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“Categorical Topology”

m Topos and Sheaf Theory: Grothendieck, Lawvere, Moerdijk, ...

m Locale (and Frame) Theory: Isbell, Johnstone, Banaschewski,
Pultr, ...

m Topological Functors: Wyler, Briimmer, Herrlich, HuSek, Bentley,

m Closure Operators: Dikranjan, Giuli, T, Castellini ...

m Generalized metric spaces: Lawvere, Lowen, Clementino,
Hofmann, T, ...

m Convergence and monads: Manes, Barr, Day, Gahler, Wyler,
Mgynard, Clementino, Hofmann, T, ...

m Algebraic Topology, Homotopy Theory, Groupoids, ...
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A relatively complicated theorem:

f: X — Y continuous

X exponentiable » = (X, f) fiberwise exponentiable
Y locally Hausdorft

I
XxT—Z
<= X core-compact (Day-Kelly 1970)
(X, f) fw expble <= (X, f) fw c-c (Niefield 1982, Richter 2004)

X exponentiable : <= VZ3Z¥XVT:
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A relatively easy theorem:

f: X — Y continuous
X compact — [ proper (=closed with compact fibers)
Y Hausdorff

f: X =Y g:Y — Z continuous
g o f proper/perfect = f proper/perfect
g separated
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Two more theorems of the latter type:

f: X —=Y,g:Y — Z continuous

g o f local homeomorphism

local h hi
g locally injective } — [ local homeomorphism

g o f exponentiable

iabl
g locally separated } = [ exponentiable

Walter Tholen (York University) Categorical Topology Georgia 2006 5/ 32



Proof of the eaasy theorem

X xY
TN
X 7 Y
id.
x —9D x vy XxY Ly
N
(id, id)
Y Y xY X 1
Y Hausdorff X compact

f proper <= f stably closed

Walter Tholen (York University) Categorical Topology Georgia 2006



|
X finetely complete category

P C morX topology on X
<= 1. IsoX CP
2.P-PCP
3. P stable under pullback in X

X xZYf—>Y
g J{g feP = f'eP
X 7 A
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Some topologies on Top

|
m proper maps
m open maps
m exponentiable maps
m P(F), with F satisfying 1,2
m P(F), with F={f: X — Y| f cclosed}, ¢ closure operator.
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f P-proper <— fe€P
X P-compact <= (X —-1)eP <= VY : (X xY —-Y)eP

[ P-separated <= (X — X xy X) € P
X P-Hausdorff < (X — 1) P-separated <— (X - X x X) € P

XY : X

h Z X i Y
k\ % x Aid
Y Y

proper map in X = compact object in X'/Y
separated map in X = Hausdorff object in X /Y
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More proofs:

|
X comp/ expble } . f comp/

Complicated = easy: Y Hausd./ loc. Hausd. expble

map = object: X—f>Y gof§73
\ / geP
g
Z

gof
gofePnpP
geP

}:>f€77

} — fePnP
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P-open?

subobject <= regular monomorphism (”—")
Po = P N RegMono: closed embeddings

m: D — X P-dense: C

YEPO .
/ —> n iso
pees X

D

f: X =Y P-open: D—>£Ij

n n P-dense =—> m P-dense
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I —
|
Pl—~rr>=PNP
{P — open}

local properties: local compactness
local connectedness

|
M.M Clementino, E.Giuli, W. Tholen

“A Functional Approach to General Topology”, in:
Categorical Foundations, Cambridge University Press 2004
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Lawvere 1973

X: “objects” X: “points”
hom: X x X — {sets} d: X xX —[0,00]
1 = {*} — hom(z, z) 0> d(z,z)

hom(z,y) x hom(y, z) — hom(z, z) d(z,y) +d(y,z) > d(x, z)

(Set, X,l) ([O, OO]OP7+7O)

X: “elements”

<: X x X — {true, false}
trueFz <z
r<yANy<zEFzx<z

(2, A, true)

Walter Tholen (York University) Categorical Topology Georgia 2006 13 / 32



BN
|
YV commutative, unital quantale

= complete lattice, ®, k(£ L)
a® (Vbi) = V(a®b)

objects: sets
morphisms = V-relations: (r: X—+=Y)=(r: X xY — V)
composition: s:Y—+—7

(s-r)(@,2) = \/ r(2,y) ® s(y,2)

yey
Set — V o Set

X X f}—»fwithf(:v,y):{k @) =y

1 else
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|
V-category: set X witha: X——X (a: X x X — V)

1x <a k<a(z,z)

~ V-Cat : 2-Cat = Ord P, -Cat = Met
(Set-Cat = Cat  AbGrp-Cat = AddCat)
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Yoneda embedding

|
Category X . Set*””
X+——X(—,X)

V-Category X L pXr {f|f:X?P =V}
r—a(—, )
Need structure on V and VX1
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V as a V-category:

z2<vO0U &= u®z<w

VOU= \/ z

uRz<v

Y X

as a V-category:

e(f.9) = /\ b(f(@),9(x))

zeX

Ord: pointwise order Met: sup-metric
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Closure operator in V-Cat:

MCX M={zeX|k<V,eyalz 2)Qa(z,z)}

Ord : M={zeX|3zeMxz<z&2<1)}

Met : M = {z € X | inf{d(z, 2) + d(z,2) | z € M} = 0}
m extensive, monotone, idempotent

() additive if: Vu,v,€ V(k<uVv = k<wor k<o)
V-Cat — Top “L-topology”

Walter Tholen (York University) Categorical Topology

Georgia 2006 18 / 32



X L-separated < Ax C X x X L-closed
— Vaz,ye X(a(z,y) Na(y,z) <k = x=y)
= y: X — VX injective

Ordgep:  posets
Metsep: d(z,y) =0=d(y,z) = z=y
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X = y(X) Vv
(h:XP - V)eX <« htight

= k<\/ () /\ (z,5) © h(x)) )

Yy
Ord: tight h corresponds to some | y ={z € X |z <y}

Met: h tight <~ h( d(z,y) + h( )

<
( ) + sup, (xay)@h(:c))):()
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X L-complete <= y:X — X surjective
< Vhitight Jye X :h =y(y)

Ord., = Ord
Met,,; = Cauchy-complete metric spaces
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V is L-complete and L-separated
X is L-complete and L-separated (any X)

X is L-complete and L-separated
<= X is injective wrt { full & faithful L-dense V-functors} = D

f:Y = Zfff < blyr,y2) = c(f(1), f(y2)) for all y1,y2 €Y
fL-dense <— f(Y)=2

(V-Cat)plesep 1s firmly D-reflective in V-Cat

(— Briimmer, Giuli, Herrlich, Holgate)
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Manes 1969

X compact Hausdorff space <= X carries UX —— X with

X-4Ux vux L ux
O\ be m fe
X UX —X

e(z) = & = principal ultrafilter

m(X) => X = Kowalsky sum of X :
Aed X <= {xeX|Aecx}eXx

Uc(X)2 A < c A ex
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Barr 1970

X topological space <= X carries ¢ : UX——X with

X<<UX UUX-0—>UX
NG m) e
e UX—‘L>X

0 C
trueF g ——=x

XLy &y EY X >z

|
fiX Yot — vxZuy = (x—2z = Uf(x) = f(x))

VoS ¥

X —

f
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Clementino—Hofmann, Clementino—T 2004, CHT 2004:

(T, e, m) “suitable”monad on Set:

TErre T TTT2TT
Nt
T TT ~T

(V,®, k) quantale (or a symmetric monoidal-closed category)
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(T, V)-algebra: set X with a : TX—+—X s.th. Barr’s axioms hold
mut-mut:

X —4>TX TTX Ta TX
R
1x
X TX ¢ X
k<a(x,x)

Ta(X,y) ® a(y, z) < a(m(X), 2)
f:X =Y lax homomorphism:

Tf
TX —TY

a(x,z) <b(Tf(x), f(z))
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Alg(Id,V) = V-Cat: Ord Met
Alg(U,V) : Top App

(Lowen 1997, CH 2003)

What is L-closure, Yoneda embedding ...7
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“Topologize” Alg(T,V)

T Tf)°
TX—f>TY TXi—JllTY
SEIEEE:

f re
X Y X<—+—Y

f-a<b-(Tf) <=
f strict <= f-a>b-(Tf)

-b

-b < f costrict
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Ord : Vm,y(f(a:ﬁy —

(e < 28f(2) = ) va,y(y < fl@) =

52(s < 2%f(2) = 9)
Top: V x,y(Uf(?() — Yy =

S 201(2) = ) S )
X ?c—f>|Z |Zi 7
fl : :
Y Uf(x) =Y I
f proper J open
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BN
|
V frame (v A (V w;) = V(v Aw))
= {strict morphisms} form a topology on Alg(7T,V)

|
V frame, T satisfies Beck-Chevalley property

(T sends pullbacks to weak pullbacks)
= {costrict morphims} form a topology on Alg(T,V)

|
Schubert 2005: ¥V completely distributive = Tychonoft’s Theorem
holds
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Pisani 1999

X exponentiable in Top <=

CHT 2003

f: X —Y expble in Top <= X\:;z
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Hofmann 2006

T sat’s BCP = Pisani’s charcaterization holds in Alg(7,V) (with x
replaced by ®)
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