MAXIMAL FUNCTIONS AND THE ADDITIVITY OF VARIOUS FAMILIES OF NULL
SETS

JURIS STEPRANS

ABSTRACT. It is shown to be consistent with set theory that every set of reals of size Ny is null yet there are Xy
planes in Euclidean 3-space whose union is not null. Similar results are obtained for circles in the plane as well
as other geometric objects. The proof relies on results from harmonic analysis about the boundedness of certain
maximal operators and a measure theoretic pigeonhole principle.

1. INTRODUCTION

Davies has shown [2] that any measurable subset of the plane can be covered by a family of lines whose union
has the same measure as the set itself. A question in this same spirit, due to Peter Komjath, asked [6] whether
the assertion that every set of reals of size Xy is Lebesgue null implies that the union of any Xy lines in the plane
is also Lebesgue null? This was a prime motivation behind the paper [11] which showed that, for any v < 1
it is consistent that there is a set of reals of size Ny which is not null with respect to Hausdorff y-measure but
all sets of size Ny are null with respect to Lebesgue measure. It has been remarked that a Besicovitch duality
argument can be used to obtain W; lines in the plane whose union is not Lebesgue null from a set of reals of
size Ny which is not null with respect to Hausdorff «-measure for v > 1/2, thus solving Komjath’s question.

The argument uses the map L from R? to lines in the plane defined by setting L(a,b) to be the line with
slope a and y-intercept b. For any set S C R? and any angle 6, elementary arguments — such as those in §12.1
of [5] or §7.3 of [4] — show that the projection of S onto a line forming angle # with the z-axis is a linear image
of the intersection of L(S) = U, p)es L(a,b) with the vertical line intersecting the z-axis at tan(6). If L(S) is
a Lebesgue null set then there is a null G5 set A D L(S) and, furthermore, the set A* = {(a,b) | L(a,b) C A}
is Borel, contains S and L(A*) C A. Hence for almost all angles € the projection of A* onto the line forming
angle 6 with the z-axis is null. Since A* is Borel, the Projection Theorem — Theorem 6.1 of [5] or Theorem 6.8
of [4] — implies that the Hausdorff dimension of A*, and hence A, is less than 1. Therefore the model of [11]
with 1/2 < v < 1 will solve Komjath’s problem since Theorem 5.8 of [4] implies that the square of linear set of
positive v-Hausdorff measure will be a subset of the plane of positive 2y-Hausdorff measure. Observe also that
complex inversion — in other words, the map sending z to 1/z in the complex plane — sends lines to circles
and preserves null sets. Therefore there are also Xy circles whose union is not null in this same model.

However, the geometric nature of duality arguments limits the generality one can expect to obtain from
them. After all, Komjath’s question can be set in a much broader context by using the framework of small
cardinals. For any family B of compact subsets of a Polish measure space (X, u) define the cardinal add(B)
to be the least cardinal of a subfamily F C B such that UF is not p-null. So, letting S be the points in R
and P" be the hyperplanes in R”, Komjath’s question becomes whether or not add(S) = add(P?). (Note that
add(S) is the well known cardinal usually denoted by non(Nwull).) Letting C" be the surfaces of spheres in R”
one can ask about the relationships between add(C") and add(P¥) as well as other similarly defined invariants.
One can not hope to apply duality arguments to classes B which consist of much more than planes or spheres
or simple geometric transformations of these objects. For example, let f C R™ be a smooth curve and let B
consist of all isometric images of f. However, there are results in harmonic analysis which allow a solution to
the generalized Komjath problem considerably broader than that provided by [11].
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These results are connected to the problem of reconstructing a measurable function from averages over small
sets. The prototypical example here is the Lebesgue Density Theorem which establishes that the value of a
measurable function at almost any point € R¥ can be approximated by taking averages over small balls
centred at x. If the goal is to approximate the value of the function by averaging over even smaller sets then,
in many cases, this is also possible. For example Stein [12] showed how to do this for the surfaces of spheres in
R* for k > 3 and, later, Bourgain [1] did the same for k = 2. Similar results due to Falconer [3] and Marstrand
[7] exist for hyperplanes in R¥ for k > 3 as well. These results, as well as many similar ones, all follow from the
boundedness of certain maximal operators associated with the families in question and, in all cases, one gets
as a corollary that any set which contains many of the small sets — namely those over which the average is to
be calculated — has positive Lebesgue measure.

The main result which will be proved, Theorem 2.1, has as a consequence the consistency of add(B) = Ry #
add(S) so long as the boundedness of the maximal operator appropriate for the family B can be established.
The major step in proving Theorem 2.1 will be to use the norms on possibilities technology developed in [10] to
construct an w“-bounding, proper partial order which forces the ground model reals to be a null set. In §2 the
forcing partial order is defined and its main properties are established. The partial order P will consist of trees
of approximations to a cover of the ground model by a null G5. The strategy for constructing P will require
choosing a very quickly growing sequence of integers {M,, }7°, and letting A}, consist of all sets X C M,, having
size less than M, /2". These will be used to code open sets of measure less than 27". For each n an N-valued
norm v will then be defined on P (&) which will measure the size of subsets of &,,. The trees belonging to P
are then defined to be subtrees of H;OO X, such that for each t € T" and each integer k there is some s D t such
that v (X7(s)) > k where Yp(s) is the set of successors of s. It will be easy to see that P forces the ground
model reals to become a null set, but to see why, for example, the union of the ground model circles is not
Lebesgue null after forcing with such a partial order requires looking at the construction of the norm v using
the boundedness of the appropriate maximal operator.

This construction is completed in §4 by proving a measure theoretic pigeonhole principle which may be
of interest in its own right as well. In the simplest 1-dimensional case, the principle says that a measurable
mapping of a product of probability spaces either maps most of a vertical section to small set, or, it maps most
of the graph of a function to small set. The proof provided in §4 works only for finite probability spaces unless
some additional axioms are assumed, but this is enough for the intended applications. The connection between
this pigeonhole principle and the norm of §2 is established in §3 by introducing an intermediary norm which
bridges the gap between maximal functions and pigeonhole principles.

The applications of the theorem, as well as the results from harmonic analysis upon which they are based,
are stated in §5. Some final remarks and questions are also recorded in §5.

2. DEFINING THE PARTIAL ORDER

The study of the additivity properties of the families mentioned in the introduction will rely a great deal on
the fact that these families are not only easily definable, but that they also have well behaved parameterizations
by measure spaces. These parameterizations by measure spaces are crucial in that they enable arguments to
use concepts such as many circles or most lines. Definition 2.1 describes the sort of parametrized families which
will be studied.

Definition 2.1. Let (P, o) be an atomless Polish probability space and Compact(R™) be the space of compact
subsets of R™ under the Hausdorff metric. Let A be Lebesgue measure on R¥ and p be a regular measure on
R* such that the set

{C C Compact(R¥) | u(C) > r}

is Borel in Compact(R™). A mapping A defined on P will be said to be p-appropriate if:

(1) A: P — Compact(R") is continuous.

(2) 1 < infyep u(A(p)) < supyep u(A(p)) < 50
(3) For every 6 > 0 and 0 > 0 if J(6,0) is defined by
)

(2.1 J(0,6) =inf {\(A) | ACR"isopenand o({pe P | u(A(p)NA)>0}) >4}
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then J(0,0) > 0 and limgs_o J(,d) = 0 for all 6.

In all the cases to be considered here the measure p will be Hausdorff k-measure for some integer k. Observe
that all Hausdorff k-measures p satisfy the property that the set

A= {(C,r) ‘ C C R* is compact and p(C) > r}

is Borel in Compact(R"™) x R. To see this, observe that (C,r) ¢ A if and only if for each integer m there are

{g;}*_, C R™ with rational co-ordinates and rational {t;}*_; such that 0,#; < 1/m for all i and Zle t? <rand
k
C g U Bti(‘]i)
i=1

where By, (¢;) represents the open ball of diameter ¢; and centre g;. Compactness yields € > 0 such that the
open ball around C' in the Hausdorff metric with radius € is contained in Ule B, (gi). In other words, A is Fy.
An example might be useful at this point.

Example 2.1. Let (P,0) = ([1,2],)) and let A : P — Compact(R") be defined by letting A(t) be the surface
of the k-sphere of radius ¢ with centre at the origin. In this case A is A\?-appropriate where \? is Hausdorff
2-measure, noting that this restricts to surface measure on each sphere. The fact that Conditions 1 and 2 are
satisfied is clear. That Condition 3 holds can be seen by applying Fubini’s Theorem in spherical co-ordinates.

The following two examples illustrating Definition 2.1, in spite of their similarity, will provide boundaries
for the application of the methods to be developed; those methods will be applicable to Example 2.2, but not
to Example 2.3.

Example 2.2. Let (P,0) = ((0,1],A) Let A : P — Compact(R?) be defined by letting A(t) be the disc of
radius 1 with centre at (¢,0,0) and perpendicular to the t-axis. The fact that the mapping A is A\2-appropriate
follows from an easy application of Fubini’s Theorem.

Example 2.3. Let (P,0) = ((0,1],\) and let A : P — Compact(R?) be defined by letting A(t) be the unit
line segment with centre at (¢,0) and perpendicular to the t-axis. Once again, Fubini’s Theorem shows that
the mapping A is A\'-appropriate.

The following definition is needed to be able to apply results in the harmonic analysis literature to the
context of Definition 2.1.

Definition 2.2. Let (G,-) be a locally compact group and let Ag be its Haar measure. Let % be a continuous
left action of G on R¥ that is measure preserving; in other words, A(4) = (g * A) for each measurable A C R¥
and g € G. For any p-appropriate function A : P — Compact(R*) the maximal operator M A,c can be defined
on measurable functions on R* by

(2.2) Ma(f)(g) = sup / flg* 2)dp
peP JzeA(p)

The operator My will be said to be bounded if there are real numbers ¢ > 1, p > 1 and a constant K such that
(2.3) M)y < KI|fllg

for all f which are the characteristic functions of bounded open sets in R¥. The norm |||, is calculated with
respect to A\g of course.

Lemma 2.1. If A is a p-appropriate function and (G, -) is a locally compact group and * a continuous left action
of G on R then for every open set U C R™ the mapping AV : P x G — R defined by AU (p, g) = u((g*A(p))NU)
satisfies the following measurability condition: For every r € R

(2.4) {(p.g) e PxG | AY(p,g) >r}

is analytic.
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Proof. Note that the inner regularity of u implies that the set 2.4 is equal to the set of all (p, g) such that there
exists C' € Compact(R™) such that

(1) C C gxAp)

(2) CCU

3) w(C) >r
and each of these conditions is described by a Borel set.

In particular, C' Z g * A(p) if and only if there is ¢ € C such that the Euclidean distance from ¢ to g x A(p)
is greater than 0. Using the continuity of A and the continuity of the action * it follows that there is an open
neighbourhood V of (C, p, g) in the space Compact(R™) x P x G such that C' Z ¢’«A(p’) for each (C',p’,¢") € V.
In other words, if

A1 ={(C,p,g) € Compact(R") x Px G | C CgxAp)}
then A;j is closed.
If Ay ={(C,p,g) € Compact(R") x P x G | C C U} then it is clear that Ay is open and if

As ={(C,p,g) € Compact(R") x P x G | u(C) >r}

then As is Borel by the hypothesis of Definition 2.1.
Therefore the set 2.4 is equal to

{(p,g9) € P x G | (3C € Compact(G))(C,p,g) € Ay N AaN Az}
establishing that the set 2.4 is analytic. O

Note also that Lemma 2.1 can not be strengthened to obtain that the mapping AV is continuous. For
example if s = 0, A is the counting measure, P = [0,1] and A(x) = {x,z/2} then lim, 0 A(A(z)) = 2 while
A(A(0)) = 1.

Defining the operator My only for those functions which are the characteristic functions of bounded open
sets may seem somewhat contrived, but this unnatural formulation will be useful when applying the results of
§5. It is therefore useful to observe that for any p-appropriate function A : P — Compact(R¥), (G,-) a locally
compact group and #* a continuous, measure preserving left action of G' on R* the maximal operator M, can
defined for the characteristic functions of bounded open sets U C RF by

(2.5) My(U)(g) = sup AY(p, )

In this formulation it is easy to see that M (U) is a measurable function. To see this observe that My (U)(g) > r
if and only if

(3p € P)AY(p,g) > r
and the set of all g € G satisfying this condition is analytic, and hence measurable, by Lemma 2.1. It follows
that My is measurable and Inequality 2.3 is then reformulated as

(2.6) IMA(U)llp < KA(U)P

Since broadening the scope of the definitions of the maximal operators My to functions other than char-
acteristic functions of open sets would find no applications in the current work, the implications of the more
natural definition will not be pursued here. It should be noted that often the definition of maximal operators
involves normalizing the measure p by dividing by u(A(p)) in Equation 2.2. This plays no role here because
only the boundedness of these operators is of interest and Condition 2 of Definition 2.1 is always in force. Also,
the supremum is usually taken over all reals but once again, since only boundedness is of interest here, this is
not significant.

Proposition 2.1. If A : P — Compact(R*) and (G,-) is a locally compact group and * a continuous left action
of G on RF then for every e > 0 and open A C [0,1]F the following weak type (p,q) inequality holds:

KM A)P/1
(2.7) Ae ({ge@G ‘ (3z € P)AYz, g) >e}) < (ep)'

provided that A is s-appropriate and My satisfies Inequality 2.6.
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Proof. It follows from Inequality 2.6 that

(2.8) / sup(AA(z, g))Pdr < KA(A)/?
geG xzeP
and using that
(2.9) A ({g cd | (Fx € P)AA(:U,g) > e}) ef < / sup(AA(ac,g))pd)\
geG xzeP
the result follows. O

In the arguments to follow, Inequality 2.7 will play a central role and the boundedness of maximal operators
will merely be used to conclude that Inequality 2.7 holds. Indeed, Marstrand obtains equivalent inequalities
in [7] and [8] without resorting to maximal operators. For the remainder of this section, as well §3, let (P, o)
be an atomless, Polish probability space and A : P — R* be either s-appropriate or a parametrized family of
s-appropriate functions and let .J : (0,1)2 — (0,1) be as in Definition 2.1. If A is a parametrized family of
s-appropriate functions then let (Py, 00) and (Pp,01) be Polish probability spaces as required in Definition 77
such that P = Py x P; and 0 = 0 x 01. Assume also that Inequality 2.7 holds for K, ¢’ and ¢. For example,
this will hold if the operator M, is bounded.

Notation 2.1. f AC X xY and z € X then A(z) ={yeY | (z,y) € A}

Definition 2.3. Let {€(j)}72; be a descending sequence of positive reals such that (1) < 1 and for each j € N
and any two probability spaces (Qo, io) and (Q1, 1)

(2.10) po ({z € Qo | pi(A(x) > 26(j) }) > 2j7 K7 T(1/5, ()"
for all A C Qp x @1 such that pg x pui1(A) > 1/(5 +1). Let J*(j) = J(1/7,¢€(5)).

Definition 2.4. For M € N and { > 0 define P¢(M) to be the set of all X C M such that | X| < (M. Define
a function © : P(P¢(M)) — P(N) by specifying inductively, simultaneously for all ) C P¢(M), which integers
belong to ©()).
e For all Y C P¢(M), 0 € ©(Y) if and only if Y # 0.
e Forall Y C Pe(M), 1 € ©(Y) if and only if UY = M.
e For all Y C Pe(M), if j > 1 then j+ 1 € O()) if and only if for every function F' from ) to the open
subsets of R¥ of measure less than J*(5)

(2.11) Axo ({(wp) 0,10 x P | j ¢ OwpF))}) <1/G+1)

where (z,t, H),, is defined to be {Y | A (t,2) < 1/n} for t € P, x € [0,1]%, any integer n and any
partial function H from P(Pg¢(M)) to the open subsets of R*. Observe that the set of Inequality 2.11
is measurable by Lemma 2.1.

Define v()) = j if j + 1 is the least integer such that j + 1 ¢ ©()).

Observe that if Y3 C Yo then v()1) < v()s) and if j +1 € ©()) then j € ©()). Now note that since
1/(741) < 1 for each j > 1 it follows that if v())) > j+ 1 then, letting F' be the function defined by F(Y) = 0,
it follows that there is some pair (z,p) such that v((z,p, F');) > j. Applying this successively yields a subset
Z C Y such that v(Z) > 1 or, in other words, UZ = M.

At this point it is not even clear whether there is any integer M such that v(Py (M )) > 2. This, and much
more, will be resolved in §4. For the moment, however, the following is stated as a hypothesis to be justified
later in Corollary 4.1.

(2.12) (Vn € N)(3M(n) € N) v (X,) >n
where X, = Pyn(M(n)). Let T = [[°°, &, and let T<® = |J° [,y An- Fort € T<* let [t] denote the open

subset of T' defined by [t] = {c€ T |t Cc}. Now for any closed C C T let C<® ={t € T<>® | tjNC #0}
and, for t € C<* let X () be the immediate successors of ¢ in C<*; in other words,

So(t) = {X € Xy | (Bce C)t Ceand o(lt]) = X }.
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Let P consist of all closed subsets of C' C T such that for all ¢t € C<*° and for each j € N there is some
s € C<* such that t C s and v(X¢(s)) > j. For an ordinal £ let P¢ be the countable support product of &
copies of P and let < be the coordinate-wise ordering on P¢. Standard fusion arguments show that [Pz partially
ordered by < is proper. Before continuing it will be observed that if  is a regular cardinal then

1lFp, “add(S) = non(Nwull) > K”
and, indeed, this follows from the next lemma.
Lemma 2.2. If V C W are both models of set theory then

1lFpay “W N R is Lebesgue null”
in the model W .

Proof. For A € X, define

and let

U G

n=m-++1
where G is a name for the P generic real. It follows that the Lebesgue measure of S,,(G) is no greater than
1/2™ and it suffices to show that given C € PNV, m € N and z € [0, 1] in the model W there is some C' C C
such that C" € PNV and C’ IFpry “x € S (G)”. Choose t € C<* such that v(X¢(t)) > 1 and [¢t| > m. Then,
since UX ¢ (t) = M (Jt|) and this is absolute, it is possible to select X € ¥ (t) such that x € X*. Then let
C'=Cn[tX]. O

Corollary 2.1. If k is a reqular cardinal then 1 lFp, “add(S) = non(Nwull) > k7.

Proof. Given G C P, generic over V and X C R of cardinality less than s in V[G], the properness of Py
guarantees that there is £ € s such that X € W = V[G' N P¢|. Lemma 2.2 now applies. O

In the following, note that the continuity of A ensures that A is defined in any model of set theory so that
A(p) is always interpreted as a compact set.

Theorem 2.1. For any cardinal k

1lkp, “ U U ) + x) is not Lebesque null”
z€VNRk veEVNP

Proof. The proof will be presented in a series of steps, each adding another level of complexity.
To begin, it will be assumed that x = 1 and A is s-appropriate. If the theorem is false then, without
any loss of generality, there is p € P such that

plkp ¢ U U (A(v) UH Qji> Qi +1i) and Zr < J(1/2,1/3)”

zeVNRk veVNP i=0j=1

where it may be assumed that r; and g;; are names for rationals. The cube Hle (¢j,i> ¢5,i+73) will be represented
by B;.

Now construct by induction on n conditions p, € P, integers N,, and K, > 1 and A,, C T<* for i« < n such
that:

po < p and ppy1 < py, for each n
{[t]}tea, is a finite open cover of p,, by disjoint non-empty sets
if t € Ay, then [t| > n

)
)
)
) Xp,(t) =X, (t) for each m > n and for each t € A,
)
)

<
—~

Yp,(t) > Ky, +1>nforeachte A,
ere is an open set W such that pg IF ¢ UzN:Oo Bi=W"”

=+
=
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7) for each t € An and Y € X t) there is an open set LLtﬂY such that
Pn
Nn+1

Poi NETYTIES () Bi=Wiy”
i=Np+1

o
(8) pulk© D rF < J(Kn)”
i=Np+1
— Al

() —~ K; +1
=0

<1/2.

Given that this can be done, define p,, = (2, pn and note that each A, is a maximal antichain in p5>. By
Induction Hypotheses 2, 4 and 5 it follows that p,, € P.

For each n and t € A, and Y € ¥, (t) define F;(Y) = W;~y and note that A(F;(Y)) < J*(K,). Since
v(X,, (1) =v(3,(t) > K, + 1 for t € A, it follows that if S; is defined to be

(2.13) {(@,0) €01 x P | v((w, 0, F)x,) < Ky }
then A\ x 0(S;) < 1/(K, + 1). It follows that

)\XO’(U U5t>§zlgf:|1§1/2

n=0tcA, n=0

by Induction Hypothesis 9. Therefore it is possible to choose z* € [0, 1]’“ such that

(2.14) o <{v eP | (z"0) ¢ G U St}> >1/3

n=0tcA,
Now refer to Definition 2.1 to choose v* € P such that

(2.15) (g5, v*) € G x P\ (G U St>

n=0 teAn

and, using the inequality A(W) < J(1/2,1/3) of Induction Hypothesis 6 and the fact that the action * is
measure preserving, such that

(2.16) MW N(g"=xAY))) <1/2.
Now let p* < p, be defined by
(2.17) p*={c€p, | (Vn)(Vm) if ¢ [ m € A, then c¢(m) € (z*,v", Fojm) K, }

and note that p* € P since (z*,v*) satisfies Condition 2.15. Letting G be the canonical name for the generic
real obtained from P, let g, be a name for the unique element of A, such that g, C G and note that

[o.¢] e.@)

P UBi e wu U Worega.)”
=0 n=0

by Condition 7 and so

(2.18)
e (Wv*) w0 (U B)) < SN (AW + 290 (B, (G (19a) + A (AW + ) A WY
i=0 n=0

Observe that by Inequality 2.16 it follows that the last summand in Inequality 2.18 is less than 1/2. From
Definition 2.17 of p* it follows that G (|gn|) € (z*,v*, Fy, )k, for all n and hence

A ((A(0") +2%) N (Fy, (G (|gal))) = Ao (ClomD (0* 0%) < 1/ K.



8 J. STEPRANS

Therefore

o0 o0
pr I S ((A(v*) +2*)N (U Bi>> <> YK +1/2< 17
i=0 i=0
by Induction Hypothesis 9. It follows from the hypothesis of Definition 2.1 that A*(A(v*)) > 1 and therefore
the fact that p* IF “A(v*) + 2* € |J;2, B;” contradicts that (z*,v*) belongs to V.
In order to see that the induction can be carried out, begin by letting Ky = 2 so that Induction Hypothesis 9
is satisfied. Next, choose p(l) < p and Ny such that

o0
phiE < S ok < (ko).
i=Np+1

Then choose pg < p(l) such that p% =« Uiijo B; = W” for some open set W. Let t € (p%)<°° be such that
Z/(Epg (t)) > Ko + 1 and let pp = p3 N [t] and let Ag = {t}. Induction Hypothesis 6 is then satisfied. Induction
Hypotheses 4, 7 and 8 are not relevant at this stage.

Now suppose that Ny, pn, K, and {A,}]_, have been constructed satisfying the induction hypotheses and
select K,,+1 > n + 1 so large that

S ’Az‘ ZteAn |an (t)|

2.19
( ) i—0 Kz +1 Kn+1 +1

<1/2.
Choose pl < p, such that for each t € A, and Y € Yp, (t) there is some N;~y such that

o
(2.20) peNETYTIES Y < T (Knpa)”
=N~y
and let Npy1 = max{N;~y |t € A, and Y € ¥, (t)}. Then choose p? < p} such that for each ¢t € A4, and
Y € %, (t) there is an open set W;~y such that

Nn+1
prnt"Y] I« | By =Wy
i=Nn
For each t € A, and Y € ¥, () select 7(t,Y) € (p2)=> such that t~Y C 7(¢,Y) and V(X2 (T(t,Y))) >

Kp+1 + 1 and such that |7(¢,Y)| > n + 1 so that Induction Hypothesis 3 will hold if A, is defined to be
{r(t,Y) | t€ A, and Y € £, (t)}. Then let

popr = J{PENIFtY)] [t€ Ay and Y €5, (1) }

guaranteeing that Induction Hypothesis 5 holds.

To see that Induction Hypothesis 8 holds use Condition 2.20. Condition 2.19 guarantees that Induction
Hypothesis 9 holds and everything else is immediate from the construction.

Finally, no restriction will be imposed on k. It suffices to assume that x = w. For p € P,,, n € w and
0 : n — T<> define

) p() if j >n
Pl = {p<j> nBG) itjen

noting, of course, that p[f] may not belong to P,, in general.
If the theorem is false then, as in the previous cases, there is p € P, such that

plkp, © U U (A(v) +z) C GBi and irf < J(1/2,1/3)”
i=0 i=0

zeVN[0,1]k veVNP

where, as before, B; is the cube H?Zl(%i, Qi+ 1)



MAXIMAL FUNCTIONS AND ADDITIVITY 9

Fix a function e : N — N such that the pre-image of each integer under e is infinite and such that e(i) <1
for each i € N. Now construct by induction on n conditions p,, € P, integers N,, and K,, > 1 and Aj, e() C T<>
for i < n such that

(1) po < p and pp41 < py for each n .

{[t]}tca: is a finite open cover of p,(i) by disjoint non-empty sets if Al is defined
if 0 <i<nandi#e(n+1)then A} = A? , if A is defined
if t € AZ™ then [t| >n '

( ) = Xp,.(5)(t) for each m > n and for each t € A, — as a consequence of this it is possible to define

={t"X [teA,and X X ) } and have that $(A%) = {t"X |t€ A} and X € &, ;y(t) }

for any m>n
(6) v(2p, (e())(t)) = Ky +12>nforeach t € AL
(7) there is an open set WAsuch that po IF Uf\/:oo B, =W~
(8) for each 6 € ]! ,¥(A}) there is an open set Wy such that p,11[0] I “{J; "K,l_H = W,” using the

convention that Y (A%) = {0} in case A’ is not defined
e(n)—1 n

©) pa =TT [ T [2GAD] Y- < T ()

1=0 i=e(n)+1 i=Nn+1

214"
(10) Z o <1/2.

i=0 ¢

(2)
(3)
(4)
()

Pn z)

Given that this can be done, define p,, by setting p,(i) = (o pn(i) and note that each A is a maximal
antichain in p, (7). As before, the induction hypotheses and the choice of the enumerating function e yields
that p, (i) € P for each i and so p,, € P,,.

For cach n and t € AS™ and Y € Yo (e(n)) (t) and

e(n)—1

oe [[ =(4;) x f[ B(AL)

=0 i=e(n)+1
define 0 * (t,Y) € [[IL, 2(A%) by

(i) if i e(n+1)

0% (t,Y)(i) = {py if i = e(n+1)

and then define

e(n)— n
(2.21) F(Y) = J{ Woy) | 0 € H DA < [ =4
z:e(n)-i—l
and note that A(F3(Y)) < J*(K,,).
Since v(X,, (e(n)) (1) = V(Zp, (e(n)) (1)) = Kn+1fort € AS™ it follows that if Sy is defined by Expression 2.13
then A x O‘(St) < 1/(K, + 1) and the proof then proceeds as in the previous cases. O

3. AN INTERMEDIATE NORM

In order to establish the validity of Hypothesis 2.12 an intermediate family of norms will be introduced and
an inequality will be proved between these new norms and those of §2. It will then be shown in §4 that the
analogue of Hypothesis 2.12 holds for these new norms. This will be enough to conclude that Hypothesis 2.12
itself holds. For the next definition recall Notation 2.1.

Definition 3.1. Let (Q1, 1) and (Q2, pu2) be probability spaces and v > 0. For A and B measurable subsets
of (Q1 x Q2)F define A €, B by induction on the integer k. If K = 1 then A €, B if and only if A C B and
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either

(3.1) (3p € Q1)B(p) # 0 and p2(B{p) \ Alp)) <7
or

(32) m{pe @ | Alp) =0+ B(p)}) <1

If k> 1 then A €, B if and only if A C B and

(3.3) {xe Qi xQ | Alz) €y B(z) #0} €, n(B).

where 7(B) = {z € Q1 x Q2 | B(z) # 0}. Note that the first use of €, uses the inductive hypothesis for the
(k — 1)-fold product.

In the case k = 1 it is useful to think of the relation A €, B as saying that either A contains all but a set
of measure 7 of a vertical section of B or there is a function contained in A whose domain is all but a set of
measure 7y of the domain of B. If k& > 1 then the definition of A €, B is more complicated because of the
Fubini type product used in the inductive definition.

Definition 3.2. Given M € N, v >0, £ > 0 and Y C P¢(M) define a set ©,(Y) C N by defining which j € N
belong to ©,(Y).

e 0 € ©,(Y) if and only if Y # 0.

e 1 €0,(Y) if and only if UY = M.

e If j > 1then j+1 € ©,()) if and only if for every pair of finite probability spaces (Q1, p11) and (Q2, p2)

and any A C (Q1 x Q2)7 and ¥ : A — M there is Y € Y such that V7Y €, A.

Define p,(Y) = j if j + 1 is the least integer that does not belong to ©,()). Observe that if Yy C ) then
@’y(yl) < @7(3/2) andif j+1€ @’y(y) then j € @7(3})

For technical reasons, a superset of ©,()) will be needed. If 6 > 0 and L € N then a probability space will
be said to be (9, L)-fine if and only if every set of measure greater than ¢ has cardinality at least L. @g’L()}) is
defined the same way as ©,()) except that if j > 1 then j+1 € @%L(y) if and only if for every pair of finite
(9, L)-fine probability spaces (Q1, 1) and (Qa, p2) and any A C (Q1 x Q2)) and ¥ : A — M thereis Y € Y
such that ¥~y €4 A.

Observe that, while there are similarities to © of Definition 2.4 there is a crucial difference: The definition
of ©(Y) is inductive while the definition of ©,()) is not. (Of course, this relies on the inductive definition of
€~.) Nevertheless, the two sets are linked, as will be seen in the next result, Lemma 3.3. Keep in mind that A,
J, K and {€(7)}52, are still fixed as in §2. Before proceeding to the proof of Lemma 3.3 the observation that
Definitions 3.1 and 3.2 have equivalent martingale versions will turn out to be useful.

Definition 3.3. For a fixed integer k recall that a martingale is a family of finite probability spaces indexed
by sequences of length less than or equal to k and denoted 9(t) = (M, 0¢) for ¢t a sequence of length less than
or equal to k. The integer k will be called the length of the martingale. (For the purposes of this section 9(¢)
will always be a product of two spaces, but this can be suppressed for the moment.) The probability space
S(9) is defined by induction on k.

If & = 0 the space is S(9) = M(D). If £ > 0 then define M, (t) = M(z"t) for ¢ of length less than k. Then
S(O) = (Mon, oon) where Moy is the set of pairs (z,y) such x € My and y € Moy, with the measure ogy defined
by

om(X) = Y op({x})om, (X (z))
€MD)
for X - Mgm.

Definition 3.4. Let a martingale of length & of products of probability spaces and denoted by M (t) = (M, oy)
be given. For A and B measurable subsets of Moy define A @?ft B by induction on the integer k. If k = 0 then
A @%n B is defined exactly as in Definition 3.1. If £ > 1 then A @231 B if and only if A C B and

(3.4) {oemy ‘ A(z) € Blz) #0} <, n(B)
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where 7(B) is defined in analogy with Definition 3.1 and the notation A(z) is now used to denote all ¢t € Moy
such that t(0) = =.

Definition 3.5. Just as in Definition 3.2 let M € N, v > 0, £ > 0 and Y C P¢(M) be given and define a set
©7(¥) € N by defining which j € N belong to ©F()). The definition for 0 and 1 is exactly the same as in
Definition 3.2. If j > 1 then j + 1 € ©,()) if and only if for every martingale 9t of length j of products of
pairs of probability spaces and any A C Mgy and W : A — M there is Y € ) such that ¥~V @gﬁ A. A version
of this definition restricted to martingales consisting of (J, L)-fine probability spaces will also be needed.

Lemma 3.1. For any M € N, v >0, £ >0 and Y C Pe(M) the sets ©,(Y) and 1 () are the same.

Proof. Since products are simple martingales, it suffices to show that ©.(Y) 2 ©F()). Given a martingale 9
of length j — 1 and A C Myy and ¥ : A — M let 9(¢) be the product of the two probability spaces (Qf, of)
and (Q!,ct). Let D consist of all ¢ | n for some t € Mgy and n < j. For i € 2 let

(Q;,07) = [ (@% o)
teD
and then define a mapping R : [[,¢; @5 x @7 — Man by R(z)(n) = z(n)(R(z) | n) noting that this is an
inductive definition and that z(n) is a function with domain D and R(z) [ n € D.

Let A* = R7'A and defined ¥* : A* — M by U*(z) = ¥(R(x)). A direct verification establishes that
(U*)~'Y €, A* if and only U™'Y € Afor Y € ). O

The following technical fact can be established by routine arguments.

Lemma 3.2. If (Qo,00) and (Q1,01) are Polish probability spaces, ¢ > 0 and A C Qo X Q1 is measurable of
positive measure and ( < 1 then there are {A? X A; ;?:1 such that

(1) each A; is a measurable subset of Q;

(2) if j #i then AN A) =0

(3) 00 x 01 (A\U;?:l A x A}) <e

o1(A{x) N Ajl)
01 (Ajl)

Proof. Regularity of the measures and Fubini’s Theorem yield a compact set C C A and an open set U D A
such that og x 01(U \ C) is so small that

o0({g € Qo | 01(C(g))/01(U(q)) <(}) <¢/2

Let { By, }new enumerate a base for Qo x Q1 consisting of rectangular sets and let U,, = | J{B; | B; CU and j <n}
and choose k large enough that C' C Uy, still holds. Since there are only finitely many sets that can be formed
by the first k& basic open sets, the result follows. O

Lemma 3.3. If j € N and v < min(e(4), K957 J*(j)7/9) and Y C P(M) then ©,(Y) C (). Indeed,
@i’L(y) C O(Y) for any 6 >0 and L.

Proof. Proceed by induction on j to show that if j € ©,()) then j € ©()), the cases j = 0 and j = 1 being
trivial.

Now suppose that 2 ¢ ©()); in other words, there is a function F from ) to the open subsets of R¥ of
measure less than J*(1) such that, letting

a={(w.p) 0,1} x P | 1¢0((,p,F)) }

it follows that X x o(A4) > 1/2. Recall from Lemma 2.1 that the mapping A" is measurable for each Y € .
Hence it is possible to find a measurable A" C A such that A x o(A’) > 1/2 and each of these mappings is
continuous on A’.

For each (z,p) € A’ it follows that there is some a € M \ U(x,p, F);. Note that Y ¢ (z,p, F); if and only
if A¥)(p,z) > 1 and so there is an open rectangle U;(Y) x Up(Y) which is a neighbourhood of (z,p) such

> ( for each j and x € A‘])-.
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that AFO)(p',2/) > 1 for all (2/,p') € Uy(Y) x Up(Y) N A’. Hence, letting U; = N{Ui(Y) | a € Y € Y}, there
is a neighbourhood Uy x Uy of (z,p) such that a ¢ U(z',p’, F)1 for all (2/,p") € Uy x Uy N A’. Tt follows from
applying Lemma 3.2 to sufficiently many of these neighbourhoods that there are pairwise disjoint measurable
rectangles {U] x Uj}72; such that:

(1) for each j there is a; € M such that a; ¢ U(z, p, F'); for all (z,p) € Uf X Ug nA

(2) Ax o (A’mU}T’;l Ui x Ug) >1/2

(3) O’()(A/<l'>ﬂUJQ) > Uo(U]O)C for each j and z € Uj1 where ¢ < 1 is sufficiently large that (2¢(1) —v)¢ > €(1).
For the last assertion use the assumption on ~ that v < €(1). '

Now let M be the finite Boolean algebra of subsets of [0, 1]¥ generated by {U7 7.1 and let My be the finite

Boolean algebra of subsets of P generated by {Uj i1. Let Q; be the set of all atoms of M;. Let po be the
measure defined on the subsets of Qo by assigning po(X) = >, .y o(a) and let p1 be the measure defined on
the subsets of Q1 by assigning u1(X) = > cx Ala) so that both (Qo, po) and (Q1, iu1) are finite probability
spaces. If they are not (6, L)-fine, use the fact that P is atomless to refine the atoms so that (Qo, po) and
(Q1, 1) are (9, L)-fine. Let

A*Z{Q1€Q1 ‘NO({QOGQO ’(HJSW)CHXQOQUfXUg})>2e(1)}

and note that 1 (A*) > 2K J*(1)7/9 by Definition 2.3 since (Qo, y10) and (Q1, 1) are probability spaces. Let
A= {(ql,qo) ‘ g1 € A* and (37 <m) q1 X qo C Uf X Ug } It is then possible to define ¥ : A — M such that

for each (q1,qo) € A there is some j such that ¢1 x qo C Uf X Ug and ¥(q1,q0) = aj. Since py(Y) > 2 it is
possible to find Y € Y such that ¥~1Y €4 A. There are now two cases to consider.

Case One. There is some q; € A* such that uo((A\ (1Y) (q1)) < 7.

Since 1o(A(q)) > 2¢(1) for each ¢ € A* it follows that uo((¥1Y){(q1)) > 2¢(1) — 7. If go € (¥71Y){q1) then
U(q1,q0) € Y and so Y does not belong to (x,p, F); for any (z,p) € A’ such that z € ¢; and p € qp. Fix some
2* € q1. Therefore AFY)(p,2*) > 1 for every p € U(T~1Y)(q1) N A'(z*). Using the fact that the U7 x Uoj are
pairwise disjoint, it follows that o(U(¥~1Y)(z*) N A (z*)) > (2¢(1) — )¢ > €(1) and so A(F(Y)) > J*(1) by
Definition 2.1. This contradicts the hypothesis on F' that the measure of F/(Y) is less than J*(1).

Case Two. 11({q1 € Q1 ’ (Y ) @) =04 A1) }) <7 .
Observe that ¢; € A* if and only if ) # A(g). Therefore
m({o e A" | (W) @) = 0}) <y < KPT(1)P/

and so pu({q1 € A* | (V7Y )(q1) #0}) > pa(A¥) — KPJ*(1)P/4 > KPJ*(1)P/4. From Inequality 2.7 with e = 1
and the fact that the measure of F(Y') is less than J*(1) it follows that it is possible to choose z* € ¢ € A* so
that (U~1Y)(g}) # 0 and such that A¥Y)(p,2*) < 1 for all p € P. Choose any ¢ € (U~1Y)(q}) and p* € ¢
such that (z*,p*) € A" and note that then ¥(¢f,¢5) € Y. On the other hand, it follows that AP (p* 2%) < 1
by the choice of z* and so Y € (z*,p*, F'); and hence, since (z*,p*) € A’, ¥(qf,q}) ¢ Y. This contradiction
finishes the argument for the case j = 2.

Now assume that j > 2 and that j +1 € ©,()). Let F' be a function from ) to the open subsets of R* of
measure less than J*(j). As in the initial case, let

A={(@,p) €0, x P | j ¢ O(w,p.F);) }

and, aiming for a contradiction, suppose that A x o(A) > 1/(j +1). Furthermore, it may be assumed that that
the mapping AF(Y) is continuous on A for each Y € ). From the induction hypothesis it follows from applying
Lemma 3.2 that there are pairwise disjoint measurable rectangles {U}* x UJ'}I"_; such that:
(1) for each n there is there are finite probability spaces (Qo, o) and (Q1, 1) and B C (Qo x Q1)’~! and
U : B — M witnessing that j ¢ ©,((z,p, F);) if (z,p) € ANUP x U} in that ¥~'Y &, B for each
Y € (z,p F);
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(2) A x U(Amug'”;lU{ X Ug) >1/2
(3) oo(Alz)NUJ) > 0o(U3)¢ for each j and x € UJ where ¢ < 1 is sufficiently large that (2¢(5) —7)¢ > €(j).

As in the initial case, let Mj be the finite Boolean algebra of measurable subsets of [0, 1]¥ generated by {UP}™_,
and My be the finite Boolean algebra of measurable subsets of P generated by {Uj}5-,. Letting Q; be the

~ n=1"
atoms of M;, if A is defined to be the set of all (¢, qp) € Q1 X Qo such that there exist finite probability spaces
Q™ pd- %y and (QF1, pi*%) and BI9 C (QIVP x QIVP)I =1 as well as a function P390 ; BId — N
such that

(¥(@,0) € (a1, q0) N A)(VY € {,p, F),)(¥00) 1y @, Brow
then p1 X pio(A) > 1/(j + 1) where each y; is the measure defined on @Q; as in the initial case. Let

A ={ar € Qi | mo(Ala) > 2¢(7) |
and note that 3 (A*) > 2j9 K7 J*(§)7/9. Let A = {(QLQO) €A |qeA }
Note that defining the martingale 9 by setting () = (Q1 x Qo, p1 X po) and, if ¢ # @, setting

m(t) — (Qr{hqo X Qg17qo7ut{17qo X Mglaq0>

where t(0) = (q1, qo) satisfies Definition 3.4 and has length j. Let B consist of all (qo,q1) "t € Moy such that
t € B1:%. Let ¥ be defined on B by ¥((qo,q1)"t) = Wi ().
As j+1 ¢ 04()) it is possible to use Lemma 3.1 find Y € Y such that ¥~'Y € B. In other words,

_ e
{(@.00) € @1 x Qo | (¥'Y) (a1 0)) €™ B(ar.0)) } €, 7(B) = A.
Once again there are two cases to consider.

Case One. There is some ¢q; € A* such that

po ({a0 € Qo | (@1.00) € A and (W'Y (a1, a0)) €7 Bl(ar, ) }) <.

Observe that pg(A{q1)) > 2¢(j) since ¢; € A*. Furthermore, B((q1,qo0))) = B9 % for any qop € Qo. Moreover,
U((q1,q0) x) = V9 (g) for any z € B9 %, Hence if

E= {QO € Qo ‘ (q1,q0) € A and (T1®0)~1y g, thqo}

then po(E) > 2¢(j) — v > €(j) by the assumption on . Choose z* € q;. Then if p € qp € F and (z,p) € A it
cannot be the case that Y € (2%, p, F'); since W99 was chosen to be a counterexample to j € ©,((z,p, F);).
Therefore A¥Y)(p, z*) > 1/ whenever p € UE. Since o(UE N A{z*)) > (2¢(j) — 7)¢ > €(j) it follows that
AMF(Y)) > J*(j) contradicting that F' was chosen so that A\(F(Y)) < J*(j).

Case Two. If E is defined to be
{ae 4™ | (vao € Qu)(W™Y) (a1, a0)) €7 Bllas,ao)) or (a1, a0) & A
then \(E) < v .
Notice that B{(q1,q0)) # 0 if and only if (q1,q0) € A. Also,
AN\E={q e 4" | (g € Qo) (wr) 'y &0 g )

and, moreover, 1 (A*\ E) > 277 K7 J*(j)9/1 — > j9 K7 j*(5)7/4. Furthermore, since the measure of F(Y")
is less than J*(j) it follows that

A{ze0.1f | Gpe PN (pa) 2 1/ 1) < KT ()

and so it is possible to choose ¢f € A* and z* € ¢} such that AFY) (p*,2*) < 1/7 for all p € P and such
that (\Iqu’qé)_lY @?T‘“‘qo B9% for some i € Qo. If p* € ¢ N A{z*) then AP (p*, 2*) < 1/ implies that
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Y € (z*,p*, F);. However, the fact that (\Iquvqg)_l Y @3&”0 B%:% contradicts the choice of U9:% and B91i-%
and the fact that (z*,p*) € A. O

4. THE PIGEONHOLE PRINCIPLE

The key step in justifying Hypothesis 2.12 will be establishing a measure theoretic pigeonhole principle. The
description of the argument involves considerable notation, so an informal introduction to the reasoning behind
this pigeonhole principle is likely to be helpful. Roughly speaking, it will be shown that for any ~,{ > 0 and
j € N there is a sufficiently large integer M such that for probability spaces (P;,01) and (P, 02) and any
U : B — M where B C (Py x P,)7 there is a W C M such that |[W| < (M and ¥~'W &, B. For the purposes
of this sketch it can be assumed that B = (P x Py).

If j =1 then let By, = {¥(z,y) |y € P»} for each z € P;. Fix k < (M where M has been chosen to be
so large that k£ can be assumed to have the following property: If k elements of M are painted white or black
at random with black having probability ¢ then the chances of having at least one element painted black are
greater than 1 — . Given that |E,| > k for all z, choosing a random subset W of M by giving each element
of M a chance ¢ of belonging to W will yield a set W such that ¥~ is likely to hit all but + of the E,. In
other words, ¥~ Cy P X P.

On the other hand, if there is even one z such that |E;| < k then letting W = E, works. However,
extending this strategy to even the case j = 2 encounters some problems caused by the fact that W is
chosen probabilistically in one case, and according to a definite rule in the other. For example, if j = 2 then
for some (x,y) € P, x P, the W that works for the restriction of ¥ to (P; x Py)?((x,y)) may be chosen
probabilistically for some (z,y) while for others it might be E. for some z such that E,, . is small, where
Eyy.={¥Y(z,y,z,w) | we Py}. However, the probabilistic choice actually yields many W that work; indeed,
it will be argued that almost all W will work.

But what happens if all of the E, , . are small? (This will be the assumption under which Sublemma 4.1
is proved.) If M is sufficiently large than the argument for the case j = 1 can be carried out with & much
smaller than (M. Indeed, if k is sufficiently small and there are sufficiently many z, choosing elements of M
at random will ensure that at least one of the z will be lucky enough to have all the elements of F, , . chosen,
provided the {E,, .}.cp, are disjoint. But there is no reason to expect them to be disjoint. However, the
following measure theoretic version of the A-system lemma, Lemma 4.1, shows that one can expect to have a
large family of z that form a A-system with root E, ,,.

Lemma 4.1. Recall from §3 that a probability space is said to be (0, L)-fine if and only if every set of measure
greater than & has cardinality at least L. If L and k are integers and T a positive real then there is an integer
Z(k,L,T) > k such that for any (/2 L)-fine probability space (P,o, M) and any measurable Q : P — [N]=F
there is B € [N|SEELT) sych that for all U € M, if o(U) > 7 and |U| > L then there is X € [U]* such that
the family {Q(z) \ E}rex is pairwise disjoint.

Now the {E, . \ Ey}. are pairwise disjoint for many z, guaranteeing that at least one of the z will be
lucky enough to have all the elements of E, , . \ E,, chosen. However, if this strategy is to be used to get a
column witnessing that W11/ €y (P x P»)? — in other words, to get # € Py such that for most y € P there
is z such that all the elements of E, , . \ E,, are contained in W — then the problem of getting W to contain
all of the remaining F, , still exists.

Two alternatives have to be considered. In order to state these alternatives, use Lemma 4.1 to find, loosely
speaking, a A-system with root E, for the family {E,,}yep, and a A-system with root E for the family
{E:;}zep, . Either there is some x € P; such that for most y € P, for most z € Py, (E; \ E)N Ey, . # 0 or
there is not. If there is such an z then let W = E, \ E and observe that (U~'W){(z,y)) contain the graph of
a function whose domain is almost all of P; for almost all y € P,. In other words, ¥~ 'W Ey (P % P2)2 in this
case.

On the other hand, if there is no such x then for every x € P; there are many y € P» such that there are
many z € P so that (E; \ E) N E;, . = 0. The existence of many y and z allows Lemma 4.1 to be used to
conclude that for any z, a randomly chosen W is likely to have at least one y, such that there is at least one
z so that:
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(1) (Ex \ E) N Er,yz,z =10

(2) Eoyoz\ Eoy, W

(3) Epy, \ Bz CW.
This means that one can expect 1, to exist for all but v of the € P;. In order for U1 Ey (P x P)? it
suffices to establish that for each such x there is z € P; such that F,,, . C W. But it is immediate that

(E:v,yz,z \ Ex,yz) U (Ex,yz \E$) g w

and, by choosing M large enough, it can be guaranteed that E is small enough that it can be included in W
as well. Hence, the only way that E,, . could fail to be a subset of W is that (E; \ E) N E,,, . € W. But,
since z can be chosen so that (E; \ E) N E,,, . = 0 this is no problem.

Arguments continuing this line of reasoning require a slight modification when j > 2, but they will still
yield Lemma 4.2. However, it should be apparent at this point that it is time to end the introductory sketch
and to provide the necessary details and calculations. The first order of business is to establish the validity of
Lemma 4.1.

Proof of Lemma 4.1. Proceed by induction on k the case k = 0 being trivial since setting =(0, L, 7) = 0 works
for all L and 7. For k > 1 let Z(k, L, 7) be greater than 2kL/7 + =(k — 1, L,7/2) and k. Given Q let A C M
be a maximal pairwise disjoint family such that for each A € A

e g(A)>71/2

e there does not exist X € [A]” such that {Q(x)},cx are pairwise disjoint.
It follows that for each A € A there is EF4 € [N]<* such that Q(a) N E # 0 for each a € A. Since |A| < 2/7

it follows that if E' is defined to be |J, 4 Ea then |E'| < 2kL/7.
Now define

oy JR\E" ifpeUA
Q(p>{(2) if p¢ UA

and note that Q* : P — [N]=F~! is measurable and the probability space (P, o) is ((1/2)/2"~1, L)-fine By the
induction hypothesis there is E? € [N]Z(-=1.L7/2) guch that for every U € M such that o(U) > 7/2 there is
X € [U]* such that the family {Q*(x) \ E?},cx is pairwise disjoint. Now let £ = E' U E? and note that
|E| < E(k,L,T).

Moreover, if U € M and o(U) > 7 then if o(U \ UA) > 7/2 it follows from the maximality of A that
there is some X € [U \ UA]" such that {Q(z)},ex are pairwise disjoint. Hence it may be assumed that
(U N (UA)) > 7/2. Then there is X € [U N (UA)]” such that {Q*(x) \ E?},cx are pairwise disjoint. In other
words, {Q(x) \ E},cx are pairwise disjoint. O

The next lemma is stated for finite probability spaces but the proof shows that it also applies to Borel
functions on Polish measure spaces all of whose projective subsets are measurable. Of course, for finite measure
spaces or for finitely additive total measures on N this hypothesis is trivially satisfied but, if one assumes the
measurability of all projective sets or the existence of real valued measurable cardinals then the argument of
Lemma 4.2 has wider applicability. Whether these very strong hypotheses are actually required is not known.

Lemma 4.2. Suppose that § € (0,1), v € (0,1) and that j is a non-zero integer. There is an integer M (&,~,7)
and € > 0 and L* € N such that for any two finite, (¢*, L*)-fine, probability spaces (P1,01) and (P, 02) and
any B C (P x P2) and any function V : B — M (&,,7) there is W € Pe(M(£,7, 7)) such that $~'W €, B.

Proof. If ¢, v and j have been given, define ¥ = v/2 and let £ = £/2(j + 1). Define 3(0,6) = 1 — § and then
inductively define

max (1 — B(n,8)(1 — 8) + 6,1 — B(n, ), )
,-_y

for > 0. It follows by induction that lims_gB(n,8) = 1 for each n so choose § € (0,7) so small that
B(3,90) > 1/2. Let (i) = £(i,9). Observe that ¥ < 1/2 implies that (i) > (i + 1) for all i.

(4.1) Bn+1,6)=1-—
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Begin by choosing k1 € N so large that

(4.2) (1-9)" <5
and, given k,,, choose L,, so large that

(4.3) (1 - Ekn)L" <3
and, given L,, let

(4.4) kni1 = E(kn, Ln, )

where E is the function described in Lemma 4.1. Since the function = satisfies that Z(k, L, 7) > k the sequence
{kn}2" 1 is monotone. Let e = §/2F2+1 and L* = Loj, ;.

Then let M = M(,~,7) € N be sufficiently large that

kajy1

4.5 —= <
(45) Ul g
and, furthermore, such that the probability that Zf\i 1 X < 2EM is greater than 271/ where {X; 1M, are
independent {0, 1}-valued random variables with mean £. In order to avoid dealing with probabilities, however,
let /i be the probability measure on {0, 1} defined by i({1}) = € and i({0}) = 1 — ¢ and let u = ™ be the
M-fold product of i on 2M. Elements of 2™ will be identified with subsets of M by their supports; in other
words, p will be thought of as a measure on P(M) and hence the probability inequality following Inequality 4.5
is equivalent to

1
2173

In preparation for the proof some conventions for denoting coordinates will be introduced. If z € (P} x P,)™
then

(4.6) p({WeM [ |W]<2M}) >

Z = ((21(1), Z2(1)), (21(2)7 22(2))a s (Zl(m)v ZQ(m)))
while if z € (Pl X Pg)m x P; then
2= ((21(1), 25(1)), (21(2), 25(2), .. (21(m), 25(m)), 2(m + 1))
For z € (Py x P,)7 and, for any ¢ < j let
7 () = ((21(1), 22(1)), (21(2), 22(2)), - -+, (21(€ = 1), z9(£ — 1)), 21.(€))
Z(0) = ((z1(1), 22(1)), (21(2), 2 ( )5 (21(6), 22(0)))
and z*(0) will be defined to be ). If z € (P, X P»)™ and x € P; then 2~z will denote
((21(1), (1)), (21(2), 22(2)), - - -, (21.(mm), 22(m)), )
with the convention that )7z = x in the case m = 0. If z € (P; x P,)™ x P} and « € P, then 2~z will denote
((21(1), 22(1)), (21(2), 22(2)), - - -, (21(m), 22(m)), (2(m + 1), z)) .
Now suppose that (P1,01) and (P, 09) are finite, (€*, L*)-fine, probability spaces and that B C (P x Py
and ¥ : B — M. For x € (P; x P»)?~! x Py define Ew ={¥(z™ y) | y € B(z)}. Before considering the general
case, assume that |E,| < k; for each x € (P x P»)?~! x Py. It will first be shown that in this case the following

sublemma holds. Most of the argument to follow will be devoted to this special case; the general result will
then follow with only a little more effort.

Sublemma 4.1. There is W C Py;11)z(M) such that v'W ey B

Proof. If j = 1 then choosing any = € Py such that B(z) # 0 and letting W = E, will satisfy that V='W €, B
and |W| < ky < k3 < EM. Therefore assume that j > 2.

Now suppose that 1 < ¢ < j and that E, € [M]<*2¢-1 has been defined for each z € (P; x P,)7~¢ x P;. For
x € (P x Py)7~flet E, C M be such that

(4.7) |Ex| < E(kae—1, Lag—1,0) = ko
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(4.8) (VU C Py) if 01(U) > 6 then (3Z € [U)F2¢-1) {Ep~. \ Ep}.cz is pairwise disjoint

using the convention that (P; x P)? = {0} and (P, x P,)? x P; = P; in the case that j = £. On the other
hand, suppose that 1 < ¢ < j and that E, € [M]=F2¢ has been defined for each z € (P; x P,)7~¢. For
x € (P x Py)7~*1 x Py let E, C M be such that

(4.9) |Ex| < E(kae, Lag, 0) = ket
(4.10) (VU C Py) if 02(U) > 6 then (3Z € [U]*2¢) {E,~. \ E.}.ez is pairwise disjoint.

Now begin by defining

Cy = {Z S (Pl X PQ)j_l x P

j—1
# () and U (Ez;(e) \Ez*(€—1)> NE, = @}
=1

and, given that Cy C (P x Py)7~¢ x Py has been defined, for each z € (P} x P;)7~* let ©(z) = Cy(z). For
z € (P x Py)i=(+1) 5 Py let

Qz) = {y ep ‘ 01(0(z7y)) > (5}
if £ =1 while if 1 < £ < j then let

2)={yeP |o1(0(:"y) <d}
noting the crucial difference in the two definitions. Then let
Crir = {z € (P x Py~ x Py | B(2) # 0 and 05(Q(2)) < S} .
There are now two cases to consider.
Case One. C; # 0.

Define Hy by induction on ¢ > 2 to be an (¢ — 2)-ary function on P(M). If £ = 2 then let Hy = Cy and if
¢ > 3 define Hy(W1,Ws,...,W;_3) to be the set of all x € Cy such that

(4.11) oo (Hy (z, W1, Wa,...,Wi2)) <7
where Hj (x, W1, Wy, ..., Wy_5) is defined to be
{yeP | (Vz€P1) Exmy-z \Ex~y L Wior 2™y z¢ Hiy(Wo, Wy, ..., Wi_g) }.

Claim 1. If ¢ > 3 and 2 € C then p~2(D(z)) > A(f) where D(z) = {W e P(M)2 ) x € Hy(W) }

Proof. The argument will proceed by induction on /. In preparation for the main argument however, observe
that since ¢ > 3 then for any y € P, \ Q(z) it must be the case that 01(©(z"y)) > 0. Hence there is
Z(y) € [0(z"y)]F2¢-3 such that {E,~y,~, \ Ez~y}zez(y) is a pairwise disjoint family. Therefore

pDo(a~y) =1- ] (1-g5 v \Frl) > - (1—&%3)”‘3 >1-4

2€Z(y)

where Dy(z"y) is defined to be {W C M | (3z € Z(y)) Ex—~y~z \ Ex~y C W }. Let {Dl(x“y“z)}zez(y) be a
partition of Dy(x™ y) such that if W € Dy(z"y™ ) then Ey~y~,\ Ex~y C W. Moreover, since Z(y) C O(z"y)
it follows that x "y "z € Cp_; if z € Z(y).

The initial case of the induction is £ = 3. In this case, if y € P, \ Q(z) then

(4.12) p({W | (32) Ex~y~2 \Ex~y CWand 2"y 2 € Hy =

) >
W{W | G2 € Z) Bay\ Bay CWH 2 u| | Diey™ ) u(Dola™y)) > 1-5 > B)(1-5)
2€Z(y)
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by Equality 4.1. On the other hand, if £ > 3 and y € P> \ Q(x) then the induction hypothesis implies that
p=3(D(x"y " 2)) > B0 — 1) for any z € Z(y) and therefore if £ > 3 then

(4.13) pt=? (W, Wa, ..., Wy_a) | (32) Ex~y~2 \ Ex~y CWiand 2"y 2z € Hy(Wo, Ws,...,Wy_2)}) >

2 D@y T2 x DTy ) | = Y pw(Di(aTy T 2))B(E - 1)

z€Z(y) 2€Z(y)
= pu(Do(z"y))B(l —1) > (1 = 9)B(¢ —1).
In either case — either Inequality 4.12 or Inequality 4.13 — it follows that for any y € P> \ Q(z)

pl2 ({VT/ y € Hi(z, W) }) <1-(1-8FK—-1)

/pz\m W ({W |y e Hi@ W) }) dosty) < 1= (1= BB 1),

and so

Hence
/ /M*Q ({W ‘ ye HZ(fIf,W) }) dO’Q(y) <1-— (1 _ S)ﬁ(f— 1) +5
Py
and therefore by Fubini’s Theorem

/ oo(Hj (2, W))du"2(W) <1 —B(0 —1)(1 = 6) + 4.
’P(M)Z_Q

Therefore, using Inequality 4.11 and Markov’s Inequality,

-2 ({W e P(M)2 ‘ z € Hy(W }) ({W e P(M oo (H (2, W) < ’y})
SREEELE
and comparing this with the definition of 3(¢) establishes that the claim is proved. O

Claim 2. Let £ > 2. If x € Hg(WQ,W;;, ey Wg_l) and Wy D E, \ Ea:*(j—ﬁ) then

j—L
- ((U Evi) \ B i1 > U W) (4 —0) & B{"(5 = 1))
i=1
using the convention that U?Zl Eps(i) \ Egr(i—1) = 0 in the case that £ = j.

Proof. This is established by induction on ¢. If £ = 2 then define E’ = Uf;ll Eox i) \ Eg+(i—1y and note that

j—2
(4.14) (U Eg ) \EI*(H)) UWw, D E.
=1

Since = € Oy it follows that 02(Q(x)) < 6 and B(z) # (. Furthermore, if y € Q(z) then 01(O(z7y)) > 6 because
of the special definition in the case x € (P; x P;)7=2 x P;. In other words, noting that 27y € (P x P;)’~! and
paying attention to the definition of C

092 ({yEPQ | o1 ({ZEP1 ’ E/ﬂExAyAz:(Z)}) >5}) <é
and so, recalling that E,~,~, is the image of {7y "2} x B(z™y ™ 2) under ¥,
o9 ({y c P ! o1 ({z e P ‘ \IlflE’<xAyAz> = (Z)}) > 5}) <46

and so «7 (j — 1) witnesses that W1 (E')(z*(j—2)) €5 B(z*(j—2)) according to Alternative 3.1 of Definition 3.1.
Because 6 < 4 and Inclusion 4.14 holds, the result now follows.
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For the induction step suppose the claim has been proved for £ — 1 and that Wi D E, \ E«(j—s and
x € Hy(Wy, W3, ..., Wy_1). From the induction hypothesis it follows that if E,~y~,\Ez~y € Woand 2"y~ z €
Hg_l(Wg, Wy, ..., Wg_l) then

j=(£=1)
O U Ez Yy z)5(4) \E(m y2)*(i—1) UW l‘ y B<l‘/\y>
i=1
Note that (z7y"2)1(j — (£ — 1)) = = and, since W1 2 Ej \ Ey«(j_y), it follows that

J—(=1)

/-1
U E(xﬂyﬁz)*l‘(z) \E(Z"\y z)*(i—1) U W; C <U Ep \Ea:*(i—l)> U U Wi.
=1

=1
Hence,
4
' ((U Ewm\Ex*(i—l)) UW> Bz~ y>}>
i=1

(4.15) o9 ({y €EP
< UQ(H;(]:> W27 W37 ceey WE—l)) <7.

But note that 27y in Inequality 4.15 is the same as 2*(j — )" z1(j — (¢ — 1)) "y and so z1(j — ({ — 1)) is a
witness to the fact that

4
- ((U By o) \ Eor(i- 1) UW) (1 =) € B(z™(j — 1))
i=1
satisfies Alternative 3.1 of Definition 3.1. Moreover, € Hy(Wo, W3, ..., W;_1) C Cy implies B(x) # . Hence
B(x*(j — €)(z1(j — (€ = 1))) # 0 as required. 0

Now choose z € Cj. If j = 2 then v € Hy and so Claim 2 and Inequality 4.5 can be directly applied
to find W such that £, C W C M and [W| < k3 < M., Ifj > 3 then from Claim 1 and the fact that
B(7) > 1/2 and Inequality 4.6 it follows that there are {W; }Z , such that |W;| < 2M for each i and such that
x € Hj(Wa, Ws,...,W;_1). Let Wi = E, and define W = J/_| W;. Tt follows from Inequality 4.5 that

(W| < 2(j — 2)EM + koj1 < (25 + 1)EM
and, moreover, the hypotheses of Claim 2 are satisfied by Wi, Wa, ... Wy_; and x. Therefore

- <<U Epx i) \E:c*(z’—l)> U W) (2"(j —J)) €5 B{x"(j — j))

and so U1V Gy B
Case Two. C; =0.

The general scheme of the proof is the same as in the first case. However, the lack of symmetry between P;
and P, requires some slight modifications of the argument. Define an ¢-ary function Hy on P(M) by induction
on {. If £ =1 then

Hi(W) ={z e (P x P)~Y | B{z) =0 or (3z € O(x)) Ep~. \ E, C w}
and if ¢ > 2 define Hy (W1, Wa, ..., W,) to be the set of all z € (P, x P;)7~¢ such that

(4.16) o1 (H;(.’L‘,Wl,WQ,...,Wg)) <
where Hj (x, W1, Wy, ..., W) is defined to be
(4.17) {fyeP | (Vz€R) Epmy-2\Eop~yEWiora"y z¢ Ha(Wa,...,Wy) }.

Claim 3. If z € (P, x P)’~¢ and either
o B(z)=10
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e /=1and 51(O(x) =5

e or />1and 01(0(x)) <§

)=

then p*(D(z)) > B(£) where D(z {W e P(M)* |z € Hy(W) }

Proof. Begin by considering the case that £ = 1 in which there are two possibilities. The first is that B(z) = ()
and in this case it suffices to observe that D(z) = P(M). In the second case o1(©(z)) > ¢ and so there is then
Z € [0(x)]* such that {E,~, \ E;}.cz is a pairwise disjoint family and hence

pAW CM | (Vz2€Z) Ep:\E, £W}) <9

by Inequality 4.3. Hence u({W C M |z € Hi(W)}) > 1-6 > 3(1).

On the other hand, if # > 1 and ¢1(©(z)) < § then note that if y € P; \ ©(x) then 2"y ¢ Cy and so there are
again two possibilities: either B{z"y) = () or 02(Q(z"y)) > 6. In the second case there is Z € [Q(z " y)]F2e-D
such that {E;~,~, \ Ez~y}.cz is a pairwise disjoint family. Therefore

Lae—1)

1(Do(z"y)) > 1 — (1 - 5’“2“*”) 1-9

where Do(z7y) is defined to be {W C M | (Iz € Z) Ep~y~. \ Ex~y C W} Let {Di1(27y " 2)}.cz be a par-
tition of Dg(2"y) such that if W € Di(z7y " 2) then Ey~y~, \ Ex~y C W. Moreover, since Z C Q(z7y) it
follows that either ¢ = 2 and o1 (0(z "y " 2)) > d forall z € Z or, £ > 2 and 01(0(z"y " 2)) < 6 for all z € Z.
In either case the hypothesis of the claim holds for x "y "z € (P x Py)? (=1 and so the induction hypothesis
implies that x~1(D(z ™y " 2)) > B(£ — 1) for any z € Z. Therefore

(4.18) i (W, Wa,...,Wy) | (32) Ex~y—~2 \ Ex~y CWiand 2™y~ 2 € Hp_1(Wa, W3,...,Wy)}) >

" (U Di(a"y"2) x D(fyw) > 3 u(Di e~y )80 — 1)

z2€Z z€Z
= u(Do(z"y))B(¢ — 1) > (1 - 8)B(¢ 1)

for all y € P; \ O(x).
If B{x"y) =0 then E, =0 for any z O " y. It then follows from the induction hypothesis that

(4.19) p ({(Wy,Wa, ..., W) | (32) Epmy—s \ Ex—y C Wi and 27y "2 € Hy_1 (W, Ws,...,Wy)}) >
pt (P(M) x D(z"y " 2)) > B(£— 1)

The rest of the proof of Claim 3 is the same as the proof of Claim 1 with the probability space (P;,o01)
playing the role of (P, 02) and £ in place of ¢ — 2. O

Claim 4. If z € Hy(W;1,Wa,...,W;) then

j—t ¢
-1 <E@ U U <Ez*(z) \ Exf(z)) U U Wl) <l’> C5 B<l’>
=1 =1

Proof. This is also proved by induction on ¢. If x € Hy(W) and B(x) = () the result is trivial. Otherwise there
is some z € O(z) such that Ey~, \ E; C W. Since z € O(x) it follows that ™z € C and so

and since

E,~, C(E,~.\ E;)UEyU (L__J < Z-)) U (Ex;(i) \Ex*(i—l))>
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it follows from Identity 4.20 that

j—1 Jj—1
o € (Bo:\ E) UEy U (Buey \ Eusy) SWUE U (e \ By
i=1 i=1

or, in other words,

7j—1
0#B(xz"z)C W (W UEyU U ( 2+ (4) \ E:f‘{(”)) (x7z).
=1
Therefore z is a witness to the fact that

(E@UU( ())uw><> €5 B(x).

Now assume that ¢ > 1 and x € Hy(W1,Wa,...,Wy). In other words, since ¢ > 1 it must be the case
that Inequality 4.16 holds. From the induction hypothesis and Definition 4.17 it follows that if y € P; \
Hj(x, Wy, Ws, ..., W) then there exists z € P5 such that E,~,~. \ E,~, C W; and

j—L
gl <E@ U(Ez~y~2 \ Eay) U | J(Eprii) \ Eari)) U U W) 27y 2) €5 Bla Ty 2)

=1

and therefore Py \ Hj (x, W1, W, ..., W) is a subset of

{yepl

and Claim 4 now follows from Definition 3.1 and Inequality 4.16. O

j—¢ L
(3zePp) 0! (E@ U U(Ex*(i) \ Epri)) U U WZ> (7Y 2) € Bz "y z) }
i=1

i=1

Note that the second alternative of the hypothesis of Claim 3 includes the possibility that j = ¢ and
z = . Indeed, in the case that j = ¢ the hypothesis is automatically satisfied since o1(0(0)) = 01(C;) =
o1(0) = 0. (Recall that the proof of Sublemma4.1 began by eliminating the case j = 1.) Hence, by an
argument using Inequalities 4.6 and 4.5 as in the first case, there is (Wi, Wa,...,W;) € P(M)’ such that

0 e Hj(Wi,Wa,...,W;) and |W| < (2§ + 1)éM where W = Ey U Ule W;. From Claim 4 it follows that

vt (U(Ea:*(i) \ Bz (i) U W) (0) €5 B(0)

i=1
and hence U~V €5 B. This establishes that Sublemma 4.1 holds. O

With Sublemma 4.1 in place it is now possible to consider the general case. Given B C (P x P»)? let
By = {z €B ‘ ki > [E.; ) } and let By = B\ By. It has already been shown that there is W C M such that

[W| < (2§ 4+ 1)EM and (¥ | By)"'W &5 By. It will be shown by induction on j that if (¥ | By)~Y{(W) €5 By
then

(4.21) p({UCM | ¢ Y (WuU) e, B}) > B())

noticing the role v rather than 4. Observe that the hypothesis includes the case that By = (.

Ifj=1let By ={x € P, |0 +# B{x) C By} for k < 2. Then by analyzing the meaning of Definition 3.1 for
(¥ | By)~"H(W) €5 By there are two cases to consider corresponding to Conditions 3.1 and 3.2. The first is that
there is some = € B such that oo({y € P» | Y(z"y) € W}) < 4. Then, since By(x) = B(x), it is immediate
that U=1(W) €5 B and hence ¥~Y(WUU) €, B for every U C M. (Note that the assertion that By(z) = B(x)

is only true because j = 1.) The second possibility is that o1 ({z € P; | Bo{(z) # () and (Vy € Bo{x)) ¥(z"y) € W }) <

4. In this case for each x € B}

W{UCM |UNE,=0}) = (1-9" <1-9h <35
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and so
o1 ({z € B! |UDEI:(D})du(U):/ W{U C M | UNE, = 0))doy(2) < 5
P(M) Bj
and so _
p({UCM |oy({z € B; |UmEx:@})<ﬁ})>1§2/J’(1)-

This immediately implies that u({U € M | ¥~1(U) €5 By }) > (1) and hence
p({UCM | (UUW) e, B}) > pB(1)

as required.

If j >1and (¥ | By)~'W €5 By then according to Definition 3.1 there are two cases to consider corre-
sponding to Conditions 3.1 and 3.2. The first, corresponding to Condition 3.1, is that there is some z € P;
such that By(z) # 0 and o9(P2 \ G) < 7 where

G={yeP | (¥]Bo) (W)z"y) € Bolz"y) or Bola"y)=0}.
Observe that if Bo(z"y) = 0 then trivially (¥ | Bo(z"y)) (W) €5 Bo(z"y) and so, by the induction
hypothesis, for each y € G
p({UCM | Y (WUuU)a"y) € Bla"y)}) > B( — 1)
Integrating and applying Fubini’s Theorem yields that

[ a(yec 0w un)ay) ¢, By} duv) -
P(M)

[ n{U e [ 9707 U g, Blamn) ) doaly) <156 - 1)
and applying Markov’s Inequality yields that

~ _ 1-p(—1
(UM [oa(fyeG | v WUy & Bl }) <)) > 1- 0
and the right hand side of this inequality is at least (j). This suffices because the inequality oo(Py \ G) < ¥

implies that
({UCM | oo({y € B | V(W UU)(a™y) &, Bla"y) }) <v}) > B()

and hence p ({U C M | V"YW UU) €, B}) > B(j).
The other possibility, correspondmg to Condition 3.2, is that if G is defined to be
{reP | (yeh) U~HW){z"y) €5 Bo{z"y) or By(x) =0}
then o1(P; \ G) < 4. Choose any function y : G — P, such that if By(x) # (D then U—1(W)(z"y(z)) €5
By(z"y(z)) and, if B(z) # () = Bo(x) then B{z"y(x)) # 0. For each x € G applying the induction hypothesis
to either ¥ | By(x " y(x)) or ¥ [B(a:”y( )) yields that
p({UCM | O (W UU) (@ y(2) € Bz y(x)) }) = B — 1)
Integrating over = and applying Fubini’s Theorem and Markov’s Inequality as before yields that

~ _ 1-p60G -1
W({UCM |or(feed [T WUl y@) & Blay@)}) <71) > 1_(7)
and the argument can now be completed exactly as in the previous case.
Finally apply Inequality 4.6 and Sublemma 4.1 to find W and U such that ¥~1(W UU) €, B and |W| <

(25 + 1)éM and |U| < 26M. Hence |W UU| < 2(j + 1)éM = £M as required. O
Corollary 4.1. For any n € N there is M(n) € N such that v(Py-n(M(n))) > n.

Proof. Let M(n) = M(27",v,n) be as defined in Lemma 4.2 with v = min(e(j), K?j7.J*(j)?/?)/2 and apply
Lemma 4.2 and the version of Lemma 3.3 for (¢*, L*)-fine probability spaces. O
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5. APPLICATIONS AND QUESTIONS

In order to apply Theorem 2.1 it is necessary to look for families satisfying the hypotheses of Definition 2.1
and Inequality 2.2. Several such exist in the literature.

Theorem 5.1 (Stein [12]). If A is as defined in Example 2.1 and if k > 3 then the maximal operator My is
bounded

Theorem 5.2 (Bourgain [1], But see also Marstrand [8]). If A is as defined in Example 2.1 and if k = 2 then
the maximal operator My is bounded

Theorem 5.3 (Falconer [3] and Marstrand [7]). If A is as defined in Example 2.2 then the mazximal operator
My s bounded.

Corollary 5.1. For k > 2 it is consistent that every set of reals of size Ry is null yet there are Xy spheres in
R* whose union is not null in R*.

Proof. Use Theorem 2.1 and Theorem 5.1 if £ > 3 and Theorem 5.2 if k = 2. g

Corollary 5.2. It is consistent that every set of reals of size Ry is null yet there are Xy planes in the Fuclidean
3-space whose union is not null.

Proof. Use Theorem 2.1 and Theorem 5.3. O

Since Corollaries 5.1 and 5.2 can both be obtained by appealing to Besicovitch duality arguments the key
point here is that the theorems quoted actually apply to much broader classes of sets. For example, Theorem 5.2
actually yields that the maximal operator defined for the boundary of a smooth centrally symmetric convex
body in R? is bounded and hence one gets as a corollary that for any such set B it is consistent that every set
of reals of size Xy is null yet there are 8; homothetic copies of B whose union is not null.

It is curious that, while the analogue of Corollary 5.2 for lines in the plane — in other words Komjath’s
original question — remains true by the results of [11], Theorem 2.1 can not be applied because the associated
maximal operator is not bounded. The non-boundedness follows from the existence of a Besicovitch set, a
null set in the plane containing line segments in all directions (see §7.1 of [4]). In this context it is worth
mentioning a result of Talagrand [13] which shows the existence of an analogue of the Besicovitch set for
circles. In particular, he shows that there exists a family of circles of the plane whose union is of measure zero,
but such that the set of the centres is of non-zero linear measure. This provides the same sort of obstacle as
the Besicovitch set to proving the consistency of: Every set of reals of size Np is null yet there are X circles
in the plane with centres on the x-axis whose union is not null. One might hope to obtain this by applying
the duality betweeen lines and circles via complex inversion to the answer to Komjath’s question. However,
this would require that in the model answering Komjath’s question the set of lines of positive measure would
have to be of a restricted type in order that the circles obtained by complex inversion all had their centres on
a straight line. This remains an open question with the possibility that Talagrand’s construction can be used
to provide a positive result.

The introduction remarked that a broad class of problems concerns determining which homemorphic images
W of the unit interval in R™ have the property that N; isometric copies of W can have non-null union while
N, sized sets of reals are all null. Even very natural examples of W provide open problems.

Question 5.1. Is it consistent that every set of reals of size R; is null yet there are ¥y spirals in R? whose
union is not null?

This is actually a family of questions depending on precisely what is meant by a spiral. If
A(t) = {(tcos(z), tsin(z),tx) |0 <z <1}

for t € [1,2] then Pramanik and Seeger have shown [9] that the associated maximal function is bounded.
However, Condition 3 of Definition 3 does not hold in this case. On the other hand, if

A(t,s) = {(tcos(x),tsin(z),sz) |0 <z <1}
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for (¢,s) € [1,2]? then it can be shown that Condition 3 of Definition 2.1 does hold, but the associated maximal
function is not known to bounded. However [9] does have results in this direction.

Finally, there is the question of establishing consistent inequalities such as add(P?) # add(C?), in other
words inequalities involving cardinal invariants for both of which the associated maximal operator is bounded.
Several difficulties would have to be overcome to make progress in this direction. First, substantial changes
to the forcing partial order would be required since the objective now would be to cover, for example, ground
model circles with a null set while keeping the measure of the ground model lines positive. Assuming this could
be done, a more serious and potentially more interesting challenge, a challenge to harmonic analysis, would
arise in finding the correct boundedness theorems for maximal operators.
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