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Abstract

We give a series of combinatorial results that can be obtained from any two collections
(both indexed by ZxN) of left and right pointing arrows that satisfy some natural relationship.
When applied to certain self-interacting random walk couplings, these allow us to reprove
some known transience and recurrence results for some simple models. We also obtain new
results for one-dimensional multi-excited random walks and for random walks in random
environments in all dimensions.

1 Introduction

Coupling is a powerful tool for proving certain kinds of properties of random variables or processes.
A coupling of two random processes X and Y typically refers to defining random variables X’ and
Y’ on a common probability space such that X’ ~ X (i.e. X and X’ are identically distributed) and
Y’ ~ Y. There can be many ways of doing this, but generally one wants to define the probability
space such that the joint distribution of (X', Y”") has some property. For example, suppose that
X = {X,} >0 and Y = {Y,,}>0 are two nearest-neighbour simple random walks in 1 dimension
with drifts pux < py respectively. One can define X’ ~ X and Y’ ~ Y on a common probability
space so that X’ and Y’ are independent (this is the so-called product probability space), but one
can also define X” ~ X and Y” ~ Y on a common probability space so that X/ < Y for all n
with probability 1.

Consider now a nearest-neighbour random walk { X, },,>0 on Z¢ that has transition probabilities
(2d)~! of stepping in each of the 2d possible directions, except on the first departure from each
site. On the first departure, these are also the transition probabilities for stepping to the left and
right in any coordinate direction other than the first. But in the first coordinate, the transition
probabilities are instead (2d)~'(1+ ) (right) and (2d)~'(1 — ) (left), for some fixed parameter
f € [0,1]. This is known as an excited random walk [1] and the behaviour of these and more
general walks of this kind has been studied in some detail since 2003. For this particular model, it
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is known [2] that for d > 2 and > 0, there exists vz = (U[B”, 0,...,0) € Z* with U[B” > 0 such that
lim, 0 n'X,, = vz with probability 1. When d = 1 the model is recurrent (0 is visited infinitely
often) except in the trivial case § = 1. It is plausible that U[BH should be a non-decreasing function
of § (i.e. increasing the local drift should increase the global drift) but this is not known in general.

A natural first attempt at trying to prove such a monotonicity result would be as follows: given
0 < B1 < By <1, construct a coupling of excited random walks X and Y with parameters ; and
(B2 > [ respectively such that with probability 1, X < V! for all n. Thus far no one has been
able to construct such a coupling, and the monotonicity of U[BH as a function of S remains an open
problem in dimensions 2 < d < 8. In dimensions d > 9 this result has been proved [4] using a
somewhat technical expansion method, as well as rigorous numerical bounds on simple random
walk quantities. More general models in 1 dimension have been studied, and some monotonicity
results [7] have been obtained via probabilistic arguments but without coupling. This raises the
question of whether or not one can obtain proofs of these kinds of results using a coupling argument
that has weaker aims e.g. such that max,,<, Xr[,}b} < maX;,<p Y,,L1 I for all n, rather than Xr[} < Y}P]
for all n.

This paper addresses this issue in 1-dimension. We study relationships between completely
deterministic (non-random) 1-dimensional systems of arrows that may prove to be of independent
interest in combinatorics. Each system L of arrows defines a sequence L of integers. We show that
under certain natural local conditions on arrow systems £ and R, one obtains relations between
the corresponding sequences such as max,,<, LE < max;,<p RE@} for all n (while it’s still possible
that L > Rl for some n).

These may be applied to certain random systems of arrows, to give self-interacting random
walk couplings. Doing so, one can obtain results about the (now random) sequence R, if L,
(also random) is well understood, and vice versa. This yields alternative proofs of some existing
results, as well as new non-trivial results about so-called multi-excited random walks in 1 dimension
and some models of random walks in random environments in all dimensions — see e.g. [5]. To
be a bit more precise, in [5] a projection argument applied to some models of random walks in
random environments (in all dimensions) gives rise to a one-dimensional random walk Y, which
can be coupled with a one-dimensional multi-excited random walk Z (both walks depending on a
parameter p) so that for every j € Z and every r > 1:

(i) If Y goes left on its rth visit to j then so does Z (if such a visit occurs), and therefore
(i) If Z goes right on its rth visit to j then so does Y (if such a visit occurs).

Explicit conditions (p > 2 in this case) governing when Z,, — co as n — oo are given in [7]. One
would like to conclude that also Y;,, — oo (whence the original random walk in d-dimensions returns
to its starting point only finitely many times) when p > %. This can be achieved by applying the
result of this paper to the coupling mentioned above.

The main contributions of this paper are: combinatorial results concerning sequences defined
by arrow systems satisfying certain natural local relationships (see Theorems 1.4 and 1.5); some
non-trivial counterintuitive examples; and application of these combinatorial results with non-
monotone couplings to obtain new results in the theory of random walks.



1.1 Arrow systems

A collection € = (€(x,1))zezren, Where E(z, 1) € {<=, —} is the arrow above the vertex x € Z at
level r € N, is called an arrow system. This should be thought of as an infinite (ordered) stack of
arrows rising above each vertex in Z.

In a given arrow system &, let £, (j,r) denote the number of <— arrows, out of the first r arrows
above j. As r increases, this quantity counts the number of <’s appearing in the arrow columns
above j. Similarly define £, (j,7) = r—E&.(j,7). We can define a sequence E = {E,, },>0 by setting
Ey = 0 and letting E evolve by taking one step to the left or right (at unit times), according to
the lowest arrow of the £-stack at its current location, and then deleting that arrow. In other
words, if ##{0<m <n:E, =F,} =kthen E,,; = E,+1if E(E,, k) =— (resp. E,.1 = FE, —1
if £(E,, k) =<). In Section 5 we’ll briefly discuss the connection between these sequences and
arrow systems and the theory of excursions and trees.

Definition 1.1 (£ < R). Given two arrow systems L and R, we write L < R if for each j € Z
and each r € N,

L. (j,r) > Re(4,7) (and hence also L, (j,7) < R_(j,7)).
Definition 1.2 (£ 4 R). We write L IR if for each j € Z and each r € N,
L(j,r)=— =R(yr)=—.

It is easy to see that £ < R implies £ < R.

Now define two paths/sequences {L,},>0 and {R,},>0 in Z according to the arrows in £ and
R respectively as above (in particular Ly = Ry = 0). Since each arrow system determines a unique
sequence, but a given sequence may be obtained from multiple different arrow systems, we write
L < R (resp. L < R) if there exist £L < R (resp. £ < R) whose corresponding sequences are L
and R respectively. Note that when £ <R, the paths Z = L and Y = R constructed from £ and
R as above automatically satisfy the conditions (i) and (ii) appearing at the beginning of Section
1.

An arrow system & is said to be o-right recurrent if in the new system &, defined by £,(0,i) =—
for all ¢ > 1, and &4 (z,4) = E(x, i) for all ¢ > 1 and > 0, £ ,, = o infinitely often. Similarly £
is o-left recurrent if in the system E_ defined by £_(0,7) =< for alli > 1, and E_(z,i) = E(z,1)
forall © > 1 and x < 0, E_,, = o infinitely often.

Definition 1.3 (|Z| < &). We write |Z] < € if:
o foreach j >0 andr >1,7Z, (j,r) > E_(j,r), and
o foreachj <0 andr>1,Z (j,r)>E,(jr).
That s, if Z has higher counts for arrows pointing toward o.

The main results of this paper are the following two theorems, in which ng,(z) = #{k < t:



Theorem 1.4. Suppose that L <X R. Then
(i) liminf, . L, <liminf, ., R,;
(i) limsup,,_, . L, <limsup, . R,;

(i1i) Let a, < n be any increasing sequence, with a, — oo. If there exists x € Z such that L > x

infinitely often then limsup,, . s—: < limsup,, ., &=,

(v) If npe(x) > np(z) then ngy(y) > np(y) for every y > x.
See also Corollary 3.10 in the case that L is transient to the right.

Theorem 1.5. Suppose that |Z| < €. Then
(i) If € is o-right recurrent then so is I.
(i1) If € is o-left recurrent then so is .

As % represents the average speed of the sequence L, up to time n, in many applications the
sequence of interest in Theorem 1.4 (iii) will be a,, = n. Part (ii) of Theorem 1.4 actually follows
from part (i) by a simple mirror symmetry argument. There is a symmetric version of (iii), but one
must be careful. Part (iii) obviously implies that if v = limn™'R, and [ = limn~'L,, both exist
then | < v, however we show in Section 4.1 that L < R does not imply that lim inf % < liminf %.
The mirror image (about 0) of the counterexample in Section 4.1 also shows that (iii) is not true in
general if we drop the condition that L > x infinitely often, for some z. One might also conjecture
that if L < R then the amount of time that R > L is at least as large as the amount of time that
R < L. This is also false as per a counterexample in Section 4.2.

The remainder of the paper is organised as follows. Section 2 contains the basic combinatorial
relations which are satisfied by the arrow systems and their corresponding sequences. These
will be needed in order to prove our first results. Section 3 gives various consequences of the
relationship £ < R between two arrow systems, and includes the proofs of the main results of the
paper. Section 4 contains the counterexamples described above. Section 5 briefly discusses the
relationship between the existing theory of excursions and trees, and our arrow systems. Finally
Section 7 contains applications of our results in the study of self-interacting random walks.

2 Basic relations

Given an arrow system £ and ¢ > 0, let np(x) = #{k < t: E, = 2} and ng(x,y) = #{k < t:
Ex_1 =z, Ex, = y}. Then the following relationships hold:

ne(r) =0z0 +nep(r—1,2) +ng(r+1,x) (2.1)
np(r) =0g, . +npr,x + 1)+ ng(z,z —1)
t+ 1= ng). (2.3)



Relation (2.1) says that every visit to x is either from the left or right, except for the first visit if
xz = 0. Relation (2.2) is similar, but in terms of departures from z. The sum in (2.3) is in fact a
finite sum since ng (i) = 0 for |i| > ¢.

Next

ngr,x+1) =E5(x,npi(r) — Ig,—) (2.4)
ng(r, v —1) =€ (2,np(7) — Ip=o), 2.5

where e.g. relation (2.4) says that the number of departures from x to the right is the number of
“used” right arrows at x.
Finally,

nEﬂg(x, T + 1) + ]$+1S0[Etﬁw :nE,t(x + 1, LL’) + ]mZOIEth—l—lv (26)

which says that the number of moves from x to x 4+ 1 is closely related to the number of moves
from x+ 1 to x. They may differ by 1 depending on the position of x relative to 0 and the current
value of the sequence. For example, if 0 < x < E; then the number of moves from x to x + 1 up
to time ¢ is one more than the number of moves from x + 1 to x up to time ¢.

3 Implications of £L <X R.

In this section we always assume that £ < R. The results typically have symmetric versions using
the fact that L X R <= —R < —L, which is equivalent to considering arrow systems reflected
about 0. We divide the section into two subsections based roughly on the nature of the results
and their proofs.

For x € Z and k > 0, let Tr(z,k) = inf{t > 0 : np(x) = k}, and Tr(z, k) = inf{t > 0 :
nri(x) =k}.

3.1 Results obtained from the basic relations

The proofs in this section are based on applications of the basic relations of Section 2. The first few
results are somewhat technical, but will be used in turn to prove some of the more appealing results.
Roughly speaking they describe how the relative numbers of visits of L and R to neighbouring
sites x — 1 and x relate to each other.

Lemma 3.1. If L hits x at least k > 1 times and R is eventually to the left of x after fewer than
k wvisits to x, then there exists a site y < x that R hits at least np, r, 21 (y) times.

Proof. Fix x,k andlet T' = Ty (z, k) and yo := inf{z <z : npr(2) > 0} < 0. If yy = z then the first
k—1 arrows at x are all right arrows, i.e. £L_,(yo,k—1) = k—1. Then also R, (yo,k—1) = k—1so R
cannot be to the left of x after fewer than k visits. Similarly if yy < x then the first ny, 7(yo) arrows
at yo are all right arrows, i.e. £, (yo,nr.7(Y0)) = nr.r(vo), and so also R, (v, nr.r(yo)) = nrr(yo)-
Therefore either R visits yy at least ng r(yo) times or it stays in (yo, z) infinitely often, whence it
must visit some site y € (o, x) at least ny r(y) times as required. [
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Let np(z) = npoo(z) and ng(r) = nreo(x).

Lemma 3.2. If R hits x — 1 at least n(x — 1) times then either
(a) nnlx) > ny(x), or
(b) R is always to the right of x after fewer than np(x) visits. (= liminf, . R, > x)

Proof. Assume that the first claim fails, so in particular ng(x) < co. Let T' = inf{t : np,(z) =
ng(z) + 1}. Then T' < oo so Ly = x. Choose r sufficiently large so that R, # x for any ¢t > r,
R, # x —1, and ng,(x —1) > npr(x — 1). Then by (2.1) applied to L at time 7, and also to R
at time r,

’/LR’T(LL’) +1 :’/I,R(LL’) +1= nL,T(x) = ’/LL7T({L’ — 1, flf) + nL7T(:1: + 1,1’) + (50’90
ng,(x) =0,0 4+ nr, (v —1,2) + np,(z+ 1,2).

Subtracting one from the other and rearranging we obtain
nepy(r—1,2) —npr(r—1,2)+ng,(r+1,2)+ 1 =n,r(x +1,2).
Now npr(z+1,2) =npr(x,x + 1) + I11<0 from (2.6), so
npr(r+1,2)+ 1+ [ng,(x—1,2) —npr(z— 1, 2)] =npr(z, 2+ 1) + Ii1i<o. (3.1)

Using (2.4) and the fact that R, # x, then £ < R, then the fact that n, r(z) = 1 + ng,(x), and
finally again using (2.4) and the fact that Ly = x we obtain

nepy(r,x+1)=R(x,np, () > L(z,np,(z)) = Lo(x,npr(x) — 1) =npr(z,z+1). (3.2)
Using this bound in (3.1) yields
nepy(x+1,2) + 14+ [ng,(x —1,2) —npr(z — 1,2)] <ng,(x,x+ 1)+ I11<0. (3.3)

Using the fact that R, # x—1 and applying (2.4) to R, at x—1, then using ng,(r—1) > npr(r—1),
then £ < R, and finally using the fact that Ly # x — 1 and applying (2.4) to Ly at = — 1, we have
that

nepy(r—1,2)=Ro(x —1Lng,(r—1)) >Ro(x —1,nyr(x—1))
> L (z—1n,r(z—1)=n,r(x—1,2).

Therefore by (3.3), and then (2.6)
nepr(r+1,2)+1<ng,(rv,24+1)+ Liyi<o < np,(r+1,2) + Ig,>011- (3.4)

Therefore R, > x+1, so in fact R; > x for every ¢t > r. Moreover ng,(r) = ng(z) < ng(z), which
shows (b). [ |



Lemma 3.3. Let © € Z, and suppose that for some k > 0, np(x) > k and ng(x) > k. Then
MR (k) (T — 1) S Ly (= 1).

Proof. Let T = Tp(z, k) < oo and S = Tg(x,k) < co. Then Rg = = > = — 1, so from (2.6) and
(2.5)
’/LR’S(LL’ — 1,1’) = ’/LR’S(SL’,LL’ — 1) + [le = ,R,(_(SL’, ]{Z — 1) —+ ]le.

Similarly
npr(x —lz)=npr(v,e— 1)+ Iisy = Lo (v, k— 1)+ L>1.

Since R (z,k — 1) < L_(x,k — 1) it follows that ngs(z — 1,2) < npr(z — 1,x). Finally,
Ro(x—1,ngs(zr—1)) =nps(r —1,z) and npr(x — 1,2) = L, (z — 1,nyr(z — 1))

whence R, (x—1,nps(r—1)) < L(z—1,n,r(x—1)). Since the ng g(x—1)-th arrow at z—11is —
by definition of S (and similarly for ny r(z — 1) and T") this implies that ng g(x —1) < npr(x —1)
as required. [ |

Lemma 3.4. If T = Ty (z, k) < oo and R stays to the right of x after fewer than k wvisits to x
then nr(x — 1) < npr(z—1).

Proof. Assume that ng(x — 1) > 0, otherwise there is nothing to prove. Let S = sup{t : R, = z}.
Then Ry = x, R(x — 1,ngps(x —1)) == and R(z,ngs(r)) =—. By (2.6) applied at z — 1, and
then using (2.5), and finally the fact that R(x, ngg(z)) =—,
TLR’S/(x — 1,$) = TLR’S/(IL’,x — 1) + Ile = ,R,(_(IL’,TLR’S/($) — 1) + ]le = R<_($, nR75/(x)) —+ ]le.
Therefore by (2.4),
R_>($ — 1, nR75/(x — 1)) = TLR’S/($ — 1, $) = R<_($, nR75/(x)) + ]mzl- (35)

Since ng g (z) < k = npr(z) we have R (z,ng s (x)) < L (x,nyr(z) — 1), therefore the right
hand side of (3.5) is bounded above by

L. (x,npr(z)—1)+ Lis1 =npr(r,x — 1)+ >
=npr(r—1,2) =L (x—1,nyr(z—1)),

where we have used (2.5), followed by (2.6), and then (2.4). We have shown that
'R,_>($ — 1,nR751($ — 1)) < £_>($ — 1,nL,T(x - 1))

Since R(x — 1,ng s/ (x — 1)) =—, this implies that ng e (z — 1) < npr(x — 1) as required. [ |



3.2 Results obtained by contradiction

The results in this section include less technical results than those of the previous section. Roughly
speaking their proofs will be based on contradiction arguments that proceed as follows. Suppose
that we have already proved a statement A whenever £ < R. We now want to prove a statement
B whenever £ < R. Assume that for some £, R with £ < R, B is false. Construct two new
systems £’ < R’ from £ and R such that statement A is violated for £ and R'. This gives a
contradiction, hence there was no such example where £ < R but B is false.

Lemma 3.5. Let v € Z, and suppose that ng(x) < k < np(x). Then np(x —1) < nppy @p(e—1)
and liminf R, > = (i.e. R is forever to the right of x after fewer than k wvisits to = and at most
NI Ty (k) (@ — 1) visits to v —1).

Proof. By Lemma 3.4, it is sufficient to prove that under the hypotheses of the lemma, R is to the
right of z infinitely often. Suppose instead that R is forever to the left of x (after fewer than k
visits to z). Then we may define two new systems R’ and £’ by forcing every arrow at x at level k
and above to be —. To be precise, given an arrow system & we’'ll define & by £'(y,-) = E(y, -) for
all y # x, E'(x,7) = E(y,j) for all j < k, and &'(x,j) =— for every j > k. Clearly £’ < R’ and
T" =Ty (x,k) = T. The sequences R and R’ are identical since we have not changed any arrow
used by R anyway. The sequences L and L' agree up to time 7', while L/ > z for all n > T', since
L' can never go left from z after time 7. It follows that ny/(z) = nyr(2) < co for every z < x.
Let y; == max{z < x : ng(z) > nyr(z)}. By Lemma 3.1, —oo < y; < z. By Lemma
3.2 (applied to L', R') either R’ hits y; + 1 at least np(y1 + 1) > npr(y; + 1) times, or R is
forever to the right of y; + 1 after fewer than ny.(y; + 1) visits. In either case, y; + 1 < z (as
nr(z) < k and R’ lies eventually to the left of z). So there exists some y, € (y1,2) such that
nr (y2) > np(y2) = npr(y2). This contradicts the definition of y;. [ |

Corollary 3.6. If ngi(x — 1) > np(z — 1) then ng(x) > np(x).

Proof. Suppose instead that ng:(z) < np.(z). Let k = ngs(x) + 1, so that T = T (z, k) <t and
S = Tg(x,k) >t. Then

nR75(SL’ — 1) > nR,t(:c — 1) > nLﬂg(tT — 1) > TLL7T(SL’ — 1)

This violates Lemma 3.3 (if ng(z) > k) or Lemma 3.5 (if ng(z) < k). |

Corollary 3.7. Fizx >0, and letT =Ty (x,1) =inf{t : L, = 2} and S = Tr(z,1). Then S <T.

Proof. If T = oo then the result is trivial. So assume T' < co. Lemma 3.5 with k£ = 1 implies that
S < 00 as well (R cannot be to the right of x > 0 without ever passing through x). For each i < z,
the number of times that L hits i before T is ny ¢(i), so T = S>7"__npr(i). Moreover, ny,p(i)
is the number of times that L hits ¢ before hitting i 4+ 1 for the ny r(i + 1)-th time (by definition
of T, the last visit to i < x up to time T" occurs before the last visit to ¢ + 1 up to time 7). By

Lemma 3.3 with k£ = 1 we get that ngg(x —1) < npr(z —1). Set ko = 1.



Now apply Lemma 3.3 with z — 1 instead of = and with k; = ngs(x — 1) to get

NRTp(z—1,6) (T — 2) <NL1 (a—1.00) (T — 2).

But ngru@-14)(@ — 2) = nrg(r — 2) since R cannot visit © — 2 at times in (7,.(x — 1, k), 5]
(in other words, the last visit to @ — 2 occurs before the last visit to x — 1). Furthermore,
N1y (e—1,00) (€ —2) < npp(r—2) since npp(x—1) > ki = Tr(x — 1, k) < T. We have just shown
that
nRs(T —2) = NRpTr@—1k)(T = 2) <L e-1k) (T —2) <np (e —2).

Iterating this argument while k; = ngg(z — j) > 0 by applying Lemma 3.3 at  — j with k& = k;
(there is nothing to do once ngs(z — j) = 0 for some j) we obtain by induction that ngg(i) <
npp(i) for every i < z. Thus S = 377" nps(i) < S27' npr(i) = T as required. |

It follows immediately from Corollary 3.7 that

R, := max Ry, > max Ly =: L,. (3.6)
k<n k<
Of course by mirror symmetry we also have R, := ming<, Ry > ming<, Ly = L,,. The following
result extends this idea to the number of visits of the two paths to R,, by time n.

Lemma 3.8. For eacht >0, ng(Ry) > np(R;) and np(L,) > nps(L,).

Proof. Let £ < R and suppose the first claim fails. Let T = inf{t > 0 : ng,(R;) < np+(R;)} < oo.
Let N, = nLt(Rt) — ngri(Ry). Then Ny — N; < 1if Ry = Ry, and by (3.6), iy = 0
or —1 if R,y > R,. Therefore by definition of 7" we must have Ry < Rp, Ly = Rp, and
npr(Rr) =1+ ngr(Rr). Moreover this happens regardless of the arrows of £ or R at Ry above
level ng(Rr). Define new arrow systems £, R’ by setting all arrows at Ry at level 1+ ngr(Rr)
and above to be —. By constructlon L' < R, and (Ln,R ) = (L’ R)) for n < T. However
LTJrl =Rr+1>Rp= RT+1 which violates the fact that R > L for all n > 0.

The second result follows by mirror symmetry. |

For each z € Z, t € Zy, let Z, = max(np4(2), ng(2)).

Lemma 3.9. [f there exist t,y such that Ry <y < Ly and ng(y) > np(y) then ng(z) > np(z)
for every x € [y, L.

Proof. Suppose that t and y satisfy the above hypotheses, but the conclusion fails for some z €
[y, Li]. In other words, y < x < L, and ng(x) < np(z). Define new arrow systems £’ and R’ by
setting:

e all arrows at y at level ng(y) + I{r,2y} and above to be <—;
e all arrows at x at level ny,(x) + (1,4} and above to be —; and

e for each z > x set all arrows above level Z; to be —.



The resulting arrow systems satisfy £ < R’ with (L,, R,) = (L}, R]) for n < t. By construction
L/ — oo as n — o0, since L] never again goes below z, and can make at most finitely many more
< moves. But also R/, <y for all n > ¢, which contradicts the fact that F; > f; foralln>0. N

We say that a sequence {L,},>0 on Z is transient to the right if for every x € Z there exists
n, > 0 such that L, > z for all n > n, (i.e. if iminf, . L, = +00).

Corollary 3.10. If liminf, , L, = 400 then ng(x) < ny(z) for every x and liminf, , R, =
+00.

Proof. Suppose that L is transient to the right. Then ny(y) < oo for each y. Suppose that for
some x, ng(z) > ng(x). Let T'= Tg(z,n(z) + 1). Define new systems £ < R’ by setting every
arrow at x above level ny(z) to be <. Then L' = L, so L' — oo, but R} < x for every ¢t > T'. This
violates (3.6) for L', R'. Therefore ng(x) < np(z) for every z, which establishes the first claim.
For the second claim, suppose that R is not transient to the right. Then R is either transient
to the left or it visits some site x infinitely often. In either case there is some site x such that
ng(z) > ng(z) which cannot happen by the first claim. [ |

Corollary 3.11. R > L infinitely often.

Proof. If R is not bounded above, this follows by considering the times at which R extends its
maximum. It follows similarly if L is not bounded below, using times at which L extends its
minimum. The only remaining possibility is that R is bounded above and L is bounded below,
in which case by (3.6) both paths visit only finitely many vertices. In this case consider the
sets of vertices that R and L visit infinitely often. Let x, = sup{z € Z : ng(z) = oo} and
Yoo = sup{z € Z : np(z) = co}. If 2o, < Yoo then Lemma 3.5 is violated (apply it to x = y. for
k > ngr(ys)). Therefore xo > Yoo, so Ry > L; at all sufficiently large ¢ for which R; = z. [ |

3.2.1 Proof of Theorem 1.4

To prove (i) we show that if L, > x for all n sufficiently large, then R, > x for all n sufficiently
large. Suppose instead that R, < x infinitely often. Then choose N sufficiently large so that
L, >z foralln > N, but Ry < x and ngy(Ry) > npy(Ry). Define two new arrow systems
L', R' by switching all arrows at Ry from level ng x(Ry) and above to be <—. Then £ < R’
but Lemma 3.9 is violated, as is Corollary 3.11. This establishes (i). Applying (i) to —R < —L
establishes (ii).

If L, > x infinitely often then limsup L, /a, > limsupz/a, = 0. If equality holds then
the required result is trivial since we've just proved that R, > z infinitely often. Otherwise let
0 < M < oo be such that limsup L, /a, > M. Then L, visits infinitely many sites > 0. Let T;
be the times at which L extends its maximum, i.e. Ty = 0 and for ¢ > 1, T; = inf{n > T, :
L, =1+ maxy., Ly}. We first verify the (intuitively obvious) statement that L—T > M infinitely

(IT’L

often. If i—jf > M only finitely often then for all ¢ sufficiently large, Zl < M. But for all

K3 K3
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n e [T;,Titq), 5—; < La—f < s—;’ So 5—; < M for all but finitely many n, contradicting the fact that
limsup L, /a, > M.
Let S; be the times at which R extends its max. By definition, Ly, = i = Rg, and from
Corollary 3.7, ¢ < S; < T;. It follows immediately that for infinitely many ¢,
Bs,  Im,

> M, (3.7)
as; ar;

whence limsup,, ., . f—: > M. This establishes part (iii)
Finally, suppose that (iv) does not hold, and let 7 be the first time at which this fails. In other
words

7 =1inf{t > 0 : there exist y,x < y such that ng,(z) > np () and nr.(y) < nr.(y)}-

Let x be the largest such z, i.e. o = sup{z € Z : ng,(x) > n,(x), Iy > x such that ng,(y) <
nr.(y)} and yo = inf{y > xo : nr,(y) < nr-(y)}. Then zy < yo — 2 or else Corollary 3.6 is
violated. By definition of zy and yo we have ng.(yo — 1) > np,(yo — 1). Let k = np - (yo). Then
nr-(Yo—1) > np 1y (yo.k)(Yo—1) 0 nr - (Yo—1) > np 1, (yo k) (Yo—1). On the other hand ng ,(yo) < k,
SO T < TR(yO, ]{7) If R, < Yo — 1 then nR,TR(ymk)(yO — 1) > nRJ(yo — 1) +1> nL,TL(yO,k)(yo — 1)
This contradicts one of the Lemmas 3.3 or 3.5 (depending on whether ng(yy) > k), so we must
have instead that R, > yo — 1 > . Therefore ng,_1(z0) = nr,(ro) > np(ro) > np—1(zo).
Similarly if L, > xq+ 1 we get a contradiction to the symmetric versions of Lemmas 3.3 or 3.5, so
we must have L, < x5+ 1 < yo, and therefore ny 1 (vo) = nr.(Y0) > nrr—1(yo). This contradicts
the definition of 7. |

3.2.2 Proof of Theorem 1.5

Let |Z| < €. That is, 7, < & and & < Z_. Therefore I, , = 0 for every ¢, so by Lemma
3.8, nr, (o) > ng, (o). If € is o-right recurrent, then ng, ;(0) = 00, so ny, (o) = oo as well,
establishing (i). Part (ii) follows by symmetry. [ |

4 Counterexamples

4.1 L < R does not imply that lim inf% < lim inf%

In general, L. < R does not imply that liminf L—n" < lim inf %, as we shall see in the following
example.

Let us first define the two systems as follows, starting with £. At 0 the first three arrows are
—. At every x > 0 the first two arrows are <— and the next three arrows are —. It is easy to
check that such a system results in a sequence L that takes steps with the pattern —<—<«——
repeated indefinitely (without ever needing to look at arrows other than those specified above).

Ln _ 3-2 _ 1
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Figure 1: Parts of the systems £ (top) and R(3) (bottom) and their corresponding sequences L
and R, defined in Section 4 such that liminf n='L, > liminf n 'R,. Each site in N appears five
times in the sequence L and three times in the sequence R.

Let us now define a system R = R(N), according to a parameter N as follows. At 0 the first
three arrows are —. At each site zy = x;(N) of the form

k k—1

mp=Y N"- i(—nm—wr, k>1 (4.1)

m=1 m=1 r=0

the first arrow is <— and the next two arrows are —. At all remaining sites > 0, the first three
arrows are —, <—, —. See Figure 1 for parts of the systems £ and R(3). By definition of these
systems the arrows to the left of 0 and above those shown are irrelevant, so we can set them to be
the same (for example, all —)).

By construction L < R for each N > 1, but we will show that lim in
(also limsup = > A5).

The first site of the form (4.1) is 21 = N. The walk R first encounters a < at its first visit
to this site and then sees a — at site 0 (second visit to 0). The walk R then visits site z; for the
second time, whence it sees a —. It continues moving right, visiting every site between z; and x,
exactly once before reaching x5 at this point it sees a <, moves to x5 — 1 (for the second visit
to that site) and continues seeing <— at every site in (x7, z5) until reaching x; for the third time.
It then sees — at every site in [z1,x5) (third visit to each of those sites), but also at every site
in [x9,23) (second visit to x3 and first visit to each site in (z3,x4). Continuing in this way, the
walk turns left at every x; on the first visit, and continues left (second visit at interior sites) until

1
—2N+1 <glor N >3
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reaching x;_; for the third time, and then continues to go right until reaching x;,, for the first
time.
The distance between two sites of the form (4.1) is

Nk+2 + (_1)k+1

— T = 4.2
LTht+1 — Tk N1 (4.2)
The lengths of the kth up and down periods respectively are therefore
k
Tp — Tpo = N¥,  and oy — 2p_1 = Z(—l)k_’"NT’. (4.3)

r=0

kAt time t, = S2F | N™ 4+ S2F7L S (—1)™ " N” the walk is at position z, = SF _ N™ —
S S (—1)™ "N for the first time. At these times we have

m=1

Ry _ Xh N7 -y S (c)mN

m=1 r=0 (4 4)
K m k—1 m m—r N7 ’
b Zm:l N™ + Em:l 7":0(_1> N
Relatively simple calculations then give
Nk+1_1 NE+1
lim Ry, — i N1 — DD _ lim (N +1)(NFFL — 1) — NF+L _ N (45)
e b hooe ML R e (N D(NFT— 1) NFT N 42

This gives rise to the limit supremum claimed.
Similarly at times s, = >, _  N™ + 3% _ S (—=1)™"N" the walk is at position z_, =
SE  Nm Sk Yot o(=1)™""N” for the last time. After some simple calculations we obtain
1

R
lim 2k — 16
i s, 2N +1 (4.6)

This gives rise to the limit infimum claimed.

4.2 L can be in the lead more than R

Given two sequences L and R with L S R, let Ag;, ={n <t:R, > L,}and Ay, ={n<t:R, <
L,}. It is not unreasonable to expect that for every ¢t € N, |Ag,| > |AL,| which essentially says
that R is ahead of L more than L is ahead of R. It turns out that this does not hold even when
L < R.

To see this, consider the partial arrow systems R and £ on the left hand side of Figure 2.
These two systems differ only at the first arrow at 0, whence £ < R (if we set all other arrows
to be equal, for example). The first 28 terms of the sequences L and R are plotted on the right
of the figure. At any place where the solid line is above the dotted line, R > L. In particular
R, > L, only for 1 < n < 7. Similarly L > R when the dotted line lies above the solid line,
which happens at times 9, 10, 14, 15, 19, 20, 24, 25, 26. Thus we have |Agos| =7 < 8 = |AL 25| and
similarly |AR726| =7<9= |AL726|~

13
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Figure 2: Parts of arrow systems R (top) and £ (bottom) with £ <9 R, along with the correspond-
ing paths R, (solid) and L, (dotted). Here, |Agas| =7 < 9 = |AL 2]
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Figure 3: Paths R/ (solid) and L/ (dotted) with L! < R] and |Agas| =7 < 10 = |Ap 2s]. The
walks have visited each site the same number of times.

We can modify these systems slightly to get another interesting example. Define R’ from R by
switching the second arrow at 0 to <—, the first arrow at 1 to be — and setting the first arrow at
2 to be <. Define £’ from L by switching the first arrow at 1 to be — and setting the first arrow
at 2 to be <—. The resulting partial systems satisfy £ < R’. At time ¢t = 28, |Agras| < |AL2s],
the number of visits to each site is identical, and Log = Rog = 0 (see Figure 3). This means we
can define a system which repeats such a pattern indefinitely. We can add any common steps that
we wish in between repetitions of this pattern and hence we can have recurrent, transient, or even
ballistic sequences satisfying L < R but such that ¢ ' (|Ar | — |[Ary|) = v > 0 as t — oo.

5 The excursion/genealogy perspective

Given a sequence £ = (E,),ez, of integers with Ey = 0 and E, 11 — E,, € {—1,1}, an excursion of
length 2k from 0 is a part of the sequence E,, =0, Eyi1, ..., Eppor = 0 (for some k € N such that
E,+; #0forany j € {1,2,...,2k—1}. An excursion of finite length 2k defines a unique tree, and
vice versa). In the case of an infinite excursion E,, = 0, E,,1or # 0 for all k¥ € N, the excursion
defines part of an infinite tree-like structure. The relationship between random walk excursions
and branching processes (random trees) has been well studied, possibly beginning with Harris [3].
Indeed, some of the random walk models of Section 7 have been studied via branching processes
(see e.g. [6] and the references therein).

In the context of our paper, the entire tree above, whether finite or infinite can be described in
terms of our arrow system. The arrows at the origin can be considered as the great ancestors of
every vertex in the tree. There are two kinds, the right arrows and the left arrows. Consider for
the moment just the right arrows at 0. Let Zfl) denote the number of right arrows at 1, before the

first left arrow. Similarly for i € N, let Zfi) denote the number of right arrows between the (7 —1)st
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and ith left arrows at 1. For each i € N, these Zfi) consecutive right arrows can be considered
as the children of the ith right arrow at 0. More generally if the number 7 of — between the
(1 — 1)st and ith < at x € N is considered as the number of children of the ith — at  — 1, this
describes a branching or tree structure.

As an alternative to the methods of Sections 3.1 and 3.2, one can try to prove these results by
considering what happens to the corresponding branching structures when a left arrow at x in a
system L is exchanged with some right arrow above it (corresponding to £ < R), or flipped to
a right arrow. We have attempted this in some cases, but did not find significant simplifications.
The former change can be interpreted in terms of the branching structure by saying that an earlier
labelled right arrow at # — 1 has adopted one or more children, while subsequent right arrows at
x — 1 have had their children changed as well, some having adopted and some having given up
children for adoption. In terms of excursions, as long as the first few (sufficiently many) excursions
from x are finite, this has the effect of simply switching the order of excursions from z. Excursions
to the right appearing earlier than previously and excursions to the left appearing later. Otherwise
an infinite excursion to the left from x can vanish if an infinite excursion to the right supplants
it. Right transience is equivalent to an infinite right excursion from every site > 0, which is in
turn equivalent to having infinitely many generations of descent for the corresponding branching
structure. Then for example Corollary 3.10 can roughly be interpreted as coming from the fact
that no children of any generation in the branching structure are lost by changes of the underlying
arrow system via the relation <.

6 Open problems:

Open problem 6.1 (Monotonicity with respect to starting point). Reprove the results in Section
3 when Ly = xo < 0 = Ry (assuming still that L <X R ).

Note that it’s sufficient to prove this in the same system.

Open problem 6.2. Find p5 and p«, where

A
p< = Sup {p . there emist L < R such that lim sup % > p} ,

t—o0 B

and similarly for p<.

7 Applications

In this section we briefly describe some of the applications of our main results in the theory of
self-interacting random walks.
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7.1 Multi-excited random walks on 7Z

A cookie environment is an element w = (w(x,n))zeznen of [0, 1]7N. Given two cookie environ-
ments w and w’ we write w I w' if w(z,n) < w'(z,n) for every x € Z and n € N.

A (multi-)excited random walk in (possibly random) cookie environment w, starting from the
origin, is a sequence of random variables X = { X, },,>0 defined on a probability space (and adapted
to a filtration F,,) such that

Py(Xps1 = X + 1| F) =w(w,l(n) =1 — Po(Xps1 = X — 1| Fn),

where {(n) = lx(n) = > " _1(x,.=x,}. In other words, if you are currently at  and this is the
kth time that you have been at z then your next step is to the right with probability w(z, k),
independent of all other information.

Let U = (U(x,n))zeznen be a collection of independent standard uniform random variables.
For each x € Z and n € N set

— L, ifU(z,n) < w(x,n)

L,u(x,n) = { (7.1)

<+, otherwise.

Then L,y is an arrow system determined entirely by the pairs (w(x,n), U(x,n))zeznen-

Theorem 7.1. If w < W', then there exists a probability space on which L = {L,},>0 and R =
{Ry,}n>0 are multi-excited random walks in cookie environments w and w' respectively, such that
L < R with probability 1.

Proof. Define £ as in (7.1) and

— , ifU(x,n) <w'(z,n)

R ulx,n) = { (7.2)

<+ , otherwise.

Then £ <R and the result follows trivially. [ |

Theorem 7.1 then implies monotonicity in the sense of Theorem 1.4 on that probability space.
Moreover, on the event that liminf, . L, = oo, for every x € Z the corresponding walk R visits
2 no more times than L visits x.

An immediate consequence is that for any two random environments w and w’ on a probability
space, we can embed that space in a larger space (i.e. including a family U of uniform random
variables) on which multi-excited random walks L and R are defined such that L < R almost
surely on the event that w < w'.

Definition 7.2. A random cookie environment w is said to be i.i.d. if the random vectors w(z, -)
are i.i.d. as x varies over Z.

The following result follows from [7] and [6]. But using our coupling, it can now also be obtained
directly from [6], which proves it in the case w(o,n) = % for n > M.

Lemma 7.3. Let w be an i.i.d. cookie environment. Suppose that there exist M € N and o € R
such that
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(i) w(o,n) > 1 for every n > M almost surely, and

(ii) B[, (2w(0,1) — 1)] > o

If a > 1 then the excited random walk X in this (i.i.d.) cookie environment is transient to the
right. If o > 2 then limsupn~'X, > 0.

Some of the known results for excited random walks in i.i.d. or ergodic environments can be
extended to more general self-interacting random walks with a bounded number of positive drifts
per site.

Definition 7.4. A nearest neighbour self-interacting random walk is any sequence of random
variables X, € Z such that | X, 411 — X,| =1 a.s. Vn.

Lemma 7.5. Let X,, be a nearest-neighbour self-interacting random walk and F,, = 0(Xg, k < n).
Suppose that there exist M € N and (ng)r<ar € [0, 1)M such that

o P( X1 =X, + 1 F) Lyny= < i for all k < M and all n € Z almost surely, and
o P(X,11 =X, + 1 Fo) Lyny=re < % for all k > M and alln € Z,, almost surely.

If a = Z,ﬁil(an — 1) < 1 then X is not transient to the right, almost surely. If o < 2 then
limsupn=tX, <0, almost surely.

Proof. Define ny = 3 for k > M. For each z € Z, let w(z,k) = n for k € N. Let U =

(U(x,m))zezmen be ii.d. standard uniform random variables. and define R by

<, otherwise.

Rz, k) = {

The corresponding walk R, has the law of an excited random walk in the (non-random) environ-
ment w. By [6], if = S (2 — 1) < 1 then R is not transient to the right, almost surely. If
a < 2 then limsupn~' R, < 0, almost surely.

For a nearest neighbour sequence xo, ..., x, define

Pn,k(lba C ,[L’n) = ]P(Xn+l = Xn + 1|X0 =To,- .- ,Xn = zn)lﬁx(n):k
Define a nearest neighbour self-interacting random walk X’ by setting X = 0 and

o X UG E) < Ps(X - X
e X! —1, otherwise.

Then X’ has the law of X. Since P, < n; almost-surely, we have that X’ < R almost surely.
The result now follows by Cor. 3.10. |

For excited random walks defined by i.i.d. cookie environments in 1 dimension, it is known up
to a high level of generality that right transience and the existence of a positive speed v > 0 do
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not depend on the order of the cookies. One might expect that the value of v should depend on
this order. It is therefore natural to wonder whether or not there is an < analogue of Theorem
7.1. The answer is yes. The following theorem (and easy extensions of it) implies that one cannot
decrease the (limsup)-speed of a cookie random walk by moving stronger cookies to earlier in the
pile at each site.

Theorem 7.6. Let w be a cookie environment such that w(zx, k) > w(x,j) for some x € Z,
j < k € N. Define w' = '(x,k,j) such that '(x, k) = w(x,j) and W'(z,5) = w(x, k) and
W' (y,m) = w(y,m) for all (y,m) ¢ {(x, k), (x,7)}. Then there exists a probability space on which
L ={L,}n>0 and R = {R,}n>0 are multi-excited random walks in cookie environments w and W’
respectively, such that L < R with probability 1.

Proof. Given w,x,k,j as in the conditions of the Theorem, let U = (Ux,;w», (Ul(y, n))yez,neN) be
a family of independent standard uniform random variables. We want to define environments
L= L,u and R with £ < R. Define L(y,n) for all (y,n) ¢ {(x, k), (z,7)} as in (7.1). Further
define

i Uy < w(z, j)w(z, k)

cifw(x, jw(z, k) < Upp,; <w(z,j)

citw(z, ) <Uppj <w(z,j) +w(z, k)(1 —w(z,)))
, otherwise.

)

)

(7.3)

Y

(
(L(, ), L, k) = E
(

T il
T4iTd

~— — O

Y

Finally define R = L, u (i.e. as above, except with w’ instead of w). Then £ and R have
the same arrows everywhere, except possibly at (z,k) and (z,j). If (L(x,j),L(x,k)) = (—,—)
then U, i, < w(z,j)w(z, k) = W'(z, k)w'(z, ) so also (R(zx,j), R(x,k)) = (—,—). Otherwise if
(L(z,j), L(x, k) = (=, 4) then U, 1 ; < w(z,j) <w(z, k) =w'(x,7) so R(x,j) =—. This proves
that £ < R (almost surely) as claimed. Finally, one can check that the sequences L and R are
random walks in cookie environments w and w’ respectively. [ |

Corollary 7.7. Let w,w’, L, R be as in Thm 7.6. If L is transient to the right then limsup L, /n <
lim sup R,,/n.

Proof. Theorems 1.4 and 7.5 |

7.2 RWDRE in dimension d with no negative drift

Suppose that at each site in Z?, independently of other sites, we place either — (with probability
p), <3 arrows (with probability p; < 1 — p) or <> arrows (with probability p, = 1 — p; — p). Let
{X, }n>0 be a (nearest-neighbour) random walk that follows an arrow chosen uniformly from all
possible arrows at its current location, independently of all previous choices, given such a random
environment. We call this a random walk in a degenerate random environment because the usual
ellipticity assumption for RWRE fails to hold. The projection Y,, of X,, in the \, direction can
be realized as a random walk in a (non-i.i.d.) cookie environment w’. It turns out that w’ can
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be coupled to an i.i.d. cookie environment w so that w < w’. Theorem 7.3 then implies that a
multi-excited walk in the environment w’ is transient to the right, when ﬁ > 1. Theorem 1.4
then implies transience of Y under the same conditions. More precisely:

Theorem 7.8 (see [5]). When £ > 1, for P-almost every such environment the random walk is
transient in direction \,. When £ > 2 for P-almost every such environment the random walk

1-p
is ballistic in direction ™.

This type of problem was in fact our original motivation for developing the arguments of the
current paper.

A result of this kind holds more generally (in general dimensions and with non-uniform steps).
For example, if we replace — with J~ arrows, the relevant quantity becomes ﬁ. What is really
required in this argument is that with high probability the walker experiences a significant drift
in some direction u, but with probability zero there is a drift in direction —u.

7.3 Walks with drift toward the origin

Given a parameter § > —1, define a nearest-neighbour once-reinforced random walk (ORRW)
X = (X,)n>0 on Z by setting Xo = o, X,, = (Xo,...,X,,) and for n > 1,

(EC)
P(Xps1 — Xy = 11F,) = Pt e ) (7.4)

2+ 5[[{Xn+1e)2n,1} + ]{Xn—le)?nfl}] ’

where z € X,, is notation for z = X; for some i < n. When £ > 0 this walk has a preference for
stepping to locations that it has visited before. We can also define a one-sided version of this walk,
i.e. a ORRW X = (X;F),50 on Z, by setting X = o, and forn > 1, P(X,[, — X;F = 1|F,) =1
if X;7 =0 and otherwise exactly as in (7.4).

An immediate Corollary of Theorem 1.5, and coupling to simple random walk, is the result
that any random walk on Z that never experiences a drift away from the origin is recurrent, i.e. if
P((Xps1—X,)-sign(X,,) < 0|F,) > L for alln > 0 almost surely then P(X,, = 0 infinitely often) =
1. In particular the ORRW with 8 > 0 is recurrent

Our method can be used to prove some less obvious recurrence results (e.g. versions of Lemmas
7.3 and 7.5 but for recurrence), where the random walk can sometimes experience a drift away from
the origin, by coupling the appropriate random walk with a 1-dimensional recurrent multi-excited
random walk.

Stronger results can be obtained in the one-sided context. We can couple various recurrent
excited random walk models on Z, together so that those with obviously smaller right drift are
“more recurrent” in terms of the number of visits to the origin by time ¢ for all . Another example
is contained in the following theorem.

Theorem 7.9. There exists a probability space on which
e for each > —1 there is a once reinforced random walk X (8) on Z,

e XT(B) < XT(() whenever > (.
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Proof. Let U = (U(x,n))zeznen be a family of i.i.d. standard uniform random variables. Define
an arrow system Zg as follows. Let Zs(o, k) =— for all k € N. Define A, ;(8) = U'_ {U(x,j) <
1/(2+ B)}. For x > 0 define

if Uz, 1) < 2=
L= TV <5 (75)
<, otherwise,
and for k£ > 1
—, fU(x,k) < ﬁ
Is(x, k) =< —, ifU(z, k) < % and A, _1(8) occurs (7.6)

<, otherwise.

Suppose 3 > ¢ > —1. We claim that Zg < Z;. To see this note that

1 1
Is(z,1) == <= Ur,l)<— = U(x,1)<m = I(z,1)=—.

2+
Similarly A, ,(8) = Ui_ {U(2,5) < 1/(2+ B)} € Ui {U(2,j) < 1/(2+ ()} = Apu(C) so that

{U(:c, k) < %} A\ Aupa(B) C {U(:c, k) < %} A Ay (O), (7.7)

and hence [Z(z, k) =— | = [Z¢(z, k) =— | as required. It remains to show that the correspond-
ing sequence I(f3) is a once-reinforced random walk on Z,. To see this, suppose that at time n,
I'is at x > 0 for the k-th time. If I,, + 1 ¢ I,,_; then the first £ — 1 arrows at x are <, so that

A, k—1(8) does not occur. Then P(I,4+y — I, = 1|F,) = P(U(x,k) < ﬁ) = ﬁ Otherwise if

I,+1¢€e I?L_l then at least one of the arrows at x up to level n — 1 is —, so A, x—1(f) occurs and
P(Ipiy — I, = 1|F,) =P(U(x, k) < 3) = 3. u

It follows immediately from Theorem 7.9 that all of the conclusions of Section 3 hold. For
example, we have coupled once-reinforced random walks on Z, with all parameter values g > —1,
such that the number of visits to o by time ¢ is monotone increasing in  [by Lemma 3.8], the
maximum up to time t is decreasing in /5 [by (3.6)], and the joint distribution of the local times
for all # > 0 and 3 > —1 satisfy (iv) of Theorem 1.4. The first two results hold for the standard
coupling of ORRW on Z, (see below), under which X, () < X,/ (¢) for all k£ and 8 > (. But (iv)
of Theorem 1.4 need not hold for that coupling, as can easily be seen by example.

Remark 7.10 (Standard coupling for ORRW). Let U = (U,,)n>0 be a family of independent stan-
dard uniform random variables. Given 8 > —1 define X;” = 0 and (conditionally on X, ..., X,"),
if X;F =0 then X7\, =1, while if X,7 > 0 then

X1 ,ifU, < and X +1€ X},

X =SXf-1  ifU, <55 and X +1¢ X7 (7.8)

XF+1 | otherwise.
One can show that X7 () < X,(()T when > (> —1.
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