) = N, (H"(Xp)) as required. O

Note that the X-harmonic functions HY were defined by Dynkin in [7], and we have followed
this approach throughout. The results of this section should be viewed as an attempt to clarify
the structure of these X-harmonic functions, as well as structure of the conditioned superprocesses
that are obtained from them.

4.1. Description of P;. Above we described the conditional law N7. Now we move to an arbitrary
initial measure u, and so need to handle multiple lines of descent starting from time 0. In other
words, we are going to describe the distribution of X ., D’ C D with respect P} such that p € Mpr.

Let Q1 and )2 be two probability measures on the space of measure valued paths. Let y; ~ Q1
and x2 ~ Q2 be independent. We will let ()1 x Q2 denote the law of x1 + x2 which is also a
probability measure on the space of measure valued paths.

Let

Kn(vidvy, ... dvy) == Kp(vidvy, ... dvn) X 0y, 4. 4, _1) (V).

and

Ay(p) = Z/ / Ky (vidvy, ..., dvp) vy, (21) -« Y, (xn)p(dzy) - . p(dxy,).
ne1 T Tn SV,

Finally we let 15” be the law of super-Brownian with spatial motion killed at rate w.

Theorem 12. Let D' C D. Then
oo
PUP(D) = W)Y [ [ NN N PP (D)
n=1Y%1Tn Y Vi,...;Vn

K, (vidvy,...,dvp) vy, (z1) - Y, (2n)u(dzy) . .. p(day).

This theorem says the following. Initially we pick a random cluster of points (z;) each labelled
with a random fragment v; of v according to the distribution

K, (vidvy,...,dvy) v, (1) - Yo, (@) pu(dxy) - - - p(day,).
At each point we start a branching particle system. We let these systems evolve independently
from each other and according the the law N;?. At the same time we independently start a super-
Brownian motion whose spatial motion is killed at rate u from initial distribution p. The P7
distribution of Xp is the mass distribution absorbed by 0D’ from the mass created from the two
Systems.

Lemma 13. For 1 <r <n, let Cy,...,C, be a partition of {1,...,n}. Let n; =|C;|. Then

Kp(vidvy, ..., dv,) = /Kr(y;dul,...,dz/r)HKni(ﬁi;dyCi).
=1
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Proof. Let Y1, ...,Y, beiidrandom variables from R. Let Y = Yi+...4Y,,. Let Yo, = (Y, ..., Yiri)
for iy, € C;. The result is a simple consequence of the fact that the Y, are conditionally independent
of each other and of Y given the random variables Y;, + ... + Y, ]

Proof. (of Theorem 12)

Pu(e” Yo P HY (X))

— XD/,'LL

° ( )
_ e
= P/L (6 <XDI’¢)> Z / T<M7’YV1> T <M7 ,YVn>> Kn(V, dyh cee 7dy’n,)
n=1 :
! —(Xpru+9)
= ZH P, (e D’ <u,fyl,1>---<u,’yyn)> K, (v;dvy,. .. dvy,)
n=1 "

= i;'/e—m,vp(uw» ZW’N(-) (e—<XD/,u+¢> <XD/7VC'1>)> o, N (e—<XD/,u+¢> <XD/,7VCT>)>
n=1 "

w(n)

K, (v;dvy,. .. dvy,)

[e’e) 1 r

. —(u,Vp (u+o —(Xpr,uto 5.

— o wVb( >)n§:1n! E( )/illlw,N(,) <e (Xp ) |:/<XD/7’YVCi>Kni(V7,;dVCi):|>>
K, (v;dy,. .., dv,)

[e.9] n

1 n!
_ —(,Vp (u+o .
— o wVD( >)Z:1MZ;/KT(V,dV1,...,dVT) Z -l
— r= T yeeny Ty
H<M7N() <€_<XD/,U+¢> |:/<XD/7,-YVCZ>KTL1(V~“dycz):|>>
=1
) r o 1 .
— o~ (mVp(utg)) Z/Kr(V; dv, . .. 7dV7”)H Z FW’N(') <6<XD/,u+¢) |:/<XD/7’yyci>Kni(Vz‘;dVCi):|>>
r—1 i=ln;=1 "

r

Vo) § / Ko (vidvn, .. duy) T 1N (X0
r=1

i=1

5. Is HY EXTREME?

In this section we are going to investigate the question whether the X-harmonic functions HY,
are extreme. Our main result is the following:

Theorem 14. Let D be a smooth domain. Let A be in tail o-field of X in D. For R-almost all v,
(29) PJ(A)=0or1
for all p.

This result does not (quite) imply that H" is extreme. To show that H" is extreme, we would
need a stronger version of Theorem 14 where R-almost all v, (29) holds for every A in the tail
o-field.

To prove Theorem 14 we need the following construction. Let G be the space of finite atomic
measures on 0D. Let (Gy)n>1 be the filtration generated by the finite projection maps W, on G*°,
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(i.e. Wi(g9) = (g1,...9n)) and N
n=1

For any finite measure v on 0D, let P” be the law on G*°, corresponding to the law of independent
and identically distributed Poisson random measures with characteristic measure v. We define the
following probability law on  x G*°:

(30) P(YZ) = P,(YP*>(Z))

We extend both Xp, D' € D and Wy, n > 1, to Q x G by letting Xp/(w,g9) = Xpr(w) and
Wi (w,g) = Wy(g). Clearly, P, law of X = (Xp/)prcp is the same as its law under P,. We also
extend Fcp, o(Xp) and G, to o-algebras on © x G in the obvious way. If W,, = Vi,...,V},, let
U,=Vi+...+V,.

Theorem 15. Let A € Frp. 15“ almost surely following holds:
i) Uy, is a unit atomic measure for every n.
i) 12U, = Xp
iii) PXP(A) = limy, oo P"7" (A)

Proof. Note that we can think of W,, as a boundary statistic, even though it is not listed among
the statistics of Section 3. The arguments of Section 3 would equally work for conditioning on
Wi, which tell us that there exists an X-harmonic function H%» such that the conditional law of
(Xp')prep given Gy, is given by Plfl "™ Therefore we have

_ Wn
Pu(AlGn) = B (4)
by Theorem 2. Moreover, by a similar argument as in the proof of Theorem 3 we have that
Wn
P (A) = P (A).

Here note that conditional on Xp = v, U, is a Poisson random measure with characteristic measure
nv. Also from Section 3.1 we know that U, is a unit atomic measure ]5“ almost surely, clearly this
implies (i). Hence, the corresponding X-harmonic function for conditioning on U,, can be chosen
as the X-harmonic function of Section 3.1 with 8 = n, for every n. By conditional independence
of Go and Fcp given Xp, for any A € F-p we have P a.s.

(31) PM(A|GOO \ ]:D] = PM[A|'7:D]
Note that P a.s. )
lim —U, = Xp,

n—oo N
where the limit is in the weak convergence sense. If for some (w, g) the above limit does not hold,
we exclude those pairs from €2 x G*°. This way we have that Xp is measurable with respect to G,
therefore P,[A|Fp| is measurable with respect to G, as well. This and Equation 31 imply
BulAlFp] = PulA|Gec].
By the martingale convergence theorem we get that
P,[A|Fp] = lim P,[A|G,].
n—oo

The left side is equal to P/f(D (A), and the left side is equal to lim,, . P/ Un(4). So, except on a P
null set, for all (w, g), we have
X . n,Un
PP (A) = lim P"r(A).

n—oo
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We will also need the following technical lemma in the proof of Theorem 14. Let (Dy)x>0 be an
exhausting sequence of domains for D. Let my be a sequence s.t.

1
SUp Uy, (z) — u(z) < —
Dy k

1

where u,,, is the solution of Au = §u2 which blows up on 0D,,, and u is the solution which blows

up on 9D.
Lemma 16. For any u, there exist a sequence n; such that ]5“ almost surely,
. :Un . . — —
lim P," " (liminf e (XisuDmm, u">) =1.
l—o0 k

Proof. Since

e (X - e (X -
PrUnliminf e Koy Dm; =) — P (lim inf ¢~ KP4 0me =0 |7 )
k k

we have
P, [P[LL’U” limkinf e (Xntom, _“”>] - Pu(limkinf o~ (XkuDm, —un>)
— liminfe Vi (¥Dm, —tn)
k
> 1imkinfe_<“v(“—un)>e—<u,%>
— o (mu—un)
Note

lim e~ {u—tn) — 1
n

(Xks Dy, _Un>]

which implies that P} Un [liminfy e~ converges to 1 in probability, therefore there

. ny,Unp . .
exists a subsequence n; s.t. P, " [liminfy e converges to 1 a.s. ]

Our strategy to prove Theorem 14 is to get a formula for P,"""(A) when A is in the tail o field
and show that we can choose a subsequence n; and v, so that lim;_.q PZ} brm (A)is 0 or 1.

In [6] Dynkin proves that if D equals to R™ then the X harmonic function (u,1) is extreme.
His method consists of the following steps. First, he formulates an equivalent problem in terms
of a Markov chain (Xp, )r>0 where (D) is a sequence of domains exhausting D. Second, he
considers the immortal particle description of the A-transform of Super-Brownian motion with the
X-harmonic function (u,1). This is also known as super-Brownian motion conditioned on non-
extinction. This immortal particle system consists of a Brownian motion £, and mass uniformly
created along the path of ¢&. Reformulating the problem in terms of this particle system, Dynkin
shows that the probability of a tail event of the Markov Chain (Xp, )r>0 is 0 or 1, if and only if
the probability of a corresponding event in the tail o-field of £ is 0 or 1. It is well known that the
tail o-field of Brownian motion is trivial, hence the result follows.

Our proof is analogous to Dynkin’s proof. Consider again the exhausting sequence of domains
(Dr)k>1 we selected before Lemma 16. Let H™"" be the X-harmonic function of Section 3.1
where v, is a finite and unit atomic measure on 9D. We will consider two Markov Chains. The
first one is X = Xp,,k > 1, associated to the family P, indexed by (r,u) such that u is a
finite measure supported on D, and r = 1,2,.... P/ is the restriction of the law PH™™ to
(XD, 113 XDysoy - -)-

We construct the second Markov chain using the branching forest construction of Pf " which
we obtain from the results of [12].
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Let © be the space of finite point measures 7 on the pairs (z,m) such that z € D, and each m
is a finite point measure and if the support of 7 consists of p points, (x1,m1),..., (xp, m;), then
mi + -+ +my = v,. Recall, Mp is the space of finite measures compactly supported in D.

Let p € Mp and n € ©. We will consider a probability law Q""" on 1 := Mp x O-valued
paths, according to which the exit measures (Yp/, Tpr)p/cp evolve as follows:

Let 21, ..., z; be the points in the support of v,. 1 gives us a finite partition v = (Cy,...,Cp) of
{1,...,k} and a cluster of points z1,...,x, in D. We start a branching backbone system labeled
with z¢, from each z; . Here zc = (z;,7 € C). The evolution of each branching backbone is as
follows: Let u,(z) := —log(e~XP™). A particle starts from z; following a tc, transform of a
L4 diffusion. Here ¢ is defined by the recursive moment formula with ¢ (x) = k"(z,2;). As
¢, is a potential, this particle dies somewhere in D, say at y. Two new particles start at vy,
each assigned a new label 2¢r and 2\ ¢ respectively where (' is a proper subset of C; and chosen
randomly proportional to ¥c(y)c,\cr(y). We repeat the same procedure for each particle unless
the particle is assigned the label z; for some 4, in which case we let it evolve as a k™ (-, z;) transform
of an L% diffusion.

Let Y ps be the point measure which puts mass on the pair of points (y, m) where the y are the
first exit points from D’ of the particles in the branching forest system whose ancestors were all born
inside D', and the m are the point measures associated to their labels. (That is m =", 0., (dz) if
C'is the label of the particle exited at y). Let Y be the exit distribution on 9D’ created uniformly
along the backbone system.

On €2y := the space of M p-valued paths, we consider the family P;Sn) the law of a super-Brownian
motion whose spatial motion is killed at rate u,, and the exit measures (Xp/)p/cp.
Now, we define a process (Zp/, Tpr) on 1 x Q9 such that

(Zpr(w1,w2), Tpr(wi,w2)) = (Xpr(w2) + Ypr(w1), Tpr(wi))

Consider again the exhausting sequence of domains (Dy)r>1. Let (Z, Ti)e>1 = (Zp,, T, )k>1-
By construction (Z, Tk)r>1 is a Markov chain with respect to the family of probability laws Pr;/r,

the restriction of Q™" x P,En) to 0((Zpy1, Yra1), (Zryo, Trya),...).

Proof. (of Theorem 14)

The tail o-field of (Xj)g>1 coincides with the intersection of all F5p/, D' C D [6]. If C is in tail
o-field of (Xy)g>1, and Py, (C) =1 for some p supported on 9Dy, this implies P;(C) = 1. By the
absolute continuity of the measures P, this implies P;/(C) = 1 for all 1. Therefore without loss of
generality in what follows we fix p, a finite measure supported on 9D;.

Step 0

Let 1 be a measure supported on dD1. We fix C' in the tail o-field of X, = Xp,,k > 1. Let 0o
be the set of (w, g) such that 1U,(g) = Xp, P,f(D(w)(C) = lim P,:L’U”(g)(C)7 Un(g) is a unit atomic

. . n,U, ..
measure for every n, and for a certain subsequence ny, lim;_,o P, " (lim infy e

(Existence of the subsequence n; follows from Lemma 16). From Theorem 15 and Lemma 16 we
know that P,(Q°) = 1. Let v = Xp(w, g) and vy, = Uy, (w, g).

Assume P, (C) > 0. Our goal is to show that P/, (C) = 1. Note that this is enough to prove
Theorem 14, since R({v : v = Xp(w, g), for some (w, g) € Q°}¢) = 0. Let ¢ = Py ,(C). Then there
exists a 71ﬂrbn}/mber K,st. foralll > K

= o,
(a‘) Plﬁllt,l/nl

(b) P, "(C) > 5.

Note that the choice of v and v, depends on C and u. Note also that K depends on v, (vy,)i<0,
C, u.

Step 1

_<Xk7quk —Un>) -1

(liminfg Py (Xm, =0)) > 1— 5, and limy_o Pflu:un

— 9 , l(liminfk Pk,Zk(ka = 0)) =1.
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We show that there exists an event C in the tail o-field of (Zy Ti)i>1 st

P (C) = / (dn) P27 (C)

To see this, let i be a probability measure on © constructed as follows. We pick a random
partition v of {1,...,k} with probability proportional to ITae~(u, % 4). For each A € v, we then
independently choose a starting point x with law mw A(z)p(dx). fiis the law of a point measure
which puts unit mass on each (x;,m;), where if v = (Ay,..., Ap) then m; =3, 4 6.,(dz).

Let P/, be the law defined by

B (dw) = / (dn) P2" (d)

From [12] we know that ﬁﬂtn—distribution of Zi, k > 1 is the same as the distribution of (Xj)r>1
w.rt. Pl an so for any measurable non-negative fi,..., f,,, we have

P [fr(Xg) - fon(Xim)] = PU (FU(Z0), - o Ziem)
hence by a straightforward application of monotone class theorem we get the result.
Step 2:
Following Dynkin, we show that for any C in the tail o field of the Markov Chain (Z, Y1), we
have

P (C) = PO Xy = 0)Proy(C) + J22m, ()

o7 T (X NTRY)
where

0< Jhm, (C) < (1= Pp,(Xp =0)).

ST
(Here please note that u is a generic p supported on 9D, not the measure p we fixed in Step 0).
To see this, use the Markov property of (Zj, Ti), to get

P (C) = P (G (Zin X Tom))

Ty 1) Ty lhsT)
where 3
Im (s 77) = P i (C)
Therefore, ~
Prin(C) = I + Jm
where
Im = /P(n (dw1)Qn(dw2)1ix,, (w1)=0} 9m[Zm (w1, w2), L (w1, wa)]
= r,,u {X = O}P:IOV;]L( )
and
Im = / P (dw1)Qn(dw2)1{x, ()20} Im [ Zim (w1, w2), Ton (w1, w2)]
< PU{Xm #0}.
Step 3:

Following Dynkin, we show for any C in the tail o-field of (Zes i) k>rs P

1,u a.s.

1 ,Vng

1 = hm Pk 2o (C’)

This is simply a consequence of the Markov property and the martingale convergence theorem.
Step 4:
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My ,Vng

Step 3 and Step 1 imply that P1 a.s.

,Vng

1o = lim (P;flz (X, = 0) P (C) + T (é))

k00 mi, Zi, T

Step 5:

We argue that lim infy, P,? 8 {” (C) is constant, P P g5, This will follow once we show that the
tail o-field of (Y) is trivial. Moreover, it is enough if we show that the tail o-field of the process
(Y4)¢>0 is trivial. (T is defined on Ql.) Let 7 be following stopping time:

=inf{t > 0:|Y¢ = k}.
For 1 such that |n| = k, the Q,-distribution of Y is the same as the distribution of

k
Z 552‘('5) é
=1

where ; are independent and each &; is a k%" (-, z;) transform of an £" diffusion with starting point
y; € D determined by 7. If A is in the tail o field of Y, then for such 7, @,(A) is 0 or 1 since each
¢ has a trivial o-field with respect to their laws. Now, by the Markov property of T¢,

Py (A) = Qr, (A)

which is 0 or 1 as we have just argued.
Step 6: Note

Pk(;;rgk (ka g 0) — €_<Zk,quk _un>

)

and ]E’ln Zynl distribution of (Zg)k>1 is the same as the distribution of (Xj)r>1 under P,""". Hence

"nlyan . . n . . nlvl/’ﬂl . N
P, hmklnf Pz (Xm, =0) =P, hmklnfe

7<Xk9quk 7un>
_ Let K be the constant we set in Step 0. From Step 0, and from the equality above we get that
P lim inf, P,:”Z (Xm, = 0) is always less than ¢/2 for [ > K and converges to 0 as [ — oo.

L
Since Pnl’unl (C) = innl (C), from Step 0, we also have that Pnl’ynl( C)>e¢/2,forl > K.
nl,l’nl ST

1,p ~
Let 1 > K. Step 5 implies that either (1) liminfy, Py g y (C’) <1, P uynl a.s.; or (2) lim infy, P:lol?; ()=
1, Pnl’y"’ a.s. If (1) is correct, then this would imply, 1f w € C is such that the equality in step (5)
holds then liminfg Py 7, () (Xm, = 0)) = 0. Hence if (1) were correct we would get

Py, (liminf Pz, (Xm, = 0)) = 0) > P (C).

which is a contradiction, since according to what we argued in the previous paragraph, the left side
is less than €/2, where the right side is strictly greater than €/2.
Hence we conclude that lim infy, ;SV;’ (C) =1, Pnl’V"l a.s. for [ > K.
Step 7:

Step 6 and Step 5 imply that
P(CY) < P {liminf Py 7, (Xpm, = 0) =0)}.
The limit of right side is 0 as [ — oo, hence,

Py, (C) = hm P”“”"l (C) = P"M(C) = 1.

1p

26



REFERENCES

[1] J. Bertoin, Random fragmentation and coagulation processes. Cambridge Studies in Advanced Mathematics, 102.
Cambridge University Press, Cambridge, 2006.
[2] D.A. Dawson and E.A. Perkins. Historial processes, Mem.Amer. Math.Soc.,454,1991
[3] J.L. Doob, Classical potential theory and its probabilistic counterpart. Grundlehren der MathematischenWis-
senschaften [Fundamental Principles of Mathematical Sciences], 262. Springer-Verlag, New York, 1984.
[4] E.B. Dynkin, Diffusions, superdiffusions and partial differential equations, American Mathematical Society, Col-
loquium Publications, v. 50, 2002.
[5] E.B. Dynkin, Superdiffusions and positive solutions of nonlinear partial differential equations, University Lecture
Series v.34, 2004.
[6] E.B. Dynkin, “Harmonic functions and exit boundary of superdiffusion”, Journal of Functional Analysis 206
(2004) 33-68.
[7] E.B Dynkin, “On extreme X-harmonic functions”, Math. Res. Lett. 13 (2006), no.1, 59-69.
[8] S.N. Evans, Two representations of a conditioned superprocess, Proc. Roy. Soc. Edinburgh Sect. A 123 (1993)959-
971.
[9] S.N. Evans, E. Perkins, Measure valued Markov-branching processes conditioned on non-extinction, Israel J.
Math 71 (1990) 329-337.
[10] J-F. Le Gall, Spatial branching processes, random snakes and partial differential equations. Lectures in Mathe-
matics ETH Zrich. Birkhuser Verlag, Basel, 1999.
[11] W. Rudin, Real and Complex Analysis, Third edition. McGraw-Hill Book Co., New York, 1987.
[12] T.S. Salisbury, J. Verzani, “On the conditioned exit measures of super-Brownian motion”, Probab. Theory Relat.
Fields 115, 237-285 (1999).
[13] T.S. Salisbury, J. Verzani, “Non-degenerate conditionings of the exit measures of super Brownian motion” Stoch.
Proc. Appl. 87, 25-52 (2000).

YORK UNIVERSITY AND UNIVERSITY OF CALGARY

27



