PROOF OF THE GHAHRAMANI-LAU CONJECTURE
VIKTOR LOSERT, MATTHIAS NEUFANG, JAN PACHL AND JURIS STEPRANS

ABSTRACT. The Ghahramani-Lau conjecture is established; in other words, the
measure algebra of every locally compact group is strongly Arens irregular.

1. INTRODUCTION

The study of the Arens products on the second dual of a Banach algebra has been
an active area of functional analysis and abstract harmonic analysis for many years.
As is well-known, operator algebras (and their quotient algebras) are Arens regular,
i.e., both Arens products on the second dual coincide. However, the situation is
radically different for group algebras such as the convolution algebra L,(G) over a
locally compact group G: building on the pioneering work (in the abelian case) of
Civin—Yood [1] from 1961, N.J. Young [19] showed in 1973 that L,(G) is never Arens
regular unless G is finite. It was thus natural to ask how irregular the multiplication
in the bidual of Li(G) is — this was only settled in 1988 by Lau-Losert [14] who
showed that L;(G) is strongly Arens irregular (in the terminology established in [3]);
in other words, left multiplication by m € Li(G)** on Li(G)** is the same with
respect to both Arens products only if m € L;(G), and this holds as well for right
multiplication by m.

Since the measure algebra M(G) contains L;(G) as a closed subalgebra (in fact,
as an ideal), it is clear by Young’s theorem that M(G) is only Arens regular for
finite groups G. It was conjectured by Lau [12] and Ghahramani-Lau [5] that, as
in the case of L;(G), the measure algebra M(G) is also strongly Arens irregular for
any locally compact group G. In [15], this was established for two classes of locally
compact non-compact groups: those whose cardinality is a non-measurable cardinal,
and those for which the relation x(G) > 2X(¢) holds, where x(G) denotes the compact
covering number, and x(G) the local weight, also known as the character.

In this paper, we prove the Ghahramani-Lau conjecture for all locally compact
groups.

2. OVERVIEW

Set theoretic notation will play a sufficiently significant role in certain of the
arguments to be presented that it will be worthwhile setting down some conventions.
Ordinals will be defined in the way developed by von Neumann — in particular,
every ordinal is equal to the set of its predecessors. For example, this means that
for ordinals v and 3 the assertions a < 3, @« € 3 and « € 3 have the same meaning.

Date: August 19, 2010.



2 VIKTOR. LOSERT, MATTHIAS NEUFANG, JAN PACHL AND JURIS STEPRANS

It will, at times, prove to be convenient to exploit the fact that if n is a natural
number then n = {0,1,...,n — 1}. A cardinal is identified with the least ordinal of
the same cardinality. The cardinality of a set £ will be denoted by |F|. To avoid
confusion with cardinal exponentiation, the set of functions from the set X to the set
Y will be denoted by XY If k and X are cardinals then x* denotes the cardinality of
*k. The cofinality of a cardinal  is the least cardinal 7 such that there is X C & of
cardinality 7 such that k = UX. A cardinal is said to be singular if its cofinality is
smaller than its cardinality and it is regular otherwise. For any cardinal x the least
cardinal greater than x is denoted by ™ and called the cardinal successor of . If «
is an ordinal number then, following Cantor, the o' infinite cardinal is denoted by
N, — to be precise, X, is the unique infinite cardinal such that the set of smaller
cardinals has order type a. Further details of ordinals, cardinals and transfinite
induction can be found in standard sources such as [10] or [9].

Vector spaces are over the reals R or over the complex field C. The linear span
of a set D in a vector space is span(D). When M is a normed space, B1(M) is the
unit ball in M, and M* is the dual of M. For f € M*, u € M, the value of the
functional will be written as (f, u). As usual, M is identified with a subspace of the
second dual M** by the canonical embedding.

Now assume that M is a Banach algebra with multiplication x. The product
operation x of M can be extended to M** in two canonical ways, the left Arens
product and right Arens product denoted by O and ¢ respectively. They are defined
for m and n in M** and h in M* and p and v in M as follows:

(mOn, h) = (m,ndh)
(nDh, p) = (n, hOp)
(hop,v)y = (h,uxv)
(mOn, h) = (n, hOm)
(hOm, p) = (m, ph)
(pOh,v) = (h,vxp).

Definition 1. The left and right topological centres of M** are defined respectively
by
Z{M*) = { m &€ M* | the mapping n — mOn is weak® continuous on M** }
Z{(M*) ={me M™ | the mapping n — ndm is weak™ continuous on M** }.
Note that if y and v are in M and h € M* then
(uBh,v)=(hgv, p)=(h, vxp)

and a similar observation holds for ¢. Moreover, if ¢ € M then (puOm, h) =
(m, hOp). Tt follows that M C ZL(M**)NZF(M**) (see [2, p.248ff] for a further

discussion of Arens products and topological centres).
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Definition 2. M is called left strongly Arens irregular if Z!(M**) = M holds and
right strongly Arens irregular if Z]7(M**) = M. The algebra M is called strongly
Arens irregular if ZH(M**) = ZI(M*™*) = M.

The two products are connected. Using the fact that M is weak® dense in M™** it
is an easy observation that

Z{ M) ={me M| (Vn € M*)mOn = mOn }

Z{(M™)={me M| (Vne M™)ndm =ndm }

When X is a locally compact topological space, M (X) is the Banach space of real
or complex, bounded Radon measures on X with the total variation norm. Cy(X)
denotes the space of real or complex valued continuous functions on X vanishing
at infinity, equipped with supremum norm. The Riesz Representation Theorem
identifies M(X) with Cy(X)* by setting (u, f) = [ fdp for f € Co(X) and p €
M(X). Using the natural embedding of Cy(X) into Co(X)** yields that (u, f) =
(f,p). When X = G is a locally compact topological group, M(G) is a Banach
algebra with convolution x (see [2, p. 374ff]). The operation % gives rise to left and
right actions of M(G) on Cy(G) defined by

(prfov)y=(f,vxp)

(frp,v)y=(f, pxv)
for f in Cy(G) and p and v in M(G).
The following is the main result of this article.

Theorem 3. For every locally compact group G the measure algebra M(G) is
strongly Arens irreqular.

This was the conjecture of Ghahramani-Lau which was proved by Lau [13] for
discrete groups, and by Neufang [15] when x(G) > 2X() (and in some other cases).
In order to establish the result in full generality, it suffices to prove that Z(M**) =
M** because the result for the right topological centre will follow by noting that
Zr(A*) = ZY((A°P)**) where, for any algebra (A,-,+), the algebra A°P denotes
(A,-°P +) with -°P defined by a -°° b = b - a. Details on this can be found in [3, p.
22]. Since M(G)°® = M(G®P) this suffices. Henceforth, attention will be focused on

If K is a closed subgroup of a topological group G, then G/K denotes the space of
left cosets — in other words, cosets of the form g/ — with the quotient topology ([6,
5.15]). If X is a topological space, the compact covering number of X, denoted r(X),
is the least cardinal 7 such that X is a union of 7 compact subsets. The density of
a space X, denoted by d(X), is the least cardinal of a dense subset of X . For x € X
define x(z,X) (local weight or character) to be the least cardinal 7 such that z has
a base of neighbourhoods of cardinality 7. If the group of homeomorphisms acts
transitively on X, in particular for X = G or X = G/K, this does not depend on
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the choice of x and x(z, X) can and will be denoted by x(X). When K is compact,
the coset space G/K is metrizable if and only if x(G/K) < 8, (the group case is
well known: [6, 8.3]; the general case was done by Kristensen: [6, 8.14d] ). For any
locally compact group G and any compact subgroup K of infinite index, the equality
|G/K| = k(G)-2X(/K) holds (this can be shown as in the group case, see the article
by Hodel in [11, pp. 1-61] or the original argument of Pospisil in [16]). Furthermore,
we have d(M(G/K)) =|G/K]| (this is trivial when K is open, otherwise it follows
from [8, 5.5]).

The point mass at x € G will be denoted by ¢, and, if X C G, then x will denote
the set of point masses ¢, with x € X. The weak* closure of dx in M(G)** will be
denoted dy; this should not cause confusion since other closures of this set will not
be considered. For u € M(G) and x € G write pxx = pu*d, . Thus pxx(Ex) = u(E)
when F C G is a Borel set. When H C G, write ux H = {uxh | h € H}. When
D CM(G) and H C G, write DxH ={uxh|p€ D,he H}.

When pu, v € M(G), p < v means absolute continuity, ;1 L v means that g and v
are mutually singular. We have p L v if and only if |u| L |v|. When D, D’ C M(G),
D 1 D" means that 4 L v whenever p € D and v € D'. If D, D" C M(G) and
D 1 D' then clearly span(D) Nspan(D’) = {0}.

For G a locally compact group a left Haar measure on GG will, as usual, be fixed
and denoted by A\g. If G is compact, the A\ will be chosen normalized. Two facts

about Haar measure will be used without further comment:

e If G is compact the left and right Haar measures are the same.

e The null sets for left and right Haar measure are the same family.

If K C G is a closed, but not necessarily normal, subgroup then Ax can be thought of
as a measure on all of G by setting A (G\ K) = 0. The notation M, (G) will be used
to denote the subspace of those measures in M(G) that are absolutely continuous
with respect to Haar measure \g. This will be identified in the usual way with the
space L'(G) defined by A\g. Mg(G) is the subspace of the measures p € M(G)
such that p L A\g; equivalently, u L v for every v € M,(G). (This notation differs
from that in [6, 19.13], where M(G) stands for the space of singular continuous
measures. )

The next result is easy, but has been isolated as a lemma because it plays a critical,
and potentially confusing, role in the arguments leading to the proof of Theorem 3.

Lemma 4. For G a locally compact group and a compact subgroup K C G there is

a canonical, isometric isomorphism from M(G/K) onto M(G) * Ak.

Proof. First recall that M(G/K) = Co(G/K)*. Next, Co(G/K) can be identified
with the continuous, right K-periodic functions on GG vanishing at infinity — that
is to say that Co(G/K) consists of those f € Cy(G) such that f(z) = f(zk) for all
k € K. These, in turn, can be identified with A x Cy(G). To see this, observe that
if f € Co(G) then p* f(a) = [ f(ab)du(b). It follows from the fact that K is a
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subgroup that Ag % f is right K-periodic. Conversely, if f is right K-periodic then
A * f(a) = [ f(ab)dAg(b) = [ f(a)dAk(b) = f(a) and so f € Mg * Co(G). Hence,
it suffices to find an isometric isomorphism from M(G) *x A\ to (Agx x Co(G))*. Such
an isomorphism ® is defined by (®(u*Ag), Ak * f) = (u, Ax = f ). The facts that
® is well defined, a homomorphism, an isometry and one-to-one are all routine. To
see that @ is onto, given h € (Ax x Cy(G))* use the Hahn-Banach Theorem and the
fact that Agx +Cy(G) is a closed subspace of Cy(G) to extend h to h € Co(G)*. Then
there is a measure i € M(G) such that (h, f) = (u, f) for all f € Cy(G) and,
therefore,
(P Ak), Ax* f)=(p, Ak x ) =(h, Ak x )

for all f € Cy(G). In other words, ®(p* Ag) = h. O

Lemma 4 renders harmless the abuse of notation that identifies M(G) *x Ax with
M(G/K) and this will be done routinely from now on. An alternate approach to
the lemma is to extend the quotient map from G to G/K to a map from M(G)
to M(G/K) by taking inverse images of measures under the quotient map. The
natural inclusion of M(G) x A in M(G) yields

M(G) x \g — M(G) — M(G/K)
and the composition of these two maps can be used for the identification.

Corollary 5. If G is locally compact and K C G is a compact subgroup then
M(G/K) is a left ideal in M(G).

Definition 6. If 7 is a cardinal and G is a locally compact group then p € M(G)
will be called T-thin if there is a set P C G such that |P| =7 and pxp L pxp' for
all distinct p and p' in P.

The basic observation used in [15] was that Z!(M**) must be small whenever
there exists h € M* such that B;(M**)0Oh is big. (Lemmas 7 and 8 provide pre-
cise conditions). This motivates the search for factorization theorems. In the case
that M = M(G) it is difficult to get information about the behaviour of nOh for
general n € M**. However, it will be shown that an even stronger assertion holds:
dcOh is big. Then factorizations can be constructed using thinness of measures (see
Theorem 17). The argument of [15] shows that if x(G) > 2X(%) then an appropriate
factorization condition holds.

But this approach breaks down when x(G) is small (in particular for compact G).
As an alternative, we start with the case of singular measures. Theorem 11 will
establish that if G is non-discrete, any p € Mg(G) is 2%k(G)-thin and this will
prove Theorem 3 for metrizable groups (and also for all G with |G| < 2%k(G) ).

In the non-metrizable case a further refinement of the decomposition of M(G)
is necessary. For the proof of Theorem 3 in the general case, it will be necessary
to consider subspaces M(G/K) where K is a compact subgroup and proceed by

induction on x(G/K). Instead of singular measures it will prove to be useful to deal
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with strongly singular measures, measures enjoying the property of being |G/K]|-
thin. Corollary 41 will make this precise.

3. SUBSPACES AND DIRECT SUMS

This section will look at subspaces, rather than subalgebras, of Banach algebras.
The reason for this interest is that the singular measures form a subspace, but not
a subalgebra — recall that the canonical measure on the Cantor set is singular, but
its convolution with itself is Lebesgue measure on the unit interval. The Lebesgue
decomposition of measures yields that M(G) is a direct sum of subspaces — the
singular measures and the measures absolutely continuous with respect to Haar
measure — one of which is not a subalgebra. To be more precise, the terminolgy
subspace will always refer to a closed subspace — and direct sum, denoted by &, will
always refer to the topological direct sum. The canonical identification of (M & N)*
with M* @& N* will also be used without further mention.

Lemma 7. Let M be a Banach algebra and assume that M = My & My, and that
there exists h € M* such that By(M**)0h = By(Mg). Then ZL(M**) C My & M;*.

Proof. Let m € Z/(M(G)**). The mapping v, : n — (mOn, h) is weak* continuous
from B (M**) to C. But the mapping ¢5 : n — nlJh is weak* continuous and
Y, = mo ¢, by definition. Since the set By (M**) is weak* compact, it follows that
m is weak* continuous on the set By (M*™*)0Oh = Bq(M;). Using the theorem of
Krein-Smulian (or Banach-Dieudonné) this suffices to conclude that see that m is
weak® continuous on M. Therefore m | M € M, and, hence, m € My, @& M;*. O

For the proof of Theorem 3 in the non-metrizable case, a generalization of Lemma 7

is needed.

Lemma 8. Let M be a Banach algebra and My C M a subspace such that My® M, =
My . Then there exists h € M* such that

(B1(M™)ah) | My = By (Mj)
then ZL(M**) N M3* C My & M;*.

Proof. This is similar to the proof of Lemma 7. U

4. SEPARATION OF SINGULAR MEASURES

Let G be a locally compact group. Then Ms(G) G C Mg(G), and M, (G) xG C
M., (G). In view of the Lebesgue decomposition [6, 19.20] we have M(G) = M(G)®
M. (G). This section establishes results to be used in §5. In particular, it will be
shown that every measure in Mg(G) is |G|-thin provided that |G| = 2%k(G). This
is sufficient to establish the Ghahramani-Lau Conjecture for metrizable groups.

Versions of the following lemma are well-known. Saks gives a proof in [18, II1.11]

for G = R™ and provides references to original sources. A stronger version for the
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circle group is proved by Prokaj [17, Th. 1]. If G is a discrete group then M(G)
is the null space {0}. Thus the lemma is of interest only for non-discrete groups,

although it holds for discrete groups as well for trivial reasons.

Lemma 9. Let G be a locally compact group. If p € Mg(G) and U is any compact
neighbourhood of e then p L (ux) for Ag-almost all x in U.

Proof. Since pu L Ag if and only if || L Ag, we may assume that x> 0 and u # 0.
There is a Gs-set E C G such that u(G\ E) = 0 and A\g(E) = 0. Define

f:GxG—[0,1] by
)0 ifyxr ¢ E
f(x’y)_{ | ifyreE

As F is a Gg-set, the function f is Borel measurable on G x G.

Then 0 < [, f(z,y)dAg(z) = Ag(Uﬂy_lE) < Ag(y™'E) = 0 for every y € G,
because A(E) = 0. On the other hand [, f(z,y)du(y) = p(Ex™') = px z(E) for
every z € G. Now apply Fubini’s theorem to get

/Uu*:c e //f:cydu ) dAg(z //fxydAG #) duly) =0,

which means that px 2(E) = 0 for Ag-almost all z in U. Clearly p L (u* x) for
every z for which % z(E) = 0. O

Lemma 10. Let G be any locally compact group. Let u € M(G), € > 0, and let
H C G be a countable set such that the measures puxh are pairwise mutually singular
for h € H. Then there is a compact set C' C G such that |u|(G\ C) < € and the
sets C'h are pairwise disjoint for h € H.

Proof. Using singularity, get pairwise disjoint sets E, C G (h € H) such that p*h
is concentrated on Ej, for all h € H and |u* h'|(Ey) =0 for all h, ' € H, h # 1.
Let E = (e Enh'. Since |u|(G\ Exh™) = |ux h|(G \ E;) = 0, it follows that
|u|(G\ E) = 0. Thus there is a compact set C' C E such that |u|(G\ C) < e. The
sets C'h are pairwise disjoint for h € H because Ch C E}, . O

Remark. All that is actually needed in Lemma 10 is that H has cardinality less than
the additivity of the measure u — the least cardinal of a family of null sets whose

union is not null.
The next result was proved by Prokaj [17, Theorem 10| for G = R.

Theorem 11. If G is a non-discrete, locally compact group then every p € Mg(G)
is 2%k (G) -thin.

Proof. (The reader may wish to consult the set theoretic notation introduced in §2
before continuing.) It will, in fact, be shown that for every u € Mg(G) there exists a
K,-set E C G and a set P C G such that p is concentrated on E and |P| = 2%k(G)
and (Ep) N (Ep’) = () when p and p’ are distinct elements of P.
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If K(G) > 2% then let H be o-compact subgroup containing the support of .
In this case it suffices to let P be any set selecting precisely one element from each
coset of H. Hence, it suffices to show that each singular measure is 2%°-thin.

To this end, let 1 € Mg(G) and assume, without loss of generality, that g > 0
and p # 0. For j € N construct by induction

e compact neighbourhoods U; of eq
e compact sets C; C G
e elements z; € G,

so that the following conditions (1°) — (5°) hold where, for any k¥ € N and d € *2

the notation d, = xg(o) . xg(_kf U will be used with the standard convention that

Y =eqg and 2! = 2

(1°) (u*d,) L (u*d,) whenever d and d’ are distinct elements of 27,

(2°) wl(G\ Cy) <27,

(3°) (Cj dv Ujs1) N (C; d. Uj11) = O whenever d and d' are distinct elements

of 27,

(4°) Uy N (2;Uj41) = 0,

(5°) Uji1 U (2;Uj41) € Uj -

Let Uy be any compact neighbourhood of eg. Let n € N be such that U,, has been
constructed as well as C; and z; for all j € n so that (1°) — (5°) hold.

If n =0, put v = p, otherwise v = Y, .. 1 x d,. Note that v € My(G) and, by
Lemma 9, there is x,, in the interior of U, such that v 1L (v % x,). From that and
from (1°) for j < n it follows that (1°) holds for j = n + 1 as well.

By Lemma 10 there is a compact set C,, C G such that (2°) holds for j = n, and

(Cp d,)N(Cy d.) =0 for distinct d,d € "2,

Thus {C), d.|d € "™'2} is a finite set of pairwise disjoint compact sets, and there is
a neighbourhood W of eg such that

(Cpd. W) N (Cpd, W) =0 for distinct d,d" € "'2.

Since z, is in the interior of U, and x, # eq, there is a compact neighbourhood
Un1 of eg such that U, .1 C W and (4°) and (5°) hold with j = n. Since U, 41 C W,
we get also (3°) for j = n.

The construction of U;, C; and x; satisfying (1°) — (5°) is complete.

Next, for each n € N define F,, = ﬂj’;n Cjandlet £ =], E,. Then Eis a K,-set
and (G \ E) = 0. For every d € Y2 and k > 1 let d | k denote the restriction of d
to k and note that

n=1
is nonempty, being the monotone intersection of compact sets. From (4°) we get
K(d)Nn K(d) =0 for d # d. Form P by taking one element in each K(d). Thus
|P| = 2. Tt remains to be proven that (Ep) N (Ep’) = 0 when p and p’ are distinct

elements of P.



PROOF OF THE GHAHRAMANI-LAU CONJECTURE 9

Take e, ¢’ € E and p,p’ € P, p # p'. From the definition of E and P it follows
that e, ¢’ € E,, C C, for some n, and p € K(d), p’ € K(d') for some distinct d and d’
in 2. Let j > n be such that d [ j # d' | j. Since pe(d | 7).Ujy1, P €(d | J):Ujs1,
and e, e’ € E, C C;, we get from (3°), ep # €'p'. O

It may be of interest to note that if G' is metrizable then the set P can be chosen
to be perfect. All that needs to be added to the proof is an inductive requirement
that the diametre of the set U, is less than 1/j.

5. FACTORIZATION FOR THIN MEASURES

The purpose of this section is to prove Theorem 17 and Corollary 18, which are
key steps in the proof of the Theorem 3. An extended version will be given in
Theorem 19.

Lemma 12. Let G be any locally compact group. Let D be a family of closed
subspaces of M(G) such that D L D' when D and D' are distinct elements of D. If
hp € B1(D*) for each D € D then there exists h € B1(M(G)*) that agrees with hp
on D for every D € D.

Proof. If j1 is in the space spanned by |JD then p = ;" |y for some m € N where
wi € Dy € D, and Dy, # D, for j # k. There is then a unique linear functional A’ on
the space spanned by | J D extending each hp. Note that if p,v € M(G) and p L v
then ||+ v| = ||u|l + ||| and hence

K] < Y0 WGl < Yool el < Y Ml = lal
k k k

which shows that &' has norm < 1 and therefore extends to a linear functional of
norm < 1 on M(G). O

Lemma 13. Let G be any locally compact group, T uncountable. Assume that M,
is a subspace of M(G) such that if pe My then |u|€ My and p is T-thin. If FF C M,
is finite, D C M(G) and |D| < 7 then there erists x € G such that D L (F x ).

Proof. The measure v = . [¢| is 7-thin, hence there is a set P C G such that
|Pl=7and vxp Lvxp foralppeP, p#£yp.

For every pe D the set P, = {p€ P | i is not singular to v*p} must be countable
because p is finite. Thus [J,cp Pul < [D[-Ro < 7 = [P|, and there exists z €
P\U,ep Py Then D L vz and therefore D L (F'xx). O

Lemma 14. Let G be any locally compact group, T uncountable. Assume that M,
is a subspace of M(G) such that if pe My then |u| € My and p is T-thin. If {F¢}eer
is an indexed family of finite subsets of My then there exist x¢ € G for & € T such
that (Fgxxg) L (Fy *x.,) unless = .

Proof. Construct the z¢ by transfinite induction, using Lemma 13 at each step. [
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Definition 15. A direct sum My = My @ My of subspaces of M(G) will be called
G-invariant decomposition of My if My G C My and M, =G C M;.

Lemma 16. Let G be a locally compact group, My = My & M; C M(G) be a G-
mwvariant decomposition of Ms. Let O be an uncountable collection of non-empty
weak* open subsets of By (Mf). Assume that p€ My implies that |u| € My and that
o is |O|-thin. Then there exists h € M such that (0gOh) | My intersects every set
from O.

Proof. Without loss of generality assume that each U € O is a basic neighbourhood
of the form

U={f€Bi(M) | [f(1) — gu(p)] < ev for all € Fy}

where Fyy € M, is a finite set, gy € By(M7) and ¢y > 0. Apply Lemma 14 to
F = {Fu}vueco to obtain elements zyy € G for U € O, such that if U,V € O, U # V,
then (Fy xxy) L (Fy *xxy).

Then let Dy be the space spanned by Fyy x gy and apply Lemma 12 to the func-
tionals hy € By (Dj;) defined by hy(v) = gu(v x a;') for v € Fy. Thus there is
h € B1(M;) that agrees with hy on Dy for every U € O and vanishes on M;.
Extending h to an element of B1(M(G)*) yields that for each u € Fyy the following
equalities hold

00y OR(p) = h(px xv) = hu(px xv) = gu(px zo *ag') = gu(p) |
hence 6,,0h | My € U. O

The role of the cardinal invariant d(My) in Lemma 17 may benefit from some
comment. For most groups found in nature d(M(G)) = |M(G)|. The proof of
Corollary 22 will reveal that if kK(G)* = k(G)2% and x(G) = Ny then the equality
d(M(G)) = |M(G)| holds. Since this equality would simplify somewhat the next
series of results, it is worth noting that it does not hold in general. For example it
fails for G x T if G is a discrete group of cardinality R, and 2% < X,

Theorem 17 (Factorization for thin measures). Let G be a locally compact group,
M(G) = My ® M, a G-invariant decomposition of M(G). Assume that |u| € My
for every p € My and that each measure in My is d(My) -thin. Then there exists
h € B1(M(G)*) such that 5qOh = By (M}).

Proof. If My = {0} the result is trivial, so it will be assumed that M, contains a non-
zero element and hence d(My) is infinite. Next, assume that d(M) is uncountable.
Taking a norm-dense subset of M, with cardinality d(M;), one can find a family O
forming a weak* open base for By (M) such that |O] = d(Mj). Now let h € By (M)
be given by Lemma 16. Since the set §qOh is weak* closed and the mapping n +— nJh
is continuous it follows easily from the properties of h and O that 6qOh=Bq(M).

To see that d(My) is, in fact, uncountable assume otherwise. It follows that no

non-zero j € My is Ni-thin — such a non-zero p € M, would yield an uncountable
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family of disjoint open sets contradicting the fact that M, has a countable dense
subset. By Theorem 11 it follows that My, C M,(G) and that G = |J,-, Cx where
each Cj is compact. Let S be a set such that |u|(S) = ||| and such that for
every X C S, if |u|(X) = 0 then Ag(X) = 0 — such a set is easily constructed by
removing counterexamples inductively and observing that this process terminates
after countably many steps. Since |u| is absolutely continuous with respect to Ag it
follows that for all measurable Z C §

(1) A¢(Z) =0 if and only if |u|(Z) = 0.

Let X C G be a countable set such that A\g(SX N Cj) is maximal for each & —
noting that the fact Ag(Cy) < oo makes this possible. Then let {g, }°°, enumerate
X and define v = "> |u| * g,/2"*!. From the G-invariance of Mj it follows that
v e M.

Now note that |u[(G\ SX) = 0. To see this, suppose not and find m such that
|| (Cr \ SX) > 0. Then use Proposition 443D in [4] to find ¢ € G such that
Aa(SgNCp \ SX) > 0. This contradicts the maximality of A¢(SX N C,).

Next, it will be established that if Z C SX is measurable and g € G and A\g(Zg~'\
SX) = 0 then v(Z) = 0 if an only if v(Zg~') = 0. To see this observe that
if ¥(Z) > 0 then there is some m such that |u| * ¢..(Z) = |u|(Zg,,') > 0 and
hence \g(Zg,,') > 0. By equivalence (1) it then follows that Ag(Zg~!) > 0. Since
Aa(Zg=t\ SX) = 0 it follows that there is some k such that A\g(Zg~'g;') > 0.
Hence |p| * gx(Zg™") > 0 and so v(Zg™') > 0. The other direction has a similar
argument.

A contradiction will be obtained by showing that v is not even 2-thin, let alone
No-thin. To this end, suppose that v 1 v xg. Let Z C G be such that 0 <
vxg(Z) = v(Zg™'). Tt may as well be assumed that Z C SX. Then, since
lul(G\ SX) = 0 it follows that A\g(Zg~'\ SX) = 0. Hence v(Z) > 0 yielding the
required contradiction.

U

Corollary 18. Under the same hypotheses as Theorem 17 Z! (M(G)**) C Myd M.
Proof. This follows immediately from Lemma 7 and Theorem 17. U

Remark. In this section, we use several times the assumption that p € My implies
|| € My . For a closed subspace My of M(G) this is in fact equivalent to My being
a sub vector lattice (i.e., in the complex case, p € My implies that its real and
imaginary part belong to My and the set of real measures in M, is closed under the
lattice operations).

Again there is an extended version, needed for the proof of Theorem 3 in the

non-metrizable case.

Theorem 19 (Factorization on subspaces). Let G be a locally compact group and
M(G) 2 My @ My, = M,. Assume that p € My implies that |u| € My and that p
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is d(My)-thin. Furthermore, assume that there exists a G-invariant decomposition

Mg = My &P Ml C M(G) such that My C ]\% and M; C Ml. Then there exists
h € B1(M(G)*) such that 6gOh | My = By(M}).

Proof. This is similar to the proof of Theorem 17. Let O be a weak™ open base for
B (M;) of cardinality d(My). It may as well be assumed that each open set in O is
an intersection of sub-basic sets of the form

S(pr€) ={f € Bo(Mg) [[(f, ) —r| < e}

where p comes from a dense subset of My, » € C and € > 0. These all lift to open
sets in My of the form

S(uyre) = {f €Ba(Mo ) ||(f, ) — 7] < €}

and the lifted family of open sets will be denoted as O. Then take h € (MO)*
obtained from Lemma 16, applied to O and My = My @ M,. Tt follows immediately

that 0g0Oh intersects every set from 9] and, hence, (6g0Oh) | My intersects every set
from ©. This implies 6gOh | My = By (M;). O

Corollary 20. Under the same hypotheses as Theorem 19 it follows that Z! (M(G)**) N
Ms* C My @ My*.

Proof. This follows from Lemma 8. OJ

6. PROOF OF THEOREM 3— METRIZABLE CASE
Lemma 21. If G is a locally compact group then Z;(M(G)*™*) NMa(G)** C M(G).

Proof. Since M, (G) is a subalgebra of M(G), it follows by elementary arguments
that Z{ (M(G)*) N1Ma(G)™ C Z;(Ma(G)™). Now one can apply the theorem, due
to Lau and Losert [14, Theorem 1] that Z} (Ma(G)™) = Ma(G). O

Corollary 22. If G is a locally compact group of cardinality not greater than k(G)2%°
then ZL(M(G)**) = M(G).

Proof. 1f G is discrete then M(G) = M,(G) and the resut follows from Lemma 21.
By [8, 5.5]) it follows that d(M(G)) = |G| < k(G)2%. By Theorem 11 and the fact
that G is not discrete, it follows that each measure in Mg(G) is k(G)2%-thin. Since
M(G) = M(G) © Ma(G) and d(M(G)) < d(M(G)) < #(G)2% it is possible to
apply Corollary 18 to obtain that

Z,(M(G)™) € M(G) & Ma(G)™.
Lemma 21 then yields that Z;(M(G)**) € Ms(G) + M(G) = M(G). O

The Ghahramani—Lau Conjecture for metrizable groups — indeed the conjecture
for the class of all groups G of cardinality no greater than 2%k(G), a class that
includes the metrizable groups — is settled by Corollary 22. It should be mentioned
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that the family of groups of cardinality 2™ is really larger than the class of metrizable
groups assuming that 2% = 2% as can be seen by considering the group “*2. Hence
it is consistent with set theory that Corollary 22 applies to some non-metrizable
groups. However the proof of the full conjecture requires the following theorem,
which also yields Corollary 22 when K is the trivial group. The more detailed
result will be needed as the beginning of an induction hypothesis for the proof of
Theorem 3 to be described in later sections.

Theorem 23. Let G be a locally compact group, K a compact subgroup such that
|G/K| < 2%k(G) — in particular, this is the case if G/K is metrizable. Then
Z,(M(G)*) N M(G/K)*™ C M(G/K).

Proof. Put My = M(G/K) and My = Mg(G) N My and M; = M,(G) N My, and
My = Ms(G), My = M,(G), My = M(G) and apply now Theorem 11, Theorem 19
and Lemma 21 and the strategy of Corollary 22. U

7. COMPACT SUBGROUPS AND SOME CLASSES OF MEASURES

First, we will give now some formulas for the character of quotient spaces. Then we
define some classes of compact subgroups in a non-metrizable group, corresponding
classes of measures and decompositions of M(G). This contains the strongly singular
measures mentioned at the end of §2.

Lemma 24. Let G be a locally compact group.
(1) If Hy and Hy are compact subgroups of G, Hy O Hy, then

xX(G/H,) = maX(X(G/Ho)aX(Ho/Hl)) :

(2) If H; are compact subgroups of G for i € I, then
X(G/NH:) < sup(x(G/Hy)) + 1] .
iel iel
(3) If G is o-compact and H is a closed subgroup, then there is N C H, a closed,

normal subgroup of G, such that
X(G/N) < x(G/H) + .
In (3), without o-compactness, one has x(G/N) < x(G/H) + k(G) .

Proof. To prove (1) observe that there is a family of open sets Uy of cardinality
X(G/Hy) such that NUy = Hy. As well, there is a family of open sets U of cardi-
nality x(Ho/H;) such that N\U; N Hy = H;. Because the character of a point z in
locally compact space is the same as the least cardinal of an open family whose in-
tersection is {z}, the image under the quotient map of Uy Ul is a subbase for H; in
G/H,. Hence x(G/H;) < max(x(G/Ho), x(Ho/H1)). To show the other direction
of the inequality, suppose that U is a family of open sets in G, closed under finite

intersections, whose intersection is H;. The cardinality of &/ must obviously be at
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least x(Hy/H;). Suppose it is less than x(G/Hy) and note that Hy C HyoU for each
U € U. Hence there is z € [\, HoU \ Hy. For each U € U there is, therefore, some
xy € Hy such that z € Uxy. Since Hy is compact, there is a C-cofinal, C-directed
subfamily ¢’ C U such that limygy xy = x for some x € Hy. In other words,
(U = H, but zz=! € NU’. Since z ¢ Hy and x € Hy this yields that zz™! ¢ H;
and a contradiction to (\U' — H;.

To prove (2) simply use the fact that a family of compact neighbourhoods of a
point is a neighbourhood base precisely if it is directed downwards and its intersec-
tion is the point.

To show (3) let N =, ®Hz ™" and, replacing G by G/N, it may be assumed
that N is trivial. Let (V});e; be a family of compact eg-neighbourhoods such that
Mic; Vi € H and |I| = x(G/H). Choose compact symmetric eg-neighbourhoods
W; such that W? C V; and countable subsets D; in G such that G = D;W;. Then
the family of all finite intersections of the sets xW;z~! where z € D; , i € I gives an
eg-neighbourhood base of cardinality at most x(G/H) + Xy .

Alternatively, when H is compact, one can prove (3) using Lemma 2 from [7] and
formulas (1) and (1) (which extends to quotient spaces). O

Corollary 25. Let v > 0 be an ordinal number and G a locally compact group. If
K, are compact subgroups of G for a < =y, such that x(G/Ky) < x(G), Ko 2 Kai1
and X(Ko/Kat1) = Vo for all « < v, and Kg = (,.5 Ko for all limit ordinals
B <, then x(G/Ky) = [y + x(G/Ko) +Ro .

Proof. By induction, Lemma 24 gives x(G/K,) < |v|+ x(G/Kp) + Ry . Now assume
that equality does not hold for some v and choose v minimal. Note first that ~
must be a successor cardinal. To see this suppose not and let 7 = x(G/K,) <
|v] + x(G/Ky). There is then a < 7 such that 7 < |a| and, by the minimality of ~,
it follows that x(G/K,) = |a| + x(G/Ky). But then if V is a neighbourhood base
of K., of cardinality 7 it follows that {UK,}yey is neighbourhood base for K, of
cardinality 7 < |a| + x(G/Kj).

Observe that for each neighbourhood U of K., there is some $(U) € v such that
U O Kpw).To see this note that otherwise {3\ U}ge, is a filter base of compact
sets with empty intersection. If V is a base for K., of cardinality less than ~ then,
since 7 is regular, it follows that there is some £ € v such that 5(U) < £ for each
U € V. This yields the contradiction that |V 2 K¢ # K.,,. O

The following definition will be of most interest in the case that G is a non-
metrizable, locally compact group — in other words, x(G) > V.

Definition 26. For a locally compact group G and an infinite cardinal number T

define
R(G) ={K | K compact, subgroup of G and x(G/K) < T}.
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These classes of compact subgroups will be used to define classes of measures
that will be useful in the induction and can be seen as the key structures in a

generalization of the Lebesgue decomposition of measures for non-metrizable groups.

Definition 27. Let G be a locally compact group and T an infinite cardinal. The
measures of character T are defined to be

M, (G) = U{M(G/K) | K € &+(G)}-
The strongly singular measures of character Xo are defined by
Mss x, (G) = M(G) N My (G)
and if T 1s uncountable then
Mo -(G) = {1 EML(G) N ML(G) | 1 L M, (G) for all 71 < 7},
The approximately invariant measures of character Ry are defined by
M.ix, (G) = Ma(G) N My, (G)
and if T is uncountable they are defined by
M, (G) ={pneM,(G)| u= KGI}%IE%G)N * A\ (norm limit)}.

When K is a compact subgroup of G and not open, define Mg(G,K) =
M(G/K) N Mss a/x)(G) and Mui(G, K) = M(G/K) 0 Mai y/x)(G)-

The decompositions to be obtained in Theorem 29 can also be described as follows:
Every p€M;g(G) has a unique (up to reorderings) representation g = > p; , where
Wi € Mgs -, (G) for some pairwise different 7; with Xy < 7, < x(G). Thus Mg(G)
is the ['-sum of all the spaces Mg, (G) with g < 7 < x(G). The reader familiar
with Riesz decompositions will see the decompositions of Theorem 29 as particular
examples of these.

Recall the Kakutani-Kodaira theorem. (See [7] Theorem 3 for a more general

version; a more special case, sufficient for our purposes, can be found in [6, 8.7]).

Lemma 28. Let H be a locally compact, o-compact group. If U,, n € N, are
netghbourhoods of ey then there exists a compact, normal subgroup N such that
H/N s metrizable and N C U, for all n.

Theorem 29. Let G be a non-metrizable locally compact group, T a cardinal number
with g < 7 < x(G), K a non-open compact subgroup of G.

(i) M, (G) and Ma; -(G) are norm closed ideals in M(G), Mss-(G) is a norm closed
subspace.

(ii) M, (G), Mai-(G) and Mg -(G) are L-subspaces (i.e., pe€ M and |v| < |u| implies
ve M) We have M. (G) = Mg +(G) @ Mai,(G) and Mg - (G) L Mai-(G).

(iii) M(G/K), Mai(G, K) and Mg (G, K) are closed subspaces and vector sublattices
in M(G) (i.e., pe M implies |u| € M ). We have

M(G/K) = Mys(G, K) ® My (G, K) and Me(G, K) L Mai(G, K) .
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Proof. M(G/K) is always a closed subspace of M(G) and a left ideal by Corollary 5.
Using (2) of Lemma 24, it follows that M, (G) is a closed subspace and hence, so
are Ma; - (G) and Mg - (G). It also follows that M, (G) and Ma; -(G) are left ideals.
Now take v € M(G) and u € M,(G) and let H be an open, o-compact subgroup
containing the support of v. Then by (3) of Lemma 24 and Lemma 28, there exists
a normal subgroup N of G such that N € &.+(G) and pe€ M(G/N). By Lemma 4
a measure p € M(G) belongs to M(G/N) if and only if p = p * Ay. Therefore, in
order to show that uxv € M(G/N) it suffices to show that pu*xv = uxv*Ay. Since
* Ay = p, it suffices to show that v« Ay = Ay *xv. From the discussion preceding
the statement of Theorem 3 it suffices to show that (v x Ay, f) = (Av *v, f)
for all f € Cy(G). However, since the support of v is in H it suffices to show that
(vxAn, f)=(Avxv, f)forall f e Cy(H). Since N is normal in H it follows
that if f € Cy(H) and @ € H then

e fa) = [ fadan®) = [ ba)ire®) = f <o
and from this it follows that
<I/*>\N, f> = <V, )\N*f> = <I/, f*>\N> = <)\N*V, f>

as required. Thus M, (G) is a right ideal and a similar argument works for M; - (G).
This proves (i).

Since M, (G) is norm closed, in order to show that M,(G) is an L-subspace,
it suffices to show that hyp € M, (G) whenever € M, (G) and h is a continuous
function of compact support. As above let H be a o-compact subgroup such that A
vanishes outside H. By Lemma 28, the Kakutani-Kodaira Theorem, there exists a
compact normal subgroup N of H such that H/N is metrizable and h is N-periodic.
If e M(G/K) with K € &+ then hpe M(G/(K N N)) and by (2) of Lemma 24,
KNNeR,+. It is easy to see that this also implies that Mg ,(G) is an L-subspace
and a similar argument works for M,; - (G).

The facts that Mg -(G) L M, (G) and Mg (G) @ Mai,(G) = M, (G) when
7 = N follow directly from the definitions and the Lebesgue decomposition of
measures. To see that this is also the case when 7 > N it will first be shown that
M- (G) L Mai-(G). To establish this let p € Mgs-(G) and v € My; - (G) be
positive measures such that ||| = [[v|]| = 1. Then lim; ||V — v * Ag,|| = 0 where
K; € &:(G) for each j. It follows from the definition of Mg -(G) that p L v * Ag;
for each j or, in other words, ||V x Mg, — p|| = 2 for each j. Hence ||p — v|| = 2 and
so L ov.

Having established that Mgs - (G) L Ma; - (G) it follows that Mgs - (G)NMa;i - (G) =
{0} and so it suffices to show that M,(G) = Mg (G) + M,i,(G). To this end,
take any p€ M, (G) with p > 0. Using the fact that Ma; . (G) is closed it may be
assumed that there is some v € My -(G) such that ||| is maximal among those
measures satisfying 0 < v < p. In other words, since M; ,(G) is an L-subspace,

every non-zero measure in My; -(G) is singular to p — v. Since M, C My; -(G) for
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each p < 7, it follows from the definition of Mg ,(G) that p — v € Mg -(G). This
shows that M, (G) = Mg - (G) & Mai - (G).

The statements in (iii) about M(G/K) and its subspaces are easy consequences of
(i) and (ii). O

8. SEPARATION OF STRONGLY SINGULAR MEASURES

In this section Theorem 11 is extended to the case of strongly singular measures
(Theorem 36). This will be used in the proof of the general case of Theorem 3.

Lemma 30. If G is any locally compact group then G has a compact, not necessarily
normal, subgroup Kg such that G/Kg is metrizable. If G is non-metrizable, then
for any such group it follows that x(Kg) = x(G).

Proof. Take any symmetric compact neighbourhood U of eg. Then Gy = |, U"
is an open subgroup of G (cf. [6, 5.7]), hence x(Gyp) = x(G). Since Gy is compactly
generated, by Lemma 28 there is a compact normal subgroup K of Gg such that
G/ K¢ is metrizable and hence G/ K¢ is metrizable. If x(G) > Ry, then x(Kg) =
X(G) since x(G) = max(x(G/Ke), x(Kg)) by Lemma 24. O

A similar construction yields the next lemma.

Lemma 31. Let G be a locally compact group and K its compact non-open subgroup.
For every e M(G) there are an open o-compact subgroup Gy of G and a compact
normal subgroup N of Gy with N C K C Gy, x(G/K) = x(G/N) and u(G\Gy) = 0.

Proof. As in the proof of the previous lemma, there is an open o-compact subgroup
Gy of G such that u(G \ Gy) = 0 and K C Gy. By (3) of Lemma 24 there is a
compact normal subgroup N of GGy such that N C K and

X(G/K) < x(G/N) = x(Go/N) < x(Go/K) + Ro = x(G/K).
O

Lemma 32. Let G be a locally compact group, H a closed o-compact subgroup and
V' a neighbourhood of e. Let v,v' € M(G), v,v/ > 0. Ifv L V' then there exist
a K,-set £ C G and a compact normal subgroup N of H such that N C 'V and
v(E)=v(G), V(EN) =0 and x(H/N) < R. In particular v+ Ay L V' x Ay.

Proof. Since v L V', there is a K,-set E C G such that v(F) = v(G) and /(E) = 0.
Thus there are compact sets C,, such that £ = |J,_, C,,. For every n and m there
exists an open set W, ,,, 2 C, satisfying v/(W,, ) < 1/m. Since C,, are compact,
there are neighbourhoods U, ,, of eq with C, U, ,, € W, . By Lemma 28 there
is a compact normal subgroup N of H such that N C (2, (\>_, Up,m NV and
X(H/N) <¥,. Then v'(C,,N) < V' (CUp ) < V' (W) < 1/m for every m, giving
V' (C,N) = 0 for every n. Since EN = |J,~, C;,N, it follows that v/(EN) = 0. Thus
v and v * Ay are concentrated on EN | whereas v/ x Ay(EN) = V/(EN) = 0. O
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Lemma 33. Let G be a locally compact group such that x(G) > Ry, H a closed
o-compact subgroup, V an eg-neighbourhood and let p € Mg ) (G) with p > 0,
w(G) = 1. For every normal subgroup Ky of H with K; € R,)(G) there exists
a normal subgroup Ky of H with Ky € R)(G) and a K,-set E C G such that
Ky CEKiNV, p(E) =1, px A, (EK2) = 0 and x(K1/K2) < Ng.

Proof. Since Ky € R(¢)(G), we have 1 L p1 % Ag,. Let N be as in Lemma 32 with
v=pand vV = puxAg,. Put Ko = K;NN. Recall ([6, 5.33]) that the group K;/K>
is topologically isomorphic to the group K3 N/N . Since x(H/N) < Xg, we get that
K1/ K, is metrizable and by (1) of Lemma 24 that K> € &, () (G). O

Lemma 34. Let G be a locally compact group such that x(G) > Ry, H a closed
o-compact subgroup, V an eg-neighbourhood and let p € Mgs ) (G) with p > 0,
w(G) = 1. For every compact normal subgroup K, of H with x(G/K;) < x(G) there
is a compact normal subgroup Ky of H such that Ky C K10V, x(K1/Ky) =Xy and
ux Ko L pxxKy for Ak, -almost all xe K, .

Proof. Take K, € 8,()(G). Choose K, , I/ by Lemma 33. Now

/K p* r(EKs) d\g, () = /K W EKyx ™) dAg, (1) = ppx A, (EK3) = 0

and therefore px z(EKs) = 0 for Ak, -almost all z in K.
Take any x € K7 such that uxz(EK3) = 0 and any y,y’ € K5. Then

pray(Ey) = pxxxy(By) = prxax(By'y™") < pxax(EKy) =0,

while uxy'(Ey') = pu(E) = 1 which shows that pxy" L pxzy. Thus ux Ky L puxxKs.
If Ky were open in K then A, (K3) > 0 and we would get ux Ky L p* Ky, Thus
K, /K, is not discrete, giving x(K;/K3) = No. O

Lemma 35. Let G be a locally compact group, Ky a compact subgroup such that
x(G) > x(G/Ky) + Ry and pn € Mgs)(G) with pp > 0, p(G) = 1. Then for
0 < a < x(G) there exist compact, normal, non-open subgroups K, of K, and
T € K, such that

() K 2 KO[+1 and X( a/Ka+1> = NO fOT all v < X(G)7
(ii) Kg = ﬂa<5 K, for all limit ordinals f < x(G);
(ii) Ky = {ec};
)

(iv ,u*KaH L p*xoKoy for all a < x(G).

Proof. Let (Va)a<y(c) be a family of eg-neighbourhoods satisfying K, € Vy and
Na<y@ Vo = {éc}. Now use transfinite induction, applying Lemma 34 for each
a < x(G) to obtain K,y € K,NV, and x, satisfying (i) and (iv). Use (ii) to define
K for limit ordinals 5 < x(G). O

Note that by Corollary 25 it follows that x(G/K,) = |a] + x(G/Koy) + No
for 0 < a < x(G), in particular K, € R () (G) .
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Theorem 36. Let G be a non-discrete, locally compact group and j1€ Mg () (G).
There exists a set P C G such that |P| = 2X(%) and p+p L p*p' for all p,p’ € P,
p # p'. In other words, u is 2X%) -thin.

Proof. By Theorem 11 the result holds for x(G) = Rg. We now prove it for x(G) >
No. Without loss of generality, assume that u > 0, 4(G) = 1. Recall the notational
conventions in the proof of Theorem 11.

Let K, and z, € K, for a < x(G) be as in Lemma 35, where K is the group
K¢ € G from Lemma 30. Induction on o € x(G) will be used to construct elements
d. € K¢ for all d€®2 such that

(1°) if @ < 8 < x(G) and d € P2 then (d | a). K, 2 d. K ;

(2°) if B < x(G) is a limit ordinal and d € 72 then

(1)Ko =d. (| Ka=dEp;
a<f a<p
(3*) if B < x(G) and d and d' are distinct elements of #2 then puxd, Kz 1 pxd, Kz .

That will conclude the proof, since it is then possible to choose a point

Pa € ﬂ (d | a) K, for every deX(@2
a<x(Q)
and taking P = {p; | d€X(¥2}, we have |P| = X(%)2. Moreover, (3*) implies that if
p#£p then uxp L puxp.

To carry out the induction, start with o = 0 and define (), = eg. Now assume
that 0 # 3 < x(G) and that d, have been defined for all d € *2 and o < 3. If d € 72
and 3 is a limit ordinal define d, to be any point in ﬂa<6(d fla)K,. f f=a+1
then define

g - { (d]a), whend(a)=0
: Zo(d | @), whend(a)=1.

Properties (1°) and (2°) are easy to prove from the definition, using the normality
of K, in K. To prove (3°), in view of (1°) and (2°) it is enough to consider the
case where = a + 1 and d,d’ € °2 are such that d' | a =d | o, d, = (d | «), and
d =xz,(d | a), =xad,.

Since p* Koy1 L pxxoKqy1, we have also pux Ko 1d, L pu*xoKo1d,. Hence,
using that K, is a normal subgroup of Ky,

Ka+1d* - d*Ka+1 - d*Kﬁ
xaKoH-ld* = I’ad*KOH_l = d;Kﬁ .
Thus p*d.Kg L pxd,Kg . O

9. PROOF OF THEOREM 3 — GENERAL CASE

First we give some further properties of the spaces Mg (G, K) and My(G, K).
Then we prove Theorem 45 by transfinite induction, and obtain our main result

(Theorem 3) as a corollary.
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Lemma 37. Let G be a locally compact group, K a compact subgroup of G and
p € M(G). We have p L M(G/K) iff i L |p] * Ak .

Proof. One direction is clear. For the other one, assume that pu L |u| * Ag and
take any v € M(G/K). It is enough to consider p > 0 and v > 0. The Lebesgue
decomposition of v with respect to u*x A\x € M(G/K) yields v = vy + v; where
vo, 1 € M(G/K), vg,11 >0, 19 L ux Ak and v; < pux Ag. Since vy L px A, there
is a K-invariant Borel set £ C G such that vy(EF) = 1(G) and px Ag(E) = 0, and
then u(E) = 0, so that vy L p. From vy < px A\ and p L px A we get vy L p.
Hence v 1 p. U

For a locally compact group G and its compact subgroup K, put
Rk (G) = {L € Ry (G) [ L 2 K}

By (2) in Lemma 24 the family Rx(G) is downwards directed by inclusion. In
the sequel we are mainly interested in the case where G/K is not metrizable, i.e.
X(G/K) > N,.

Lemma 38. Let G be a locally compact group, K a compact subgroup of G such that
X(G/K) >Ny, and v € M(G). We have v € Mu(G,K) iff v = limpeg, )V * AL
(norm limit). This is also equivalent to infrcgq, (o) ||[v—v*AL]| = 0. Forv e M(G/K)
we have v € Mg(G, K) iff v L |v|*x Ay for all L€ Rk (G) .

Proof. Put 7 = x(G/K). If L,L" are compact subgroups of G with L. C L', then
A *x A = Ap. Thus ||[vx Ay — v AL|| < [[v*x A — v|| and it follows that
|lvx AL —v| <2||vx A —v||. This shows that v = limpeg, () v * AL is equivalent
to infreg, (@) llv — v+ ALl = 0 and this equivalence persists when fx(G) is replaced
by any family of compact subgroups which is directed downwards.

Since Rk (G) C R-(G), it follows that v = limpc g, () v*Ar implies v = limpecg () v*
AL, 1.e. v € Mai,(G). Furthermore v x A\, € M(G/K) for L € Rk (G) implies
veM(G/K).

For the converse, if L€ &,(G) , let H be an open o-compact subgroup of G containing
K and L. By (3) of Lemma 24 there exists L' € &,(G) such that L’ is normal in
H and L' C L. Then KL'is a group, by (1) of Lemma 24 we have KL' € Rx(G)
and for v € M(G/K) we get (using Agr = Ag x A\r/) that v* Agp = v+ A . Thus
v =limpeg, (@) v * Ap implies v = limpeg, @)V * AL .

For the last part, we may assume that v > 0. By Theorem 29, we have v = vy + 15,
where v; € Mg (G, K), va € Mai(G,K). If vy # 0 we have by the first part
ve J vox Ap for some L€ Kk (G). Since 0 < vy < v, this implies v £ v* A . The
other direction follows immediately from the definition of M (G, K). O

Corollary 39. Let G be a locally compact group, K a compact subgroup of G such
that x(G/K) > Rg, and v € M(G). Let D be a family of compact subgroups of G
that is downwards directed by inclusion and such that Rx(G) € D C Rya/r)(G) -
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We have v € My (G, K) iff v =limpep v x A\ (norm limit). This is also equivalent
toinfrepllv—vxAL|| =0. Forv € M(G/K) we have v € Mg(G, K) iff v L |v|*x AL
forall Le D. O

Corollary 40. Let G be a locally compact group, K a normal compact subgroup of
G for which G/K is not metrizable. When M(G) * A\i is identified with M(G/K)
as in Lemma 4, the space My (G, K) is identified with Ms(G/K,{eq/k}), and
M.i(G, K) is identified with Mui (G /K, {ec/k}).

Proof. Let m: G — G/K be the quotient mapping. Then L +— m(L) defines a one-
to-one correspondence between R (G) and Ry, 1 (G/K) = K a/r)(G/K). O

Corollary 41. Let G be a locally compact group and K its non-open compact sub-
group. Every measure in Mgs(G, K) is |G/ K| -thin.

Proof. Recall that |G/K| = x(G) - 2X(/K) Since every u € Mg(G, K) is (G)2%0 -
thin by Theorem 11, it remains to be proved that u is also 2X(¢/K) _thin when
X(G/K) >Ry

Take any 1 € Mg(G, K) and assume x(G/K) > Ry. By Lemma 31 there are an
open o-compact subgroup Gy of G and a compact normal subgroup N of GG such
that N C K C Gy, x(G/K) = x(G/N) and u(G \ Gy) = 0. Let i/ be the restriction
of i to Gy. Then

:U’/ € MSS<G07 N) - MSS(GO/N7 {GG’/N}) g Mss,x(Go/N) (GO/N)

by Corollary 40 and the definition of M (Gg, N). It follows that p' is 2X(Go/N) _thin
by Theorem 36, and thus j is 2X(/%) _thin. 0

Lemma 42. Let G be a locally compact group and T a successor cardinal such that
No < 7 < xX(G). Let {Kyta<r be a family of compact subgroups of G such that
X(G/Ko) <7, Ko 2 Koi1 and X(Ko/Kat1) =N for a <7, and Ks =), 5 Ka
for limat ordinals 3 < 7. Put K = K.
(1) The family {Ku}aer is cofinal in Rk (G) (downwards directed by inclusion).
(2) For v e M(G) we have v € Mu(G, K) iff v =lim,<, v x Ak, (norm limit).
(3) Forv e M(G/K) we have v € Mg (G, K) iff v L [v| x Ak, for alla < 7.

The same proof shows that the theorem holds not only for successor cardinals but
also for any regular limit cardinal 7.

Proof. The proof of (1) is similar to that of Corollary 25. Since K = [,.. Ka, the
sets VK, where V is a neighbourhood of e and o < 7 form a neighbourhood base
of e¢ in G/K. Given L € Rk (G), there exist eg-neighbourhoods V; and ordinals
o; < 7 for i € I such that (,., ViK,, C L, where |I| = x(G/L) < 7. Since 7 is a
successor cardinal, it follows that 8 = sup{«; | ¢ € I} < 7 and then Kz C L.

(2) As mentioned in the first part of the proof of Lemma 38, v = lim,., v x Ak, is

a<lTt

equivalent to inf,,||[v — v * Ak, || = 0. By Corollary 25, we have x(G/K,) =1 >
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X(G/K,) for a« < 7. Apply (1) and the first part of Lemma 38.
(3) If L O K, and v L |v| x Ak, then v L |v|x A by Lemma 37. Apply (1). O

Lemma 43. Let G be a locally compact group, K its compact subgroup such that
X(G/K) >Ny, and p€ Mg(G, K). There exist a family D of compact subgroups of
G that is downwards directed by inclusion and such that Rk (G) € D C Rya/i)(G),
and two cofinal subsets C and C' of D such that p*x A, L pux gy for all LeC, L'eC’.

Proof. If |u| x A, L |u| x A then g+ A L px Ao Thus it suffices to prove the
lemma for p > 0, u(G) = 1.
First we prove the lemma with D = R, (G) under the assumption that the group K
is normal in G. In that case G/K is a group, and every compact subgroup of G/K
is identified with the quotient group H/K where H O K is a compact subgroup of
G.
With the assumption that K is normal in GG, the proof proceeds separately in two
cases. In both cases we apply Lemma 35 to obtain a family of subgroups K,/K,
a < x(G/K), of G/K; or, equivalently, the corresponding family of subgroups
K, of G. Property (iv) in the lemma then implies that u* Ax, L pu* A, for
a< f<x(G/K).
Case I: x(G/K) is a limit cardinal. Define

C={Lefk(G) | x(G/L)is even and p A;, € M (G, L)}

C'={LeRk(G) | x(G/L) is odd and pux A, € Mg(G, L)}
From the definition of Mg (G, L) we get ux A, L u*Ap for LeC, L’€C’. To show
that C is cofinal in Rk (G), take any Ky € Rk (G). Starting with Ko/ K, let K, /K for
a < x(G/K) be compact subgroups of G/K with properties (i)—(iv) in Lemma 35.
Then px Ak, L ppx Mg, for a < 3 < x(G/K).
As x(G/K) is a limit cardinal, there is an even cardinal 7 such that

X(G/Ko) <7 < x(G/K).

Then x(G/K;) = 7 by Corollary 25 and px Ak, € Mgs(G, K;) by (3) in Lemma 42,
which shows that C is cofinal.

The same argument with an odd cardinal 7 proves that C’ is cofinal.

Case II: x(G/K) is a successor cardinal. Choose a compact group K, C G such that
Ky O K and G/Kj is metrizable (Lemma 30). Starting with Ky/K, let K,/K for
a < x(G/K) be compact subgroups of G/K with properties (i)—(iv) in Lemma 35.
Define

C={K.|a<x(G/K), ais even}
C'={K,|a<x(G/K), ais odd}

(Note that in Case I the sets C and C’ are defined using even and odd cardinal
numbers, while in Case II they are defined using even and odd ordinal numbers.)
Since px Ak, L px Ag, for a < 8 < x(G/K), we have px A, L pux Ay for LeC,
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L’e(C’. The sets C and C’ are cofinal in R (G) by (1) in Lemma 42.

That concludes the proof when the group K is normal in G. When K is a compact
but not necessarily normal subgroup of G, by Lemma 31 there are an open o-compact
subgroup Gg of G and a compact normal subgroup N of Gy such that N C K C G,
X(G/K) = x(G/N) and u(G\ Go) = 0. If L€ Rk (G) then LNGy € Rk (G); it follows
that if the lemma holds with G in place of G then it also holds as stated. Thus
we may assume that G = Gy. Then Rx(G) C An(G) C Ry(e/k)(G) and we have
proved that there are cofinal subsets C and C’' of 8y (G) such that pxAp L p* Aps
forall LeC, L'eC'. O

Corollary 44. Let G be a locally compact group, K its compact subgroup such that
X(G/K) >Ny, and pn€Mgs(G, K). There is a family D of compact subgroups of G
that is downwards directed by inclusion, Rk (G) € D C Rya/k)(G), and such that
one of the following two alternatives holds:

e cither limpep(h, ux Ar) =0 for every he M(G)*

e orlimpep(h, px M) does not exist for some he M(G)*.

In other words, if the weak* limit m = limpep uxAp exists in M(G/K)** thenm = 0.

Proof. Let D and C,C’ be as in Lemma 43. Assume there is hy € M(G)* such that
limpep(ho, o *x Ar) # 0. By Lemma 12 there is h€ M(G)* that agrees with hy on C
and is 0 on C'. The net {(h, u* A)}ep does not converge. O

Theorem 45. Let G be a locally compact group, K a compact subgroup. Then
Z! (M(G)**) NM(G/K)™ C M(G/K).

Proof. We will use induction on 7 = x(G/K). The case where G/K is metrizable
(i.e. x(G/K) < Xj) has been settled in Theorem 23. Thus we can assume that
GG/ K is non-metrizable and that the theorem holds with L in place of K for every
L € 8, (G), where 7 = x(G/K). Put My = Ms(G,K), M; = Mu(G,K), My =
M(G/K) and My = Mgs» , My = Mai, My = M, . Since d(My(G, K)) < |G/K],
Corollaries 20 and 41 show that

Z;(M(G)™) NM(G/K)*™ € M(G, K) & Mu(G, K)*™.

Since Z}(M(G)**) N M(G/K)*™ is a linear space and M(G, K) C Z!(M(G)™), it
is enough to prove that Z} (M(G)*) N Mai(G, K)** C M(G/K).

Take any m € Z{ (M(G)*)NM,i(G, K)*™*. It is easy to see (using weak* approximation)
that under the standard embedding of biduals (see §2) M(G/K)™ = M(G)*0OAk
holds.  Z!(M(G)*) being a subalgebra, the inductive assumption implies that
mOA, =y, € M(G/L) for all L € R,.(G). Let p€ M(G/K) be the measure ob-
tained by restricting m to Co(G/K) (C M(G/K)*). We get (ur, f) = (mOAL, f) =
(u, \pOf) = (ux A, f) for feCy(G/K), hence up, = px AL .

By Theorem 29 we have p = ug + 1, where pg € Mg(G, K), 1 € Mai(G, K) . By
Corollary 44 there is a downwards directed family D, Rx(G) € D C Ryq/k)(G),
such that either limpep(h, po * Ar) = 0 for every h € M(G)* or limpep(h, o * Ar)
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does not exist for some he M(G)*.

By Corollary 39, (AL)rep is a right approximate unit for M, (G, K). We have
m € Z}(Ma(G, K)™) because m € Z!(M(G)™), and if n € Mu(G, K)* is any
weak™ accumulation point of the net (M) Lep then mOn = m (see [2] Prop. 2.9.16 and
its proof). Then from p € M(G) C Z{(M(G)**) we get by approximation m = p[n..
Since this holds for every accumulation point n, it follows that m = limpcp p* Ap
(weak* limit).

By Corollary 39 we have py = limpep py x Az in the norm in M(G/K) and therefore
also in the weak* topology in M(G/K)**. Hence the weak* limit limyep pig * Af, ex-
ists, and thus limzep po* Az = 0 in the weak* topology in M(G/K)**. We conclude
that m = limpep po* Ap +limpep gy x Ay = pg, which proves that me M(G/K). O

Theorem 3 now follows easily from Theorem 45.

Proof of Theorem 3. By Theorem 45 with K = {eq} we get Z}(M(G)™) = M(G).
As explained in the discussion following Theorem 3, Theorem 45 with G in place
of G yields Z; (M(G)**) = M(G). O
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