THEOREMS OF THE PROPOSITIONAL CALCULUS

EQUIVALENCE AND TRUE

(3.1) Axiom, Associativity of =: ((p=g)=7) = (p={g=r))
(3.2) Axiom, Symmetry of =: p=g=gq
(33} Axiom, Identity of =: true=g=g
(34) dtrue

{35) Reflexivity of =: p=p

NEGATION, INEQUIVALENCE, AND FALSE

{3.8)  Axiom, Definition of folsey false = —true

(39) Axiom, Distributivity of - over =: «(p=g¢q) = p=yg
(3.10) Axiom, Definition of #: (p#q) = ~(p=q)

(311) p=q=p=-—q

(3.12) Double negation: ——p =p

[3.13) Negation of false: —false = true

(314) (p#q) = p=y¢

(3.18) =p = p = false

(3.16) Symmetry of #: (p#4q) = (¢ #p)

(3.17) Associativity of #: ((p#q)Z7) = (p£g# )
{3.18) Mutual associativity: ((pZgq)=r) = (pZig=r))
(3.19) Mutual interchangeability: p2g=r = p=g#r

DIsJUNCTION

(3.24) Axiom, Symmetry of Vv: pVg =gV yp

(3.25) Axiom, Associativity of V: (pVg)Vr =pvigvr)

(3.26) Axiom, Idempotency of v: pvp =p

(3.27) Axiom, Distributivity of v over =: pvig = r) = pvag = pvr
(3.28) Axiom, Excluded Middle: p v —p

(3.28) Zero of V: p V frue = frue

(3.30) Identity of v: p V false = p

(3.31) Distributivity of v over V: pV (gvr) = (pva) v {pvr)

33 pVg=pVg=p

CONJUNCTION
(3.35) Axiom,Goldenrule:pAg=p =g =pVyg
(3.36) Symmetry of A: pAg=gAp

(3.37) Associativity of A: (pAg) AT =pA(gAr)
{3.38) Idempotency of A: pAp = p

(3.29) Identity of A: p A true = p

(3.40) Zero of A: p A false = false

(3.41) Distributivity of A over A: pA(gATr) = (pAg AlpAT)

(3.42) Contradiction: p A =p = false

(3.43) Absorption: {(a)pA (pVg) = p
(bypviphag =p

(3.44) Absorption: (a) p A (-pVvg) = pAg
B)pVv(prg =pvyg

(3.45) Distributivity of v over A: pV (g A r)
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pvag Alpvr)

(3.46) Distributivity of A over Vi pA(gVr) = (pAg V(pAT)

(3.47) De Morgan: (a) =(p A g) = -pV —q

(b)-lpveg = -pnr—g
348) prAg=pA~q = —p
(B49) prlg=r)=phg=pAr=p
(350) pAlg=p) =phg

(3.51) Replacement: (p=¢q)A(r =p) = (p=q)A(r = ¢
{3.52) Definitionof =: p =g = (pAg)V (-pA —g)
{3.53) Exclusive or: p £ ¢ = (~p A q) V {p A —q)

(365) (pA QAT = p=g=r=pVg=qgVr =rvVp
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IMPLICATION

{(3.57) Axiom, Definition of Implication: p = q = pV g =
(3.58) Axiom, Consequence: p = ¢ = ¢ = p

(3.59) Definition of implication: p = ¢ = —p V ¢

3.60) Definition of implication: p = g = prg=1p
3.61) Contrapositive: p = g = - = —p
362 p=(g=ri=pAg=phr

36) p> (g =(p=>q) = (p=r)
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(3.65) Shunting: pA g = r =p = (g = r)

(366) pA(p=q) =pAhg
(367 pArlg=1p) =p
(3.68) pV (p = g) = true
(B89 pVilg=p =qg=0p

pVgNT



(370) pvg=>pAg=p=gq
(3.711) Reflexivity of =: p = p = true
(3.72) Right zeto of =: p = true = frue
(3.73) Left identity of =: true = p = p
(3.74) p = fulse = —p
(3.75) folse = p = true
(3.76) Weakening/strengthening: (a) p = p vV g
b)prg=p
clpAg=>pvaqg
dpvignar)=spvy
©phg=>pAlevr)
(8.77) Modus ponens: p A (p = g) = ¢
B p=2rAlg=>r) = (pvg=r1)
B p=r)A{p=>r = ¢
(3.80) Mutual implication: (2 = q) A(g = p) = (p = 4)
(3.81) Antisymmetry: (5= @) A (g=p) = (0 = ¢
(3.82) Transitivity: (a) (p = YA lg=1r) = (p = 1)
Lip=agArlg=r)=(p=r)
Cllp=qrlg=r)=>(p=r

LEIBNIZ AS AN AXIOM

(3.83) Axiom, Leibniz: e= f = E* = B}

(3.84) Substitution: () (e=f) A EZ = (e=f) A Ef
®)(e=1) = B = (e=f) = E
©gnrfe=f)=E = qale=f) = E;

(3.85) Heplace by true: (a)p = E = p= Ejy,

blgap=E = qAp=> EL,,
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(886) Replace by false: () Ef = p = Efy, = p

(B)Ef = pvg = false = PV q
(3.87) Replace by true: p A Ef = P A Efe
(3.88) Replace by false: pv E} = pv B e

(3.89) Shannon: Ef = (p A Efu.) V (=P A Efypee)
{1} p= (¢ = p)

(4.2) Monotonicity of Vv : =g =lpvr=gqvr
{4.3) Monotonicity of A: (p = g) = (pAFr = gAF)

PrOOF TECHNIQUES

(4.4) Deduction: To prove P = (), assume F and prove ¢J.

(45) Case analysis: 1f Ef,e. Ejy. are theorems, thenso is KL .

{468) Case analysis: (pvgvr)A(p=s) rlg=s Alr=38 = s

(4.7) Mutual implication: Toprove P=Q.prove P = @ and Q = P
{1.9) Proof by contradiction: To prove P, prove —~F = fulse.

[4.12) Proof by contrapasitive: To prove P = Q, prove —~Q = -P

GENERAL LAWS OF QUANTIFICATION

For symmetric and associative binary operator » with identity u.
(8.13) Axiom, Empty range: (xz 1 false . P) = u

(5.14) Axiom, One-point rule: Provided -oecurs(‘zs’,'E"},
(»z |z=E:P) = Plx = E|

(8.15) Axiom, Distributivity: Provided each quantification is defined,
x| RiPYs(raz | R:Q) = (>x | R: P% Q]

(8.16) Axiom, Range split: Provided R N 5 = false and each
quantification is defined,

_”#H_HN{,W.,“U = ﬁ*H_b”ﬁuﬂﬁ*uﬁ‘m“w”{

(8.17) Axiom, Range split: Provided each quantification is defined,
(»x | RVS : P)xixc V RAS:P) = (xz | R:P)x(xx| S: F)

(8.18) Axiom, Range split for idempaotent x: Prov. each quant. is defined,
(321 RVS:P) = [»z | R: P)x(xz | S: P)

(8.19) Axiom, Interchange of dummies: Provided each quantification
is defined, —occurs('y’,*R’), and ~occurs(x’,'Q"),
Gzl R: (1 Q:P)=(xy | Q: (xr | R: P))

(8.20) Axiom, Nesting: Provided —occurs(‘y’, &'},
(exyl KAQ:P)=(xz | R:(xyl1Q:FP))

(8.21) Axiom, Dummy renaming: Provided —occurs('y’,‘R. P},
(2 | R: P)=(*y | Rlx:=y]: Plz = y])

(8.22) Change of dummy: Provided -oecurs('y’,'R,P'), and f
has an inverse, (xz | Bt P) = (wy [ Rz = fu]: Plx = fui]

(8.23) Split off term: (+i 10<i<n+1:P) = (M |10<i<n:F)*P,

THEOREMS OF THE PREDICATE CALCULUS

UNIVERSAL QUANTIFICATION
(9.2) Axiom, Trading: (vz(R:P] = (V. R = P}
(9.3) Trading: (a) (Vz |R:P) = (Yz|: ~R Vv P)

(bY ¥z | R:P)
{c}) Wz | R:P)
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(9.4) Trading: (a) (Vz | QAR:P) = (Vz|Q:R = P)
(b) (Vz 1QAR:P) = (Vz | Q: ~R Vv P)
(c) (vzIQAR:P) = (Vx| Q:RA P = R)
(d) ¥VzIQAR:P) = Vz|Q:RV P = P)

(9.5) Axiom, Distributivity of v over V: Prov. —occurs(‘z’,P’),

PV (¥clR:Q) = (Ve IR: PV Q) ’
(9.6) Provided —oecurs(‘z’,'P’), (Vz| R:P) = P V (Vz|: -R)

(9.7) Distributivity of A over V: Provided —occurs(‘z’,'P’),
-=(Vz|: -R) = (Vx| R:PAQ) = PA(¥Vz | R:Q))

(9.8) (Vz | R: true) = true

(9.9) (WVelR:P=@Q) = ((VzIR:P) = (Vz | R: Q))

(9.10) Range weakening/strengthening: (Vz |Q VvV R: P) = (Vz 1 Q: P)
(9.11) Body weakening/strengthening: (Vz | R: P A Q) = (Vz | R: P)

(9.12) Monotonicity of V:
VzIR:Q=>P) = ((VzI1R:Q) = (Vx| R: P))

(9.13) Instantiation: (Vz|: P) = Plz :=¢]
(9.16) P is a theorem iff (Vz|: P) is a theorem.

EXISTENTIAL QUANTIFICATION

(9.17) Axiom, Generalized De Morgan:
(Jz Il R:P) = =(¥z | R: -P)

(9.18) Generalized De Morgan: (a) ~(3z | R: -P) = (Vx| R: P)
(b) ~(Iz 1 R: P) = (Vx| R: ~P)
(¢) Bz | R:-P) = =(Vz | R: P)

(9.19) Trading: (Jz | R: P) = (3z|: R A P)
(9.20) Trading: (3z | QAR:P) = 3z1Q: R A P)

(9.21) Distributivity of A over 3: Provided -occurs(‘z’,‘P’"),
PA(Bzx|R:Q) =3zl R:PArQ)

(9.22) Provided —occurs(‘z’,‘'P"), (3x | R: P) = P A (Fzl: R)

(9.23) Distributivity of V over 3: Provided —occurs(‘z’,'P’),
(BzI:R) = (I I R:PvQR)=PV (3xIR:Q)

(9.24) (3x | R: false) = false
(9.25) Range weakening/strengthening: (3z | R: P) = (3z | Q VvV R: P)
(9.26) Body weakening/strengthening: (3z | R: P) = (3z 1 R: PV Q)
(9.27) Monotonicity of J:
(VclR:Q=P) = (Bz1R:Q) = (Jz | R: P))
(9.28) 3-Introduction: Pz := FE] = (3z|: P)
(9.29) Interchange of quantifications:
Provided —occurs(‘y’,'R’) and —occurs(‘z’,'Q’}),
Gz I R:(Vy 1 Q:P)) = (VylQ:(3x 1 R:P))
(9.30) Provided —occurs(‘z’,'Q"),
(3z | R: P) = Q is atheorem iff (R A P)[z:=&] = Q is a theorem



