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Abstract

We describe some features of the (very) large lattice of all closure operators of the category Top of
topological spaces and exhibit the central role of the Kuratowski closure, as the only proper hereditary
closure operator which behaves well on products. Additivity alone characterizes the Kuratowski
closure in some subcategories of Top, such as all connected and locally connected metrizable spaces
or all zero-dimensional metrizable spaces.

1 Introduction

Ever since the appearance of Salbany’s paper [13] closure operators have become a standard tool in
categorical topology, predominantly in the study of epimorphisms of full subcategories of the category
Top of topological spaces, via their so called regular closures (namely, the closure operators introduced
by Salbany). There is therefore a profusion of closure operators on Top (at least as many as there
are subclasses of a proper class), especially since general Dikranjan-Giuli closure operators are not even
required to be idempotent (all regular operators are idempotent).

By definition, a categorical closure operator c¢ is given by a coherent family of closure operations
cx, one for every space X. The main purpose of this paper is to show that, in the presence of good
properties of cx, such as additivity (cx (M UN) = cx(M)Ucx(N) for all M, N C X) or hereditariness
(cy(M) = ex(M)NY for M CY C X), the values of cx for very special spaces X determine the
values of cx for all other spaces X. Of particular importance are the cases when X is the Sierpinski
dyad or the real line. Among other things these considerations lead us to a characterization of the
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usual Kuratowski closure operator of Top, as the only proper additive and hereditary closure operator
with the so called Tychonoff property. In certain subcategories of Top, additivity alone suffices to
characterize the Kuratowski closure. In none of these characterizations idempotency plays an explicit
role; rather, it comes “for free”.

Along the way we exhibit many known and new closure operators of Top which shed further light
on its "lattice” of closure operators.

Here is a brief outline of the contents of the paper.

In Section 2 we give the definition of closure operator and several examples. In Section 3 we study
three properties of closure operators and the interrelations between them: idempotency, productivity
and hereditariness. Section 4 is devoted to various degrees of additivity, the lowest one being the usual
Cech additivity property.

Then we describe closure operators solely depending on its effect on “simple” spaces such as Sierpinski’s
dyad or the real line R. In Section 5 we “test” Sierpinski’s dyad, which helps us to describe all fully
additive hereditary closure operators of Top and, in particular, all Cech hereditary closure operators of
the category FinTop of finite topological spaces. Let us note that full additivity together with heredi-
tariness presents a rather strong restriction on the closure operator. There are many closure operators
on finite spaces; for example there are four Cech clops which are distinct on the Sierpiniski dyad while
only three Cech closure operators are distinct on the real line. In Section 5.2 we classify closure op-
erators on finite spaces. More on closure operators on finite spaces can be found in the forthcoming
paper [9]. In Section 5.2 we continue the study of hereditary closure operators. Here we discuss the
Tychonoff property (formerly called the finite structure property for products, or briefly f.s.p.p. [9]),
naturally related to products, and we show that the Kuratowski closure is the only hereditary Cech
closure operator with the Tychonoff property on Top.

In Section 6 we trade Sierpinski’s dyad for a richer space, namely the real line R. This permits us
to obtain a classification of all Cech closure operators into three classes: R-fine, R-coarse, and R-tame
closure operators. Finally, in Section 7, we use this classification to characterize the Kuratowski closure
among Cech closure operators on metrizable-like spaces. We show here that locally “good” spaces admit
few closure operators, in fact only k& in most cases. It should be stressed that now the good properties
of the spaces under consideration permit us to relax the strong restraints on the closure operators used
earlier. Actually, most often Cech additivity is sufficient.

The following full subcategories of Top will be discussed in this note: Topg (Zp-spaces), Top;
(T1-spaces), Tych (Tychonoff spaces), FU (Fréchet-Urysohn spaces), Metr (metrizable spaces).

2 The large lattice of closure operators of Top and its subcategories

Let A be a full subcategory of Top, the category of topological spaces and continuous maps, which
contains a singleton space 1 and which is closed under subspaces (so that Y C X € A implies Y € A).

Definition 2.1 (Dikranjan and Giuli [4]) A closure operator ¢ of A is given by a family of maps
cx 12X — 2%, X € A, such that for every X in A

e cx is extensive : M C cx (M) for all M € 2%,
e cx is monotone : cx(M) Cecx(N) forall M C N C X,

and for every continuous map f: X - Y in A

o f is c-continuous : f(cx(M)) C ey (f(M)) for all M C X.



The conglomerate CL(.A) of all closure operators in Top is partially ordered by
c<d&cx(M) Cdx(M) for all M C X € A;

one says that ¢ is finer than d, or that d s coarser than c in this case. Arbitrary meets and joins
of families of closure operators exist in CL(.A), and they are given by set-theoretic intersections and
unions, respectively; we use the lattice-theoretic notations A, A, V, V.

Not surprisingly, the most important closure operator on Top is given by the usual Kuratowksi
closure kx (M) = M of a subset M in X. The discrete operator j with jx(M) =M forall M C X € A
is the finest closure operator, and the trivial operator ¢ with tx(M) = X for all M C X € A is the
coarsest closure operator. We note that tx () # @ unless X = (; however, for every other closure
operator ¢ of A one has cx () = () for all X € A. (Exploit the continuity condition for maps X — 1 and
1 — X to see that cx(0) = 0 or cx(0) = X for all X € A, depending on whether ¢;(#) =0 or ¢1(0) =1
for a singleton space 1.) The trivial closure operator ¢ has an immediate predecessor, the indiscrete
closure operator g, given by gx(0) = 0 and gx(M) = X for each X € Top and § # M C X € A.
These names are motivated by the fact that a space X is discrete (indiscrete) precisely when kx = jx
(kx = gx, respectively). Any closure operator different from j, g, ¢ is called proper on A. We say that c
is proper on a space X € Aif cx # tx, gx, jx. Next we shall show that there is a finest and a coarsest
proper closure operator of Top.

Recall that the quasi-component gx(M) of M C X in X € Top is the intersection of all clopen
(=closed and open) sets of X containing M. “Dually” define the minimal proper closure operator px (M)
to be the union of all indiscrete sets of X which meet M. It is easy to check that ¢ = {gx } xeTop and
p = {#tx } xeTop are proper closure operators of Top (see also 2.5 below). Moreover:

Proposition 2.2 For every proper closure operator ¢ of Top one has
J<p<c<g<g<t.

Moreover, for every topological space X one has px = jx iff X is Ty and qx = gx iff X is connected,
while qx = kx means that X is zero-dimensional.

Proof. In order to show p < ¢, provide 2 = {0,1} with the indiscrete topology. If one of the two
points, 1 say, were c-closed (so that co({1}) = {1}), then ¢ would be the discrete operator (apply the
continuity condition to the characteristic function xas : X — 2 with M = x3/({1})). Hence we must
have co = go. Now consider y € ux (M), for any space X and M C X. Then y € ux({z}) for some
z € M. The subspace Y = {z,y} of X is indiscrete. Hence y € cy({z}) C ex({z}) C px(M). This
proves ux (M) C cx(M).

For the proof of ¢ < g one provides 2 with the discrete topology and proceeds “dually”. QED

When dealing with closure operators of a subcategory A it is often convenient to know that they may
be extended to Top. This is always possible when A is epireflective in Top, i. e., when A is not only
closed under subspaces, but also under direct products. In fact, given ¢ € CL(A), for any space X, let

rx : X = RX be the reflection into .A. Denoting by M the range of the map R(M — X) : RM — RX,
we may define

ex (M) = ry' (crx (M)). (1)
One can then easily prove (cf. Dikranjan-Tholen [6]):

Proposition 2.3 If A is an epireflective subcategory of Top, formula (1) gives for every closure operator
c of A an extension to Top. This way, CL(A) gets reflectively embedded into C L(Top), with the reflector
given by restriction. QED



In case A = Topy is the category of Ty-spaces, one has a kind of converse assertion (see Dikranjan,
Giuli and Tholen [5]):

Proposition 2.4 Fvery non-discrete closure operator ¢ of Top is an extension of a closure operator of
Topo, i e. satisfies formula (1) with rx : X — RX the Ty-reflection of a space X. QED

3 Idempotency, hereditariness and productivity

Definition 3.1 Let ¢ be a closure operator of a full and (for simplicity) epireflective subcategory A of
Top, and let k be a cardinal number. One calls ¢

e idempotent at X € A if cx(cx(M)) = cx (M) for all M C X,
o hereditary at X € Aif cy(M) =cx(M)NY forall M CY C X.

Furthermore, ¢ is idempotent (hereditary) if it is idempotent (hereditary, resp.) at every X € A, and ¢
1s called

o rs-productive if cx([[;c; Mi) = [l ex; (M;) holds for all M; C X; € A, i € I, cardI < K, with
X = HieI X;.

Finally, c is
e finitely productive if it is w-productive, and

e productive if it is k-productive for every k.

Each of the properties of idempotency, hereditariness and k-productivity is stable under meet in
CL(A); hereditariness is also stable under join in CL(.A). Consequently, for each closure operator ¢ one
can find a finest idempotent (hereditary) closure operator in CL(.A) coarser than c, called the idempotent
(hereditary) hull of ¢ and denoted by ¢ (cP®, resp.). Similarly, there is a coarsest hereditary closure
operator in CL(A) finer than ¢, called the hereditary core of ¢ and denoted by che. Of these hulls and
cores, in general only ¢* seems to be computationally accessible. One way is to consider the ordinal
powers c® (recursively defined by ¢ = 7, ¢! = cc® and ¢ = \/{c? : 8 < a} for a limit @); then ¢ is
the join of all ¢®. Another way is discussed in Remark 3.5 below.

For ¢,d € CL(Top) one defines the composite dc and the cocomposite d * ¢ as follows. For X € Top
and a subspace M of X one puts

(dC)X(M) = d)((CX(M)) and (d*C)X(M) = ch(M)(M)

The verification of the fact that dc and d*c are closure operators is straightforward. The discrete closure
operator j is neutral with respect to composition and acts like a zero with respect to cocomposition,
while for the trivial operator ¢ these roles get interchanged:

cj=jc=c,cxj=j%xc=j, ct=tc=1t, cxt=1txc=c

hold for every ¢ € CL(Top).

The following theorem gives some surprising interrelationships between the properties introduced in
3.1. It has been proved in a more general categorical context in Dikranjan-Tholen [6]; here we give
ad-hoc proofs for the reader’s convenience.



Lemma 3.1 For c,d € CL(A), if the composite cd is hereditary, then cd = cV d.

Proof. One always has ¢V d < c¢d. Now suppose that for some M C X € A there is a point €
cx(dx(M)) which is not in ¢x(M) U dx(M). For the subspace Y = M U {z} of X one then has
x & cy(M)Udy (M) C (ex(M)Udx(M))NY. Hence cy (M) = M = dy (M) and then M = cy (dy (M)).
On the other hand Y C ¢x(dx((M)), so that the composition cd must fail to be hereditary. QED

Corollary 3.2 If ¢,d € CL(A) and cd # ¢V d, then there exist M C Y C X € A such that M is
cd-closed in 'Y, but the cd-closure of M in X contains Y ; in particular, cd is not hereditary.

A closure operator ¢ of A has order « if « is the least ordinal with ¢®t! = ¢?; if no such « exists, the
order is co. We denote the order of ¢ by o(c). Note that c?(¢) = ¢,

Theorem 3.3 Let ¢ € CL(Top).
(a) If c is not idempotent, then the powers ¢* (2 < a < o(c)) are not hereditary.

(b) If ¢ has infinite order o(c), then for every limit ordinal a < o(c) the power c® is not ™t -productive;
in particular, if o(c) is a limit ordinal, then ¢ is not productive.

(c) ¥ is finitely productive.
(d) If c is idempotent (i. e., if o(c) < 1), then c is finitely productive.
(e) If c is finitely productive, then every power ¢® (0 < a < 00) is finitely productive.

Proof. (a) We may assume that ¢ # ¢,t and a < o(c¢). Fix any 1 < 8 < « and apply Corollary 3.2 to
the closure operators ¢ and ¢® with cc® = P+ > ¢ = ¢V ¢# to conclude that ¢?*! is not hereditary.
This proves item (a) in case @« = 8+ 1 is a successor. In case « is a limit and 8 < «, apply Corollary
3.2 to the closure operators ¢ and ¢® to get M, 3 CYg C Xg € A such that Mpg is ccP-closed (and, hence
c-closed) in Y3 and the ccB-closure of Mpg in Xz contains Yg. Now let X =[] 3 Xp be the coproduct
of the spaces Xz, ¥ = HB Yg and M = HB Mpg. We shall show that M is c*-closed in Y, and the
c®-closure of M in X contains Y, hence ¢® fails to be hereditary also in this case. The proof if based
on the following easy

Claim. If X = X; [[ X2 and fori= 1,2 M; is a non-empty set of X;, then cx (MU M) = cx, (M) U
CX, (Mg)

To finish the proof of (a) note that by the Claim ¢} (M) = Hs<a c}(ﬂ (Mpg) for every v < a. In
particular, ¢§, (M) DY and c§(M) = M.

(b) By our assumption a < o(c), for every v < « there is a space X, € A with c”X’:l # %, Choose
a subset M, C X, and a point z, € c?y'l(M,,) \ cg(V(M,,). Consider the subspace M = [],_, M, of
X =[], <o Xy and let 7, : X — X, be the projection. Since z, € cggl(M,,) C c%, (M,) for all v < q,
one has

z = (z)v<a € [ &, (M)

v<o
But if one had also x € ¢§ (M) = |, ., ¢k (M), hence z € ¢ (M) for some v < «, then c-continuity
of 7, would give
Ty = 7‘-1/(3;) € Cg(,, (”TI/(M))a



in contradiction to the choice of z,,.
(c) For M; C X7 and My C Xj, first we show

cx, (My) x My C ex(M; x M), (2)

where X = X; X Xs. Indeed, for every as € My we may apply the continuity condition to the map
X1 — X, 1 — (z1,a2), to obtain cx, (M) X {a2} C cx(M1 X My) and therefore (2). Symmetrically to
(2), one also has My X cx,(M2) C cx (M7 X Ms). In this formula we can trade M; for cx, (M) to obtain

cx, (M1) X ex,(Mz) C ex (ex, (My) x My) C & (My x Ms). (3)

Since ¢, (M;) = U, <, ¢k, (M;) for i = 1,2, we get ¢, (M1) X%, (M2) = U, <, (€") x, (M1) X (") x, (M2).
By (3) we get
CSL(I(Ml) X CnX2(M2) Cc C%?(Ml X MQ) Cc C%(Ml X Mg)

This proves that ¢ (M1) X ¢, (Mz) C ¢ (M1 x Ma), with the converse inclusion holding trivially.
(d) follows immediately from (c).
(e) is an easy induction proof. QED

Remark 3.4 (1) The assumption o(c) < oo in the concluding part of item (b) is essential. We shall
show that ¢ may be productive for a non-idempotent closure operator ¢ with infinite o(c) (necessarily,
o(c) = ).

(2) In item (c) one can replace ¢ by limit ordinal powers ¢* such that « is an indecomposable ordinal
(i.e., B+ B < a holds for every 8 < a).

(3) Theorem 3.3 remains valid for ¢ € CL(A) if the subcategory A is closed under the products and
coproducts used in its proof.

For every space X and M C X, let ox(M) be the set of points in X which are limits of sequences
in M. This defines the sequential closure operator o of Top. It is productive and hereditary, but not
idempotent. In fact, o(0) = w; (cf. Arhangel’skii and Franklin [1]). The Theorem gives that for all «
(2 < a<wi), 0% is not hereditary, and that c% and o“! are finitely productive, but not productive. In
particular, 0“1 = ¢ gives an example of an idempotent operator which is not productive.

Remark 3.5 For every X € A, let Kx be a set of subspaces of X such that X € Kx and, for all
f:X—>YinAand N € Ky, f~}(N) € Kx. Then

K(M)=({N€Kx:MC N}

defines an idempotent closure operator ¢® of A. This closure operator is hereditary if and only if for all
MCY CX e Awith M € Ky thereexists L € Kx with M =LNY.

If Kx C Lx holds for every X € A, then & > ¢~.

For any ¢ € CL(A) one may take Kx to be the set of c-closed subspaces of X, i. e., those M C X
with cx (M) = M, and then obtain the corresponding idempotent closure operator ¢*. It is easy to see
that ¢ is the idempotent hull ¢ of ¢ in CL(A).

Example 3.6 Each of the following properties for subspaces M C X defines a suitable set Kx as
required in Remark 3.5:

(a) M closed in X (in the usual topological sense), (b) M open in X, (c) M clopen in X, (d) M
a zero-set in X (so that M = f~!(0) for some continuous function f : X — I into the unit interval),



(e) M an Fy-set in X, (f) M = f~1(N) for some continuous function f : X — R and some non-empty
N C R. The corresponding closure operators ¢ are denoted by

(a) k (the Kuratowski operator), (b) k* (the inverse Kuratowski operator), (c) q (see 1.2), (d) z (the
zero operator), (e) p (the p-closure operator') , and (f) o (the real closure?) Since (b) < (c) = (d) =
(a) = (e), one has

kE*<g>z>k>pandz>p>p.

The inequality p < p follows from the fact that every subset M of R is both p-closed and p-closed, thus
every o-closed set of X is p-closed as well. Each of the six operators is idempotent and productive in

Top, but only £ and k* are hereditary.
Note that k* is conveniently described also by

Ex(M)={z € X :kx({z}) N M # 0}.
When replacing k by an arbitrary closure operator ¢ we can define more generally the inverse c¢* of ¢ as

k(M) ={z € X :ex({z}) N M # 0}.

4 Additivity and symmetry

Definition 4.1 Let ¢ be a closure operator of A, with (for simplicity) A as in 3.1. For a cardinal
number &, ¢ is called

o s-additive at X € A if cx(U;cr Mi) = Ujerex (M;) for all M; C X, i € I cardI < k.
cis
e additive or a Cech closure operator if ¢ is w-additive;

o fully additive if ¢ is k-additive for every k.

Note that x-additivity (with s > 1) entails cx (@) = §. Only the trivial closure operator of Top does
not satisfy the last condition (see 2.1). A fully additive operator is completely determined by its point
closures, i. e. cx(M) = J{ex({z}) : z € M}. Tt is easy to see that on a space X with at most two
points every closure operator is fully additive. An example of a three-point space with a non-additive
closure operator is given below (Example 4.1 (2)).

The property of k-additivity is stable under join and composition in CL(A). Consequently, every
closure operator ¢ has a k-additive core and a fully additive core, denoted by ct(5) and ¢®, respectively;
we write ¢ = ¢(@). These cores can be fairly easily computed as

k@) = ex(d) : M ¢ |J M; € X},

1<K 1<K

(M) = J{ex({z}) 1z € M},

!Clearly px = kpx, where the topological space PX is the P-modification of X. (Recall that a topological space X is
called a P-space if every Gs-set of X is open.)
’In detail 2 ¢ ox (M) for X € Top, M C X and z € X iff there exists a continuous function f € C(X) such that

f(z) & f(M).




It is also easy to see that ¢t(®) and ¢® inherit the properties of idempotency and hereditariness from
¢; on the other hand, k-additivity is preserved when passing from c¢ to the idempotent hull ¢* (cf.
Dikranjan-Tholen [6]).

The inverse closure operator ¢* is always fully additive for every closure operator ¢ € CL(Top).
Using this fact one can easily show that c*¢* = ¢® and (cd)* = d*¢* for any pair ¢,d € CL(Top), and
trivially, j* = j.

Recall that a topological space X is an Alezandroff-Tucker space if kx is fully additive (then every
point z € X has a smallest open neighbourhood, namely k*({z})). The category of T Alexandroff-
Tucker spaces is equivalent to the category of partially ordered sets with order preserving maps. The
respective correspondences are defined by the Alexandroff-Tucker topology of a poset (having as non-
empty open sets all downward closed sets), and by the specialization order of a topological space (let
z < yify € kx({z}), and note that this is equivalent to z € k*({y})). In the sequel we describe
Alexandroff-Tucker spaces by their partial order when this is more convenient.

Example 4.1 (1) The operators u, k* (see 2.2, 3.5) are fully additive and &, z, g are Cech, but not
wi-additive in Top. p is the wi-additive core of k: p = k+(1).

(2) kAk* is an idempotent, hereditary and productive operator in Top which fails to be Cech. Hence
the meet of Cech operators need not necessarily be Cech. To see this, consider the Alexandroff-Tucker
topology of the set X = {0, 1,2} with the usual order. Then the singleton {0} is k-dense and k*-closed,
while the singleton {1} is k*-dense and k-closed. Therefore both singletons are k A k*-closed, while the
set M = {0,2} is both k-dense and k*-dense. Consequently, 1 € kx (M) Nk% (M) = (k ANk*)x(M), but
1¢ (kAR )x({0}) U (kA E)x({1}).

(3) Since k A k* fails to be additive, its additive core

b= (kAK*)T

is properly finer than k A k*. This is the well-known b- or front closure, cf. Baron [2] (see also [12]);
for M C X, bx (M) is the set of all points = with U N M N {z} # 0 for every neighbourhood U of z in
X. The closure operator b is, like the Kuratowski operator k, idempotent, hereditary, productive and
Cech, but fails to be fully additive in Top. Consequently, the fully additive core b® is properly finer
than b. One has

b = kP AR = o

Lemma 4.2 The real closure p is wi-additive with p < o < zT*1. In particular, o coincides with p for
Tychonoff spaces.

Proof. Assume X € Tych has countable pseudocharacter at some point z € X, i. e. {z} is a Gs-
set. Then one can find a continuous function f : X — R such that {z} = f1({0}). Then also
X\ {z} = f 1R\ {0}). We conclude that X \ {z} is g-closed. Therefore, if 1)(X) = w then gx = sx.
In particular, px = sx for a metrizable space X.

To show that g is wi-additive consider a family {M,, : n € N} of p-closed sets. Then for M = |J,, M,
and z € X \ J, o(M) there exist a {f, : n € N} C C(X) such that f,(z) € fn(M,). Consider the
continuous product-map f : X — RY. Since Y = RY is metrizable, gy is discrete, thus f(z) & f(M) =
U f(M,,), since fn(z) & fn(My,) (take the n-th projection !). By f(z) & f(M) = o(f(M)) we conclude

that = & o(M).
To finish the proof note that o < z is obvious, so that ¢ < zT«1 follows from w;-additivity of o. QED



Remark 4.3 There exists a regular space X such that every continuous function f € C(X) is constant
([11]). Clearly for such a space X one has px < kx < px = gx. Therefore, in the above corollary
one cannot avoid the condition the X is a Tychonoff space. Actually, px < ox may hold even for
a functionally Hausdorff space X. Indeed, the Tychonoff reflection rX of such a space X satisfies
px = prx and zx = zrx, while in general only px < prx holds. Hence, if X is a space with px < prx
(e.g., Tychonoff’s corkscrew), then also px < p,x = prx = px as rX is a Tychonoff space.

Example 4.4 For a point z € X denote by ax({z}) (resp. ex({z})) the arcwise connected (resp.
connected) component of z in X. Now setting ax (M) = Uycprax () (resp. ex(M) = Uyerrex(z))
we get a closure operator a = {ax}xecTop (€6 = {€x}xeTop)- They both fail to be hereditary, but
they are still weakly hereditary. (A closure operator is weakly hereditary if c,, (ar) (M) = cx (M) for all
M C X € Top.)

It is easy to see that the closure operator axk is not additive. This answers negatively a question from
[6, p.357, Table 1]: additivity is not preserved by cocomposition even when one of the closure operators
is fully additive.

A closure operator ¢ € CL(A) is called symmetric if x € cx({y}) implies y € cx({z}) for all
z,y € X € A. Symmetry is stable under taking meets and joins of families of closure operators. In
particular, every closure operator has a symmetric hull, which is given by

SV =cV .

Examples of symmetric closure operators of Top are a, g, p, z, b, 4, while k, o, k* fail to be symmetric.
For every fully additive closure operator ¢ both compositions c*c and cc* are symmetric closure operators.
Moreover, if ¢ is also idempotent, then (c*¥™)2 = c*c V cc*.

Recall that a topological space X is symmetric if kx is symmetric. It is easy to see that the symmetric
Alexandroff-Tucker spaces are exactly the spaces X for which ux = gx.

Now we consider the symmetric hull w = kY™ = k V k* of the Kuratowski closure k£ and its fully
additive core w® = kP Vv k*.

Lemma 4.5 Both w and w® are hereditary and (fully) additive, but fail to be finitely productive in Top
(and are therefore not idempotent either, see Theorem 3.3 (2)). More precisely, o(w®) = w.

Proof. Since k and k* are hereditary, also w = k V k* is hereditary. Analogously, w® = k® Vv k* is
hereditary. For M C X and z € X, one has z € wxk V k*(M) if and only if z € {y} or y € {z}
for some y € M. In order to see that w is not finitely productive , we consider two copies of the
(3-open set) Sierpinski space S = {0,1}, with {1} open, say. Then 0 € wg({1}) and 1 € ws({0}), but
(0,1) & wsxs({(1,0)}). Since w® coincides with k V k* on finite spaces, this example shows that also
w?® fails to be finitely productive.

Now Theorem 3.3 implies that neither w nor w® is idempotent. A direct proof of the latter property
can be obtained by observing that for every power X = S¢ one has wxwx = w?éwg? = (kk*)x = tx,
while wx # tx when a > 1. Indeed, consider the points 0,1 € X, where O (resp., 1) has all its
coordinates 0 (resp., 1). Clearly, 0 is k*-closed and k-dense, while 1 is k-closed and k*-dense. Now
choose an arbitrary point z € X distinct from 0 and 1. For v = 0,1 let I, = {i € I : z; = v}. Then
both sets are non-empty by the choice of x and z = (z(o),w(l)) € 8o x §Ii where all coordinates of
(9 € §10 are 0 and all coordinates of z(1) € STt are 1. Then z(©) € S’ is k*-closed and k-dense, while
() € 81t is k-closed and k*-dense. Consequently,

Ky (z) = {9} x $1 and kx(z) = 8§ x {z(}.



Consequently, w$ (z) = ({20} x §h) U (ST x {z(1}), in particular w$ (z) > 0,1. This implies that

w$ () is w®-dense in X. Since the point z € X was chosen arbitrarily, this proves that (w$)? = gx.
To prove o(w®) = w let us start by observing that w%w® = ¢ Vv ¢, where ¢ = k%k* and ¢ =

kE*k®. An easy induction proof gives (w®)?" = ¢" v (™. Let L, denote the partially ordered set

L, ={x0,%1,--.,Zn,Y0,Y1,---,Yn} With
T0<Y2>r1< ... <Y1 2% <Y 2 Tit1 < ... <Yn—1 2 Tpn < Yn

as the only non-trivial relations. Then zy € ¢z, (z,) C (w@)%’; (zn) and yo € &1, (yn) C (wea)%’i (zn),

but zy ¢ (wﬂa)%ﬁbﬁ(wn) and yo & (wea)%zﬂ(yn). This proves that o(w®) > w. As for every fully additive
closure operator, o(w®) < w. This proves the lemma. QED

Remark 4.6 (a) We shall see in Corollary 5.12 below that o(w) = oco.
(b) It follows from Lemma 4.5 and item (c) of Theorem 3.3 that w = ¢* for no closure operator c.
(c) The apparently fine closure operator (w?,)2 turns out to be indiscrete on the powers of S. Since
every Ty space is a subspace of such a power and since (w%?)2 is obviously discrete on every T7i-space
X, this shows how strongly the square (w%)? fails to be hereditary (while w$ is hereditary). A similar

comparison can be made for w: while w%l is indiscrete, wx = kx for every T7-space X.
Now we find another property of w that provides a characterization of w:

Proposition 4.7 w is the hereditary core of q in Top. Consequently, w is the largest proper hereditary
closure operator of Top, and k is the largest proper hereditary closure operator of Tops.

Proof. Since w is hereditary, we get w < gpe- Now let ¢ € CL(Top) be proper and hereditary. Then
¢ < q (see 2.2). Consider z € cx (M) for M C X, and assume = ¢ k(M) UEk*(M). Then M is a clopen
set in the subspace Y = M U {z} of X, hence z ¢ M = qy(M). Since ¢ < q is hereditary, this would
imply z & cy (M) - contradiction. Since k V k*|1op, = k|Top,, With Proposition 1.3, this proves also the
second statement. QED

5 Testing the Sierpinski space

Let ¢ be a closure operator of A, in the setting of 2.1, and let X € A. We call ¢ discrete (tame, wild,
indiscrete) on X if cx = jx (ex = kx, cx = k%, cx = gx), 1. e., if ¢ is discrete (the usual Kuratowski
closure, k*, indiscrete, respectively) on X.

It turns out that the behavior of a closure operator on a particular space X may govern its behavior
globally. The first space that we consider under this aspect is the Sierpinski space S = {0, 1}, with
0,{1}, S open.

Proposition 5.1 Let ¢ € CL(Top). Then :
(1) ¢ < k if and only if cs < ks, and ¢ < k* if and only if cg < k§;
(2) if ¢ is Cech, then ¢ < b if and only if cs = js (i. e., ¢ is discrete on S);
(3) k> c>k® if and only if cs = ks, and ¢ = k* if and only if cs = k¥;

(4) ¢ > wd if and only if cs = gs (i. e., ¢ is indiscrete on S).
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Proof. (a) Assume that cg < kg, hence {0} is c-closed in S. Then for every X € Top and M C X
the set F' = kx (M) is closed in X, so that the characteristic function f : X — S defined by f(F) =
0, f(X \ F) = 1 is continuous. Thus F = f~1(0) is c-closed in X, cf. 2.4. Hence cx (M) C kx (M) = F.
The proof of the second statement is similar.

(2) Follows from (1) since b= (k V k*)*.

(3) Assume that cg = ks. According to (1) it suffices to show that ¢ > k®. For X € Top and
z € X we have to prove that kx(z) C cx(z). Let y € kx(z) and D = {z,y}. If D is Tp, then D is
homeomorphic to S and y € kp(x). Then our assumption gives y € cp(z) C cx(x). If D is indiscrete,
then y € cp(x) as cg = ks and there exists a continuous bijection S — D. Now we conclude y € cx(x)
as before. The proof for the case cg = k§ is similar.

(4) is left to the reader. QED

Theorem 5.2 Let ¢ € CL(Top) be proper, hereditary and fully additive. Then :
(a) ¢ = k% if and only if ¢ is tame on S.
(b) ¢ =k* if and only if c is wild on S.
(¢) ¢ = p if and only if ¢ is discrete on S.
(d) c = k% Vv Ek* if and only if c is indiscrete on S.

Proof. To show cx (M) C ¢y (M) for fully additive closure operators ¢, ¢’ it suffices to consider singleton
sets M, and when ¢, ¢’ are also hereditary it even suffices to consider 2-point spaces X (since for arbitrary
X one has = € ex({y}) iff z € cy({y}) for Y = {z,y} C X). Therefore, if we now wish to show that a
given proper hereditary closure operator ¢ coincides with one of w, k, k* or u, then it suffices to show
coincidence on 2-point spaces X since also these four closure operators are hereditary and fully additive.
If X is discrete, then the coarsest proper operator ¢ is discrete on X, hence all operators in question
are discrete on X. If X is indiscrete, then the finest proper operator p is indiscrete on X, hence all
operators in question are indiscrete on X. Hence only the case X =2 S matters, and there are four
possible cases : cg = jg = pus, cs = kg = kg?, cs = kg, and cs = gs = wg?. QED

Corollary 5.3 The only proper hereditary and fully additive closure operators of Top are w®, k®, k*
and p. All but w are idempotent and productive.

Corollary 5.4 The category Topo of Ty-spaces has exactly three proper hereditary and fully additive
closure operators k%, k* and w, while the category Topy of Th spaces has none.

Proof. The proof of the above theorem shows p|mop, = S|Tope and £®|Top; = k*|Tops = W|Top, =
Sj|Topy ;s SO that these operators are no longer proper. In consideration of Proposition 2.3, this completes
the proof. QED

Our next objective is to obtain a further application of Theorem 5.2 in the case of closure operators
on finite spaces. Note that there can be at most 2¥ since there are w finite spaces and each one can
carry only a finite number of closure operators. Of course, the continuity condition in the definition of
closure operator restricts severely this number, so that it would not be surprising if there were less than
2% closure operators in FinTop. Nevertheless, the following is proved in [9]:

Theorem 5.5 [9] There are 2¥ distinct closure operators in FinTop.
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In Corollary 5.6 we carry out the classification in the case of hereditary and fully additive closure
operators.

By Proposition 2.4 the non-discrete closure operators in FinTop are determined uniquely by the
closure operators in FinTopg = Topg N FinTop which is equivalent to the category of finite partially
ordered sets with order preserving maps. These spaces are subspaces of ™, n € N, where S is the
Sierpiniski space {0,1} with open sets (), {1} and S. According to 5.5 there are 2 closure operators in
FinTop, hence the restriction of closure operators to Top;, contrary to the case Topy, is strongly non
injective (in fact, 2* closure operators which are non-discrete in FinTop will give the same restriction
on Topy).

Next we note that according to Corollary 5.3 the space S classifies also all hereditary Cech closure
operators on FinTop since full additivity coincides with additivity on finite spaces.

Corollary 5.6 The only hereditary proper Cech closure operators on FinTop (resp. FinTop,), are
E®VE* k, k* and p (resp. k® VE*, k and k*).

Next we give a partial result which does not make any additional assumption on the closure operator
besides the necessary one, namely cg = kg.

Lemma 5.7 If ¢ € CL(Top) satisfies cs = kg, then cx = kx for every finite space X whose special-
ization partial order is total i. e., S-tame yields X -tame for such spaces X.

Proof. By Proposition 5.1 cx < kx. Since we have a totally ordered set (X, <), for each pair z < y
in X there is a monotone map f : S — X with f(0) = z and f(1) = y. Since 0 € cg({1}), this gives
z € cx({y}). Therefore, cx > kx. QED

In order to characterize the Kuratowski closure operator in Top we need a property that describes
a typical feature of direct products in Top. Let ¢ be a closure operator of an epireflective subcategory
A of Top.

We say that ¢ has the Tychonoff property (formerly, the finite structure property for products, abbre-
viated as f.s.p.p. [6]) if for every family {X; : i € I} in Top and for every M C X = []; X;, a point
z = (z;) € X is in c¢x (M) precisely when for every finite F' C I one has np(z) € cx, (7r(M)), with
7r 2 X = Xp = [[;,cp Xi the canonical projection.

The Tychonoff property is stable under meet of closure operators. Therefore every closure operator ¢
has a Tychonoff-hull ¢"¥%" namely a finest closure operator with the Tychonoff property that is coarser
than c. It is easy to see that every finitely productive closure operator with the Tychonoff property is
also productive. We have examples of closure operators without the Tychonoff property that are not
finitely productive, such as w and w®(see 4.5), but no answer to:

Open Problem 1. Does there exist a closure operator of Top with the Tychonoff property which fails
to be finitely productive?

The use of the Tychonoff property becomes clear by the following theorem which has been proved in
[6] in a more general context. Again for the reader’s convenience we give a proof in the context of this

paper.

Theorem 5.8 Let d € CL(A) have the Tychonoff property Then every idempotent closure operator
¢ > d is productive.

Proof. In order to check productivity of ¢ fix a product X = [[,.; X; and a subspace M = [];.; M;,
where M; C X; for each i € I. For J C I, let X; = [[;c; X; and M; = [];c; M; and write c;(Mj)
instead of cx, (M) (J C I), and in particular ¢;(M;) instead of cx, (M;) (i € I).
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Now d < ¢ implies ¢ < ¢d < c¢c, hence ¢ = dc since ¢ is idempotent. Therefore, in order to show
z € cx(M) for x € [[;c;ci(M;), it suffices to show z € dx(cx(M)). But since d has the Tychonoff
property , for that we need to show only 7g(z) € dp(mr(cx(M))) for every finite F' C I.

In fact, since M = My X My and since c is finitely productive (see Theorem 3.3(c)), one has

cx (M) = cp(Mp) X cp\p(Mp\F)

and therefore mp(cx(m)) = cp(mp). Furthermore, applying finite productivity again we conclude that
cr(Mr) = [licp ci(M;). Therefore, z € [;c; ci(M;) implies

7r(z) € cr(MF) = Tr(cx(M)) C dr(rr(cx (M))),

as required. QED
Obviously k has the Tychonoff property while the discrete closure operator does not have it.

Corollary 5.9 FEvery idempotent closure operator ¢ > k is productive.

Idempotency is essential in this corollary (e.g., for the #-closure, as defined after Theorem 5.15 below,
6“ is not productive, see Theorem 3.3).

Corollary 5.10 Let ¢ € CL(Top) have the Tychonoff property. Then c™ is productive.
The above corollary shows again that the sequential closure o does not have the Tychonoff property

Corollary 5.11 If c € CL(Top) is a (non-idempotent) closure operator with w < o(c) < oo, then there
exists no closure operator d < ¢ with the Tychonoff property. In particular, k £ ¢, and no power of c
can have the Tychonoff property.

Proof. Arguing for a contradiction assume that ¢ has the Tychonoff property. Then ¢* is productive by
Corollary 5.10. On the other hand, Theorem 3.3 implies that ¢* cannot be productive as w < o(c) < oo,
a contradiction. QED

Corollary 5.12 Let a closure operator ¢ > k of Top have o(c) > w. Then o(c) = oo. In particular,
o(w) = o(#) = .

Proof. Follows directly from Corollary 5.11. QED

This corollary applies also to a proper class of closure operators s(n) > k of infinite order, depending
on a total order 7, as defined in [6, 8].

Open Problem 2. Does there exist a closure operator d of Top with the Tychonoff property and
d<k?

Corollary 5.10 shows that the Tychonoff property, along with idempotency, implies productivity. But
the Tychonoff property is surely not a necessary condition for productivity: ¢ does not have it since
otherwise its idempotent hull 6! would have to be productive, but it is not (Theorem 3.3). In what
follows we give explicit examples which show failure of the Tychonoff property not only for o, but also
for some other closure operators, including the hereditary, idempotent, productive and symmetric Cech
closure operator b.
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Example 5.13 None of the closure operators j, pu, o, b, k* ANk, w®, w, k® or k* has the Tychonoff
property

Proof. The following example shows that k* does not have the Tychonoff property. For each n € N,
let X, be the space of natural numbers N endowed with the discrete topology. Let X = [], X, with
projections 7, : X — X7 X ... X X, (n € N) and consider y;, € X defined by y,(i) =i for 1 <4 < k and
yp(i) = k for k <14 < oo. For M = {yi : k € N} and z € X defined by z(n) = n for each n € N, one has
Tn(x) = T (yn) € mp(M). Hence

T (z) € mn (M) = j(mn (M) (4)
for each n» € N. On the other hand, = ¢ M and X is Hausdorff. This proves that
T ¢ CxX (M)a (5)

for every closure operator ¢ such that cx = jx, e.g., 7, i, b, k* Ak, w®, w, k% or k*. By (4) and (5)
none of these closure operators has the Tychonoff property.

To prove that w does not have the Tychonoff property we need a different example. Let T' = {0, 1,2}
be equipped with the Alexandroff-Tucker topology of its usual order. For every n € N let X,, = T,
T =11, Xn, T™ = I1;—; Xk and 7, : T% — T™ be the canonical projection. Define z = (z,,) € T* by
letting z, = 1 for every n € N and y¥) = (yﬁbk)) € T¥ by letting y%k) = 2 if n < k, otherwise yﬁ{“) =0.
Finally, let M = {y®) : £ € N}. Then

T (2) € Kn (0 ({y™}) C K (10 (M) C w, (10 (M) for all n € N

On the other hand, z ¢ wrw(M). Indeed, since W = {0,1} x [[;2, X is an open neighbourhood of z
missing M, we have = ¢ krw (M). On the other hand, for every n € N the set U = T,, x {0} x [[32,, 5 X
is an open neighbourhood of %™ in 7% missing the point x, thus y™ & kyw({z}). This proves that
z ¢ k. (M), and consequently z ¢ wrw (M).

This example cannot be used for o since z € ox(M). To show that o does not have the Tychonoff
property consider the space R/Z with the usual (compact) quotient topology and let X be the power
(R/Z)* equipped with the product topology. We note that X is actually a compact topological group.
Let £ = (z3) € X be a point such that the coordinates zg are rationally independent (to this end it
suffices to choose a Hamel basis B of R over QQ containing 1 € R and let z3 € R/Z, 8 € B\ {1}, be the
coset of  w. r. t. Z). Then the cyclic subgroup M of X generated by z is k-dense in X. On the other
hand, the obvious inequalities |ox (M)| < |[M|¥ = 2¥ = ¢ < 2° = | X| show that M cannot be o-dense
in X. To finish the proof it suffices to note that for each finite set F the subgroup mr (M) of (R/Z)F is
o-dense since the latter group is metrizable so that o and k coincide here. This shows that ¢ does not
have the Tychonoff property. Note that in this example one can replace R/Z by any separable metrizable
non-singleton space. More precisely, if I is a set with ¢ < |I| < 2¢, and if and for each i € I the space
X is separable metrizable and non-singleton, then by the Hewitt-Marczewski-Pondiczery theorem the
product X = J[,.; X; is still separable. Then for every k-dense countable subset M of X the above
argument remains valid. QED

Remark 5.14 (a) The first example of 5.13 does not work for p, since z € px(M). It follows from
Theorem 5.15 below that p does not have the Tychonoff property since it is hereditary. But the reader
should note that p has the countable Tychonoff property defined in analogy with the Tychonoff property,
but w.r.t. countable subproducts.

(b) The second example of 5.13 shows that every closure operator ¢ € CL(Top) with k* <c < w =
k* V k does not have the Tychonoff property. This applies to any c¢ of the form ¢ = k* V d where d < k
(e.g., d = 0,...). In particular, this shows that the answer to Problem 2 is negative in Topy.
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Theorem 5.15 The closure operator k is the only proper, hereditary, Cech closure operator with the
Tychonoff property in Top.

Proof. Certainly, k has all four properties.

Consider now any closure operator ¢ with the properties in question. According to Proposition 2.4,
¢ is determined by its restriction to 7 spaces. Hence consider X € Topg and M C X. Since X is a
subspace of some power S7 of the Sierpinski space S and c is hereditary, it suffices to consider the case
X = S§7. Since ¢ has the Tychonoff property, a point z = (z;) € X is in cx (M) iff 7p(x) € cgr(wp(M))
for each finite F C I, where 7 : X = §7 — S¥ is the canonical projection. Since S¥ is finite, ¢ is
fully additive on S¥. Hence, according to Theorem 5.2 we have several cases depending on whether c
is discrete, indiscrete, wild or tame on S¥. By Theorem 5.2 these correspond to the closure operators
p,w,k* and k®. Since neither of k*, w,w® and p has the Tychonoff property by Example 5.13, we are
left only with the possibility that ¢ coincides with & on all finite powers S¥'. Therefore, since both ¢ and
k have the Tychonoff property, but k% does not, ¢ and k must coincide on X as well. QED

Of the four characteristic properties in Theorem 5.15, certainly neither properness nor the Tychonoff
property can be dropped (consider g and o; note that both closure operators are productive, Cech, and
hereditary, but o does not have the Tychonoff property according to 5.13). But also hereditariness is
essential : Velichko’s #-closure ([14]), defined by

Ox(M)={z € X :UNM # () for every closed neighbourhood U of z in X},

is a proper, productive Cech closure operator with the Tychonoff property, which is neither hereditary
nor idempotent. We do not have an example showing the essentiality of finite additivity for 5.15.

6 Testing the reals

Now we define further closure operators of Top which will be essential in this section. Each of them
depends on a triple (P, Q,v) consisting of “pattern space” P, a subspace @ C P and a point v € kp(Q).
For a subset M of a space X and z € X let z € c?Q’”(M ) when there exists a continuous function
f: P — X suchthat f(v) = z and f(Q) C M. It is easy to see that c@? is a productive closure operator
of Top that in general fails to be additive, idempotent or hereditary. Several particular instances are of
major interest.

(i) One obtains the sequential closure operator as o = c¢”@¥ with P the one-point compactification
Ny of the discrete space of natural numbers N, () = N and v = oc.

(ii) For the sake of brevity we shall denote c[0:U:{1/mn€N0 by o (fe., 2 € ax (M) for M C X if there
exists a continuous function f : [0,1] = X with f(0) = z and f(1/n) € M for each n € N). Then
a is additive, but not hereditary.

(iii) We abbreviate 01010 by X (i.e., z € Ax(M) for M C X if there exists a continuous function
f:[0,1] = X with f(0) =z and f((0,1]) C M). Then X is hereditary but non-additive.

(iv) The closure operator § = cl%1:@0 with Q = (0,1] N Q satisfies § < a * 0. Tt is neither hereditary
nor additive.

(v) More generally, let C' C (0, 1] be a subset such that 0 € kp(C) and 0 € kp(Q), where @ := (0,1]\C.
Set A(©) == (01,20 with the following relevant example A1) := X©) with C = {1/n : n € N}.
This closure operator is neither hereditary nor additive.
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Obviously, y < k* < A < M <i<a<a< q and a < 0. Hence, for every space X
ax <ox Nax. (6)

The following easy example shows that in general (6) is not an equality even for metrizable separable
spaces X.

Example 6.1 Actually, one can refine (6) as follows: @ < o*a < o Aa. To prove that even oxa = o Aa

may fail take the subspace
1
X =[0,1] X{O}U{(O’E> :nEN}

of the plane and M = {(1,0)} U (X \ [0,1] x {0}). To see that (5) fails it suffices to check that M is
a * o-closed, while (0,0) € ox (M) A ax(M).

Proposition 6.2 Let X be a locally arcwise connected space. Then ax = qx, so that (6) becomes an
equality for X if and only if ax = ox. This occurs when X is also first countable.

Proof. We note that now each component ax(z) is a clopen set, thus coincides with ¢x(z). Then
arbitrary unions of quasi-components gx (z) will be clopen as well. Hence kx < ax = gx. Now equality
in (2) is equivalent to ax = ox since always ox < gx.

Assume that X is first countable. Let z € ox (M) Aax (M) for some subset M of X. Then this must
be witnessed by a sequence z,, — z with z,, € M and by some m € M such that z € ax({m}). As the
latter set is clopen, we can assume without loss of generality that all z, € ax({m}) and consequently
zn € ax({z}). Since z = lim, z,, we can choose a subsequence y;, = z,, and a decreasing sequence
of neighbourhoods U; D Us O ... D U, D ... of z forming a base of the neighbourhood filter of z and
such that there exists a continuous function fj : [0,1] — X with image contained in Uy such that
fe(0) = z and fr(1) = yi for every kK € N. Making use of the functions f; one can define a single
continuous function f : [0,1] — X with f(0) = = and f(1/k) = yx, € M for each k € N. This proves
that € ax(M). The equality (5) is proved. QED

In the following lemma we compute the hereditary hulls of these closure operators.
Lemma 6.3 o"¢ =0, a® = e"¢ = ¢"* = g hold both in Top and Tych.

Proof. Easy extension spaces (which remain in the respective subcategory) provide the necessary inclu-
sions. QED

Let us recall that a closure operator c is R-discrete (resp. R-tame, R-indiscrete) if cg = sg (resp. if
cr = kg, resp. if cg = gr). We prove below that each Cech closure operator in Top belongs to one of
these three types. To this end we need the following lemma.

Lemma 6.4 Let ¢ be a closure operator of Top.
(i) c is R-indiscrete (i. e., cg = gr(= qr)) iff a < ¢ (and consequently, a < c®).
(ii) cr < gr iff ¢ < z.

(iii) cn > kg iff ¢ > o

(iv) cg = sr (i. e. c is R-discrete) iff ¢ < p.
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Proof. Let X be an arbitrary topological space.

(i) Assume that c¢ is R-indiscrete and let z € ax({y}). Then there exists a continuous function
f :]0,1] — X such that f(0) = z and f(1) = y. One can easily extend f to a continuous function
f:R = X. Then 0 € cg(1) yields z = f(0) € cx({y}), hence ax({y}) C ex({y}) = % ({y}). This
proves that ax < c??. Since X be an arbitrary this implies a < ¢. Clearly, a < ¢ implies that c¢ is
R-indiscrete.

(ii) Let z € X be such that z ¢ zx(A). Then there is a continuous function g: X — R such that
g(A) = {0} and g(z) = {1}. Since cg is not indiscrete, g(z) = 1 & ¢({0}) = ¢(g(A)). Since g is
“c-continuous” this yields = & cx(A). The inverse implication is again trivial since zg = kg.

(iii) Let z € ax(M) be witnessed by the continuous function f : [0,1] — X with f(0) = z and
f(A) € M, where A = {1/n : n € N}. Let h : R — R be defined by h(y) = y for all y € [0,1],
h(y) =1fory > 1 and h(y) =0 for y < 0. Then g = foh :[0,1] — X satisfies g(A) C M. Moreover,
0 € kr(A) C cr(A) by hypothesis, so

z =g(0) € g(cr(4)) C cx(g(4)) € cx(M).

(iv) Let X be a Tychonoff space and assume that M C X is p-closed. We have to show that M is
also c-closed. Since every p-closed set of X is an intersection of inverse images of subsets of R under
continuous maps, it suffices to observe that subsets of R are c-closed by hypothesis. This proves cx < ox.
The inverse implication follows trivially from the equality or = jr. QED

Remark 6.5 (1) Obviously, one cannot improve item (iii) by replacing a by a coarser closure operator
d (like o A a, for example), since (iii) applied to ¢ = « (this is possible as ag = kg) would give a > d.
(2) By (i) and Proposition 6.2, ¢ < g and ¢ is R-indiscrete if and only if ¢ < ¢ < ¢. This gives also
ax <c¥ <q%.
(3) Note that for a Tychonoff space X (iv) gives cx < px (in particular cx = sx if X has countable
pseudocharacter?).

This lemma gives the possibility to classify the closure operators in Tych with respect to the effect
they produce on the reals R. Let us start with some examples.

Example 6.6 (a) R-indiscrete closure operators: g, g, e, a. More generally, any closure operator coarser
than a is R-indiscrete. It can be shown that an R-indiscrete closure operator c satisfies cs = gg (compare
with the previous section).

(b) R-tame closure operators: 6, k, k, o, a. More generally, any closure operator c satisfying
a < ¢ < zis R-tame.

(c) R-discrete closure operators: g, p, k*, b, u. More generally, any closure operator finer than p or
k* is R-discrete.

We will separately classify the R-discrete, the R-tame and the R-indiscrete closure operators on
spaces close to being metrizable. Let us first see that these are the sole possibilities for a Cech closure
operator of Top:

Theorem 6.7 Let ¢ be a closure operator of Top. Then:

(i) FEither c is R-indiscrete, or cg < kg.

3

=each point is a G5 set
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(i) Assume c is neither R-indiscrete nor R-tame. Then cr is Cech if and only if ¢ is R-discrete.

Proof. (i) Follows from item (ii) of Lemma 6.4 with X = R.
(ii) Under this assumption on the closure operator ¢ there exists a converging sequence a,, — a in R
such that
a ¢ cr(4), (6)

where A = {a,, : n € N}. It suffices to prove that for each point z € R we have z & cg(R\ {z}). To this
end we “split” R\ {z} into a union R\ {x} = M U N and we prove that z ¢ cg(M) and z ¢ cr(N).
Then additivity of cg applies. For n € N set

F,={yeR:1/(n+1) <min{|z —y|,1} < 1/n}.

Now define f : R — R by f(y) = min{|z—y|, 1}. This is a Lipschitz function, so in particular (uniformly)
continuous. Its range is in fact [0, 1]. Next we compose f with the piece-wise linear continuous function
h: R — [0,1], such that h((—00,0] = a, h([1/(2n +1),1/(2n)] = an (n € N) and h([1,+0o0) = a;. Then
the function h will be continuous. The composition g = hf : R — R sends the set M = J,, o F2, into
the set A. Since g(z) = a and f(M) C A, (6) yields (by the continuity property of closure operators,
cf. Definition 2.1) that = ¢ cg(M). Analogously one proves that z € cg(IV), where N = |J,cn Fon-—1-
Since obviously R\ {z} = M U N, we are done. QED

Remark 6.8 One can show that there exist infinitely many non-additive closure operators that are

distinct on R. More precisely, for ¢ € CL(Top) cr is not Cech if and only if cr = Ag or /\]%1 ) < cr < OR.-

Appropriate choices of C' give c-many closure operators of the form A]%C) that are distinct on R (see [7]).

7 Characterization of the Kuratowski closure in smaller subcategories

Here we characterize the Kuratowski closure as a Cech operator in smaller subcategories of Top.
First we classify Tychonoff spaces of countable pseudocharacter by means of R-discrete closure op-
erators.

Theorem 7.1 For a Tychonoff space X the following are equivalent:
(i) every R-discrete closure operator of Top is discrete on X, i. e., R-discrete yields X -discrete;

(ii) X has countable pseudocharacter.

Proof. Apply Lemma 6.4. QED

Now we give the same result from the point of view of the closure operator.

Corollary 7.2 A closure operator ¢ on Tych is R-discrete if and only if it satisfies ¢ < p. In particular,
c is discrete on every Tychonoff space of countable pseudocharacter.

A space X is submetrizable if X admits a coarser metrizable topology.

Corollary 7.3 Let ¢ be an R-discrete closure operator of Tych. Then it is X-discrete for every Ty-
chonoff space which is either first countable or submetrizable.

18



One can be rather satisfied with this classification of R-discrete closure operators since p is the
wi-additive core of k, so that we have again a kind of characterization of k.

Now we classify R-indiscrete closure operators.

Corollary 7.4 Let X be a locally arcwise connected space and ¢ be a proper R-indiscrete closure operator
of Top. Then kx < ax = cx = qx. Consequently, cx = kx iff X is a symmetric Alexandroff-Tucker
space.

Proof. By Proposition 6.2 ax = gx. Now Lemma 6.4 applies to get kx < ax = cx = gx. The conclusion
follows from Proposition 4.7 since the hypothesis implies that kx is fully additive and symmetric (as
cx = q??). Hence X is a symmetric Alexandroff-Tucker space. QED

This corollary shows that for a proper closure operator ¢ with cg = gr and a locally arcwise connected
space X the equality cx = ¢gx holds.

Now we classify R-tame closure operators.

Theorem 7.5 Let ¢ be a R-tame closure operator of Top. Then a < c¢ < z in Top and a < c < k in
Tych.

Proof. If cg = kg, then by Lemma 6.4 we get ax < cx < zx. QED

It would be interesting to characterize the class A (B) of Tychonoff spaces (Fréchet-Urysohn Ty-
chonoff spaces, respectively) X such that ax = ox. Since ax < c¢x < kx, for Tychonoff spaces, then
obviously ox < cx < kx will hold for each space X € A, and so cx = kx for spaces X € B.

The next theorem characterizes k as the only proper, hereditary, Cech closure operator on Fréchet-
Urysohn spaces.

Theorem 7.6 Let ¢ be an R-Cech closure operator of Top, such that the restriction of ¢ on the subcate-
gory of Tychonoff spaces of countable pseudocharacter is proper. Then c|pu = k|pu *, iff the restriction
clru is hereditary

Proof. According to Theorem 6.7 there are three possibilities for c¢. Our first aim is to rule out the two
of them.

Assume that ¢ is R-indiscrete, i. e. cg = ggr, then a < ¢ holds by item i) of Lemma 6.4. Now
hereditariness and properness of ¢ give ¢ = cpe < ghe = w, so that cg < wr = kr < gr, a contradiction.

Assume now c is R-discrete. Then by Corollary 7.2 ¢ is discrete for each Tychonoff space of countable
pseudocharacter, this contradicts our hypothesis. Therefore c is R-tame according to Theorem 6.7. Now
we get also ax < c¢x < z by Theorem 7.5. So again by hereditariness of ¢ and Lemma 6.3 we get
ox = agf < ¢x < kx for every Tychonoff space X. Hence cx = kx for each Fréchet-Urysohn space X.

QED

One may ask how strong is the condition of hereditariness. The following example shows that the
conclusion of the above theorem, i. e. ¢x = kx, does not remain valid even for separable metric spaces
if the closure operator is not hereditary.

Example 7.7 Let X be the disjoint sum of an interval and a converging sequence. Then one has
Iix <ax < kx.

4. e. c¢x = kx for each Fréchet-Urysohn space X.
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Theorem 7.8 Let ¢ be a Cech closure operator of Top. If cx is proper on X, then cx coincides with
the Kuratowski closure operator kx for every first countable Tychonoff space X which is either connected
and locally arcwise connected or zero-dimensional.

Proof. In case X is connected and locally arcwise connected, cx = ¢gx by Corollary 7.4 when c is
R-indiscrete. Since X is connected, gx = gx, a contradiction. If ¢ were R-discrete, then cx = jx by
Corollary 7.2. Therefore ¢ must be R-tame. Then by Theorem 7.5 ax < ¢x < kx. Since @ = ¢ by
Proposition 6.2, we conclude that ox = cx = kx as the space X is first countable.

Now we prove that any proper additive closure operator ¢ on a first countable space zero-dimensional
space X coincides with the Kuratowski closure kx. By Proposition 6.2 cx < ¢gx. Since X is zero-
dimensional, gx = kx by Proposition 2.2. Thus cx < kx. Assume that cx < kx. Then there exists a
converging sequence a, — ¢ in X such that

a ¢ cx(A), (7)

where A = {a,, : n € N}. Now we are ready to prove that under this assumption the closure operator cx
is discrete. It suffices to prove that for each point z € X we have z ¢ cx (X \{z}). To this end we “split”
X\ {z} into a union X \ {z} = M UN and we prove that ¢ cx (M) and z ¢ cx(N). Then additivity of
c applies. For every n € N choose a clopen neighbourhood F), of z such that the family {F,, : n € N} isa
proper descending chain and form a base of the neighbourhood system of z. Set M = {J,,cry Fon \ Font1
and M' = M U {z}. Now define f : X — X by f(z) = a = f[X \ M'], f[Fon \ Fon+1] = a, for n € N.
This is a continuous function which sends M into the set A. Since f(z) = a and f(M) C A, (7) yields
(by continuity of closure operators, cf. Definition 2.1) that z ¢ cx(M). Analogously one proves that
z & cx(N), where N = (J,,cy Fon—1 \ Fan- Since obviously X \ {r} = M U N, we are done. QED

Remark 7.9 (a) By Example 7.7 one cannot omit local arcwise connectedness (zero-dimensionality,
respectively) of the metrizable space X to claim cx = kx. On the other hand, one cannot omit first
countability of the space X even when X is a connected and locally arcwise connected topological group,
while the closure operator is even hereditary (take X = (R/Q)“?, then ox < kx.)

(b) To see that additivity is essential in the above theorem it suffices to take ¢ = cP@?, where
P=10,1)NQ, v=0and Q = P\ {v}. This is a hereditary non-additive closure operator strictly finer
than k.

Corollary 7.10 All proper Cech closure operators of Top coincide on a connected locally Hilbert space
(= Q-manifold) with the Kuratowski closure.

Corollary 7.11 Let X be one of the spaces R" or {y. If a Cech closure operator ¢ of Top is proper on
X, then cx coincides with kx.

Roughly speaking, we have shown that a closure operator on a locally “good” space X must coincide
with the Kuratowski closure.
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